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1 Introduction

In this article we construct some grids naturally related with conics and quadrics
in R3, and in particular with confocal conics.

We consider nets build by congruences of straight lines in the plane with the com-
binatorics of the square grid such that all corresponding coordinate quadrilaterals
possess inscribed circles (incircular or IC-nets). It follows from the Graves-Chasles
theorem that the vertices of an IC-net lie on confocal conics. We discuss a construc-
tion and geometric properties of these nets.

Our main new results are on checkerboard IC-nets in the plane. These are con-
gruences of straight lines in the plane with the combinatorics of the square grid,
combinatorially colored as a checkerboard, such that all black coordinate quadri-
laterals possess inscribed circles. We show how this larger class of 1C-nets appears
quite naturally in Laguerre geometry of oriented planes and spheres and leads to
new remarkable incidence theorems. Most of our results are valid in hyperbolic and
spherical geometries as well. We present also generalizations in spaces of higher
dimension, called checkerboard IS-nets (nets of hyperplanes such that all black co-
ordinate hypercubes possess inscribed spheres). The construction of these nets is
based on a new 9 inspheres incidence theorem.

Note that if we start from Poncelet polygons closed between two confocal ellipses,
and continue all sides of this polygon, we get a Poncelet grid for confocal ellipses
(see Schwartz [11] and M. Levi and S. Tabachnikov [10]). When the corresponding
construction is cyclic, IC-net is a part of the Poncelet grid as in Fig. 1.

By P we denote a rectangle in Z?. Rectangles m x n are denoted by Py, ..
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2 Incircular (IC) nets

2.1 Main theorem

Figure 1: A Poncelet IC-net

We consider maps of the square grid to the plane f : Z? — R? and use the
following notations:

o f;j = f(i,j) for the vertices of the net,
o [Jf; for the quadrilateral (fi;, fitcj, fitejres fijre) Which we call a net-square,

e []; ; for the net-square D}J which we call a unit net-square.

Definition 1. An IC-net (inscribed circular net) is a map f : P — R? satisfying the
following conditions:



(i) For any integer ¢ the points {f(i,j)|j € Z} lie on a straight line preserving the
order, i.e the point f(i,j) lies between f(i,7 — 1) and f(i,j + 1). The same
holds for points {f(7,5)|i € Z}. We call these lines the lines of the IC-net.

(ii) all unit net-squares [J; ; are circumscribed. We denote the inscribed circle of
U;,; by w; ; and its center by o; ;.

An example of an IC-net is presented in Fig. 1. IC-nets have remarkable geo-
metric properties which we summarize in the following theorem.

Theorem 2.1. Let f be an IC-net. Then the following properties hold:
(i) All lines of the IC-net f touch some conic a (possibly degenerate).

(i1) The points f; ;, where i 4+ j = const lie on a conic confocal with . As well the
points f; j, where i — j = const lie on a conic confocal with c.

(111) All net-squares of f are circumscribed.

(iv) In any net-square with even sides the midlines have equal lengths:
‘fifc,jfi+c,j| = ‘fi,jfcfi,j+c|‘ (1>
(v) The cross ratio

(figi = Jigo) Sigs — figa)

(figo = fig)(figa — fir)

is independent of i. The cross ratio cr(fi, j, fir.js fisjs finj) @S independent of
7.

CT(fi,jp fi,j27fi,j37 fz‘,j4) =

(vi) Consider the conics Cy that contain the points f;; with i +j = k (see (ii)).
Then for any | € 7Z there exists an affine transformation Ap; : Cp — Ciio
such that Ay (fi;) = fivijwi- The same holds for the conics through the points
fij with 1 — j = const.

(vii) The net-squares U5 ; and fo%_l are perspective.

(viii) Let w; ; be the inscribed circle of the unit net-square OJ; ;. Consider the cone in
R? intersecting the plane along w;; at constant oriented angle (all the apezes
a;; of these cones lie in one half-space). Then all the apexes a;; lie on one-
sheeted hyperboloid.

(iz) Let o, be the center of the circle w; ;. Then all 0, ; with i + j = const lie on a
conic, and o;; with 1 — j = const also lie on a conic.

(z) The centers o;; of circles of an IC-net build a projective image of an 1C-net.

We will prove this theorem in Section 2.4. But before this we present some
important facts about pencils of conics.
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Figure 2: Geometry of IC-nets: (top) tangent lines and confocal conics, (middle)
perspective net-squares, (bottom) circumscribed net-squares and equal length mid-

lines
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Figure 3: Two coordinate systems

2.2 The Graves—Chasles theorem

In this section we present a remarkable theorem of Graves—Chasles. It plays
a crucial role in the proof of our main theorem and in construction of IC-nets.
Although Darboux calls this theorem beautiful (see [7], p. 174, where he gives
neither a proof nor the precise reference). It is of course not difficult to prove it
by direct computation. However we chose another, more geometric approach. An
advantage of our approach is that the proof of the corresponding theorem is valid
for the hyperbolic space and for the sphere as well.

Lemma 2.2. Suppose on a domain Q C R? two coordinate systems (x,y) and (z,t)
are given. Then the following two properties are equivalent:

(i) if the points (x1,y1) and (x2,y2) have a same z coordinates, then the points
(x1,y2) and (z2,y1) have the same t coordinate.

(i) if the points (z1,t1) and (za,t2) have a same x coordinates, then the points
(21,t2) and (z2,t1) have the same y coordinate.

Factorizing by reparametrizations (x,y) — (¢(x),1(y)) one obtains a coordinate
line system.

Proof. Take two points (z1,t3) and (zs,t;) with the same z-coordinate and consider
the line with the fixed y-coordinate passing through the point (z1,%;) (see Fig. 3).
Let (22,t,) be the point on this line with the coordinate z = 2. To prove (i)=-(ii)
we have to show that t, = t,.



Figure 4: Graves—Chasles theorem

Draw the z,y coordinate lines through the points (z1,t1), (29,t1), (21,%2), and
(z2,t5), and denote the points of their intersection as shown in Fig. 3. Applying the
property (i) for the pairs of points { (21, 1), (22, t1)}, {(21,t1), (21, t2) }, {(22, t1), (22, 15) },
we see that the points (z1,¥s), 0, and (x2,y;) have equal t-coordinates. From (i)
we get that the points (x1,41), 0 and (x2,y,) have equal z-coordinates. Finally,
applying (i) to {o, (x2, 22)}, we obtain that ty = t),. O

Definition 2. We call a pair of coordinate line systems diagonal-connected if they
satisfy the condition of Lemma 2.2.

We start with the following well-known lemma (for the proof see [3, Lemma 3.8]
and [4, 16.6.4]).

Lemma 2.3. Let a, b, ¢, d be four points on a conic o and the lines (ab) and (cd)
touch some other conic B. Then lines (bd) and (ac) touch some conic v from the
pencil generated by the conics o and 3. Moreover the tangent points of 8 with (ab)
and (cd), and the tangent points of v with (bd) and (ac) are collinear.

Recall that a dual pencil of conics in RP? is a set of conics with four common
tangent lines (possibly complex). It is projectively dual to a pencil of conics (see [3]
and [4]). The projectively dual form of Lemma 2.3 reads as follows.

Lemma 2.4. Consider two coordinate systems in Q C R? formed by a dual pencil
of conics and the family of lines tangent to some conic from this pencil respectively.
These coordinate line systems are diagonal-connected.

Moreover, let the lines of the sides of the quadrilateral (abed) touch a conic «
and its vertices a and c lie on conic 3, the vertices b and d lie on a conic v, and all
three conics o, B,y are from a dual pencil. Then the tangent lines through a and c
to the conic B, and though b and d to the conic 7y intersect in one point.

Theorem 2.5 (Graves—Chasles theorem). Suppose that the lines of all sides of
the quadrilateral (abed) touch a conic «. Then the following three properties are
equivalent:



(i) (abed) is circumscribed;
(i) Points a and c lie on a conic confocal with «;

(i4i) Points b and d lie on a conic confocal with «.

Proof. Note that a family of confocal conics forms a dual pencil. Therefore the equiv-
alence of conditions (ii) and (iii) follows directly from the first part of Lemma 2.4.

Let us show how the statement (i) follows from the other two. Assume that
the quadrilateral (abed) satisfies conditions (ii) and (iii). Then the second part of
Lemma 2.4 implies that the tangent lines to the conics at the vertices of (abcd)
intersect in a point. It remains to show that these tangent lines are bisectors of the
quadrilateral (abed).

The classical equal angle lemma (see, for example, [3], ...) states that the bisec-
tors of the angle formed by the tangent lines from a point p to the conic « coincide
with the bisectors of the angles Z fipfs, where f; and fy are the foci of the conic .
On the other hand the optical property of conics implies that this bisector is tan-
gent to the conic confocal with « passing through p. This completes the implication
(i)=(@).

For the proof in the opposite direction (i)=-(ii), we use the uniqueness of the
configuration. Indeed, chose a point ¢’ on the line (bc) such that a and ¢ lie on a conic
from our confocal family, and point d’ on the line (ad) such that (¢'d’) is tangent to a.
We proved already that then (abcd’d') is circumscribed. Moreover its incircle coincides
with the incircle of the quadrilateral (abcd) because it is uniquely determined by the
lines (ad), (ab), and (bc). The incircle and the conic o have no more than four
common tangent lines. Since they already have three common tangent lines (ad),
(ab), and (bc), the common tangent lines (bc) and (b'c’) coincide. O

We will use also the following direct corollary of this Theorem.

Corollary 2.6. Let the lines (ab), (bc), (cd) of three sides of a circumscribed quadri-
lateral (abed) touch a conic o and the vertices a,b lie on a conic confocal to a. Then
the line (ad) of the forth side also touches c.

Remark 1. Dual pencils of conics are studied in particular in [2]. From Lemma 1
of this paper it follows that if the lines of the sides of a quadrilateral (abcd) touch
a conic a and a circle with center o, then the lines of the sides of the quadrilateral
fiafac, where f; and fy are the foci of the conic «, are also tangent to a circle with
center 0. However circumscribity is equivalent to the fact that a and c lie on a conic
with foci f; and fo. That shows the equivalence (1)< (ii).

Applying Lemma 2.4 to the previous family of confocal conics we obtain the
following useful statement.

Lemma 2.7. Let oy, ay be two ellipses and 1,2 be two hyperbolas from the same
confocal family. Let a,b, c,d be their intersection points (see Fig. 5). Then the lines
(ac) and (bd) touch a conic confocal to ay, s, V1, Ye.

Now the classical Ivory theorem (see, for example, [12] and [8, sect. 30.6] follows
directly from the Graves—Chasles theorem.
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Figure 5: Proof of the Ivory theorem

Corollary 2.8 (Ivory theorem). Let oy, ap be two ellipses and 1, vo be two hyper-
bolas from the same confocal family. Let a, b, ¢, d be their intersection points (see
Fig. 5). Then

|ac| = [bd] (2)

Proof. Due to Lemma 2.7 there exists a conic « from the confocal family with
tangent lines (ac) and (bd). Let us draw four more lines tangent to « passing
through the points a, b, c and d. They determine the intersection points x,y, z,t as
in Fig. 5. The Graves—Chasles theorem implies that four obtained quadrilaterals
shown in Fig. 5 as well as the big quadrilateral (ztxy) are circumscribed.

Now identity (2) follows from the fact that the sum of lengths of two opposite
edges of a circumscribed quadrilateral equals to the semiperimeter of the quadrilat-
eral. Using the fact that the distances between the touching points on two exterior
tangent lines common to two disjoint discs are equal it is easy to see that both 2|ac|
and 2|bd| are equal to the sum of semiperimeters of quadrilaterals (apdt), (dpcz),
(azxbp), and (pbyc) minus the semiperimeter of (ztzy). O

Let us give “global” definition of IC-net, which based Graves—Chasles theo-
rem. Note that from Graves—Chasles theorem follows that points of intersection
of {m;,m;y1} and {¢;,¢;11} lie on a same conic from confocal family A. Varying i
and j we obtain that this conic is fixed. Using this observation, we can define IC-net
in the following way.

Definition 3. Let o and o’ be confocal conics. Let ¢; and m; be a lines tangent to
a and such that the point of intersections of {¢;, ¢;+1} and {m;, m;+1} lie on o/. We
call this lines as lines of IC-net and the points f; ; = ¢; N m; as vertices of IC-net.



Figure 7: Construction of an IC-net from two circles and their five tangent lines

2.3 Construction of IC-nets

Construction of IC-nets is based on the following incidence theorem.

Theorem 2.9 (3 x 3 incircles incidence theorem). Consider a quadrilateral which
is cut in nine quadrilaterals by two pairs of lines l1,0y and mq,my (see Fig. 6).
Suppose all quadrilaterals except one at a corner are circumscribed. Then the ninth
quadrilateral 1s also circumscribed.

Proof. Consider the conic « which touches five lines £y, (1, (5, mg,m;. Applying
Corollary 2.6 several times we obtain that all lines in the figure are tangent to a.
Denote by f; ; the intersection points f; ; = ¢; N m;. Theorem 2.5 implies that the
pairs fo3 and fi2, fi2 and fo1, fo1 and fs lie on conics confocal with a. Due to
Lemma 2.7 fo3 and f39 also lie on a conic confocal with o. Finally Theorem 2.5
implies that the quadrilateral formed by the lines ¢5, 3, mo, mg is circumscribed. [

There is a natural way to construct an IC-net starting from two circles.

Corollary 2.10. IC-nets considered up to Euclidean motions and homothety build a
real four-dimensional family. An IC-net is uniquely determined by two neighboring
circles wo o, w10 and their tangent lines Cy, (1, ly, mg, My (see Fig. 7).



Proof. Choose two non-intersecting circles wy o and w; o with tangent lines £y, ¢1, {2, mg, m;
(see Fig. 7). Now the circles wg 1, w1 wa o are uniquely determined. Next the com-
mon tangent line my, and further, the circles wg o, w2, w21 are determined. They
determine the tangent lines ¢35 and mgs. Finally the incribed circle wq o exists due
to the incidence theorem 2.9. Proceeding further this way one constructs the whole
IC-net. O

2.4 Proof of Theorem 2.1

Actually we have proven already an essential part of Theorem 2.1.

(i),(ii) The corresponding properties were already proven for a 3 x 3 piece of an IC-net
in Theorem 2.9. The global statement follows immediately.

(iii) follows directly from Theorem 2.5 and (i), (ii).

(iv) follows from the Ivory theorem (Corollary 2.8). Indeed, due to (ii) the points
fizejs fij—cs fitejs fij+c are the intersection points of two pairs of confocal
ellipses and hyperbolas.

(v) It is well known (see, for example, [3]) that for any two lines tangent to a conic
« the map from one to another generated by tangent lines to « is a projective
map. Therefore it is preserves cross-ratios of points. The map

(fihjm fi1,j2> fi1,j37 fi17j4> = (fi27j17 fi2,j27 fi2,j37 fi27j4)

is exactly of this type.

(vi) follows from the simple fact that the map between two conic of the same type
from a confocal family generated by intersection by conics of other type is an
affine map (see, for example, [8] or [10]). This fact follows immediately from
the equations of confocal conics.

(vii),(viii) follow from the corresponding statements (ii),(v) of Theorem 3.1.

(ix),(x) On Fig. 1 is shown the IC-net, where lines ¢; and m; coincide as a set.

Using the terms of Definition 3 it is easy to prove statements (x) and (ix)
which follows directly from the previous and (ii) Note that bisectors of angles
formed by lines {¢;, ¢;+1} or {m;, m;41} tangent to the conic o’. Denote them
by £; and m/; respectively.

Note that point of intersection of lines ¢; and ¢, lie on fixed conic o dual
to a with respect to o’. The same holds for intersection of lines m’ and m/ .
Therefore, if one made a projective transform p which maps conics o/ and o
to confocal, the lines p(¢}) and p(m}) will form a IC-net.

10
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Figure 8: Checkerboard IC-nets: (top) circumscribed net-squares, (bottom) per-
spective net-squares

3 Checkerboard IC-net

3.1 Definition and geometric properties of checkerboard IC-
nets

Definition 4. A checkerboard IC-net is a map f : P — R? satisfying the following
conditions:

1. For any integer ¢ the points {f; ;|7 € Z} lie on a straight line preserving the
order, i.e the point f; ; lies between f; ;_1 and f; j11. The same holds for points
{fijli € Z}. We call these lines the lines of the checkerboard 1C-net.

2. For any integer ¢ and 7, such that i + j is even the quadrilateral with verities
fi,j; fi—l—l,j; fi—l—l,j—l—lu fi,j—l—l iS CiI‘CUIl’lSCI‘ibed.

11
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Figure 9: Checkerboard IC-nets as circular-conical nets

This class of nets with inscribed circles is some sense more natural then IC-nets.
The reason is that all circles and lines of a checkerboard IC-net can be consistently
oriented. This shows that this class of nets belongs to Laguerre geometry which
studies oriented lines and circles that are in oriented contact (see, for example, [5]).
We will use the Laguerre geometric description to prove some non-trivial incidence
theorems which we have not found in the literature.

We call quadrilaterals [; ; with vertices f; ;, fitv1, fitx1,j+1, fij+1 with even i+
unit net-squares of checkerboard IC-net. The quadrilaterals L ; with vertices f; ;,
fiteys fitejrer fij+e With even ¢ + 7 and odd ¢ we call net-squares.

Theorem 3.1. Let [ be a checkerboard IC-net. Then the following properties hold:
(1) All net-squares are circumscribed (Fig. 8 (top)).

(ii) Net-squares OF; and O}, where | is odd, are perspective (Fig. 8 (bottom)).

i—l,j—1’
(i1i) The points f; j, where i + j = const lie on a conic. The points f;;, where

1 — j = const lie on a conic as well.

() (Ivory-type theorem) We define the distance do(Oayp, Ocq) between two unit
net-squares U, and U.q of a checkerboard net as the distance between the
tangent points on a common exterior tangent line to the circles wqy and weq
inscribed in Uy p, and U, 4 respectively. In case a = ¢ or b = d these tangent
lines are the lines of the checkerboard IC-net.

For any (1,7) € Z*, with even i + j and any integer even ¢ one has
de(Hi-cj Oives) = do(Uij—c, Uijae). (3)

(v) Let w; j be the inscribed circle of the unit net-square OJ; ;. Consider the cone in
R? intersecting the plane along w; ; at constant oriented angle (all the apezes a;

12



(vi)

Figure 10: Six incirlces lemma

of these cones lie in one half-space). Then all the apezes {a; j|i+j = 4n,n € Z}
lie on one-sheeted hyperboloid. The the apezes {a;;|i + j = 4n+2,n € Z} lie
on one-sheeted hyperboloid as well.

The centers o, ; of the incircles of a checkerboard IC-net build a circle-conical
net, i.e. a net that is simultaneously circular and conical (see [6]). Recall that
circular nets are the nets with circular quadrilaterals (0; j0;+1,j+10i j+20i-1j+1)
and conical nets in plane are characterized by the condition that the sums of
two opposite angles at a vertex are equal (and equal to ).

We start with the following classical Lemma which can be found for example in

14].

Lemma 3.2. Consider a quadrilateral which is cut in nine quadrilaterals by two
pairs of lines (see Fig. 10). Suppose the center quadrilateral and all the corner
quadrilaterals are circumscribed. Then the “big” quadrilateral is also circumscribed.

An elementary proof of this lemma is based on the fact that the distances between
the touching points on two exterior tangent lines common to two disjoint discs are
equal. Using this fact one can show that the differences of the sums of the lengths
of the opposite sides of the central “small” and “big” quadrilaterals are equal. This
implies that they are simultaneously circumscribed.

Proof. of Theorem 3.1

(i)

(i)
(i)

We will prove this by induction on ¢. From the definition we obtain the claim
for ¢ = 1. Suppose the circumcrability is known for all net-squares of size c.
Let us prove it for net-squares of size ¢ + 2. Applying Lemma 3.2 for the unit
net-squares U; j, Ui jrer1, Wiest jretrt, Hiverr,; and the net-square DSHJH

we get that the net-square [1¢+?

1y is also circumscribed.

is a two-dimensional version of the property (ii) of Theorem 4.1.

We will prove the claim for vertices f; ; with i+ 7 = 0, for other cases the proof
is the same. For that we will show that any six successive points lie on a some
conic. Without loss of generality, we assume that ¢ = 1. By the Pascal theorem
it is enough to show that the following three points of intersection of lines

(fi—1fo—2) O (fa—afs—5), (fo—2fs.—-3) N (fs—sf6-6), (f3,—3f1.—1) O (fo—6f1.-1)

are collinear.

13



The point f;_; is the center of positive homothety of incircles of the net-
squares [J; _; and D‘i_l. The point fy _5 is a center of negative homothety of
incircles of the net-squares [J; _; and DgV_Z. Therefore, by the Monge theorem
the line (f1 1 f2,—2) passes through the center of negative homothety of incircles
of the net-squares Dg’ﬁQ and D?,A- Analogously the line (fy_4f5—5) passed
through this center. We obtain that the point (fi—1fe—2) N (f1—4af5—5) is the
center of negative homothety of the incircles of 003 _, and I} _,.

Using the same argument we can prove that fa _of5 3N f5 _5f6 ¢ is the center
of negative homothety of incircles of (03 _, and 0f ;. The point (f3 _3fs,—4) N
(fo,—6f1,—1) is the center of positive homothety of (0} _; and [J5 5. Applying
the Monge theorem again we obtain that these three centers of homotheties
lie on a one line.

(iv) Since the net-square CIf} *1 is circumscribed the sums of the lengths of its op-
posite sides are equal. The sum of the lengths of two opposite sides of DC“
is equal to do(0; , Oise ;) + do(0i jte, Dite jre) Plus the sum of the lengths of
the intervals from the corners of DC+1 to the touching points with the inscribed
circles of corresponding corner umt net-squares. We obtain

d (DZJa Dz—i—c,j) + dC(Di,j+67 Di+c,j+c) = d (Dz]7 Dz ]+c) + dC(Di+c,ja Di—i—qj—i—c)-

Applying this equality to Of*) ., Ot O OF and 07 we get

i—c,j—c) —i—c,j) —i,j—c) i—c,j—c

2dc(Ui-c,j; Oivey) = 2de(Bi-c,j, Oij) + 2de(0i g, Oigej) =

=do(Oi—cj—c, Oicey) +do(Oije, Oij) — de(Diejme, O j—c)+

+ do(i—cj, Ui—cjie) + do(Qig, Oijie) — de(Dimcy, Oij)+
+do(Tij-e, Oij) + do(Ditej—e, Ditey) — do(Dijoe, Digej—e)+

+ dC(Dmv Dz j+c> =+ dC(Di+C,j7 Di+c,j+c) - dC(D 1,59 Derc,j) =

=do(Ui—cj—c, Oicjre) + do(Oitej—e; Ditejte) —
—do(icj—c; Oigej-e) — do(Dizcjre, Digejre) + 2de(0i e, Oijre) =
= 2dc(Uij—c: Uijie)- (4)

(v) The apexes of the cones of unit net-squares with fixed i (or fixed j) are
collinear. The lines of different types (with fixed i or fixed j) intersect each
other. Therefore they are asymptotic lines (of two different families) of an
one-sheeted hyperboloid.

(vi) Both angle conditions of circularity and of conicality follow immediately.

3.2 Construction of checkerboard IC-nets

Theorem 3.3 (checkerboard incircles incidence theorem). Consider a quadrilateral
which s cut by two sets of four lines in 25 quadrilaterals. Color the quadrilat-
erals in a checkerboard pattern with black quadrilaterals at the corners. Assume

14



Figure 11: Checkerboard incircles incidence theorem

that all black quadrilaterals except one at a corner are circumscribed. The the the
last black quadrilateral at the corner (thirteenth quadrilateral) is also circumscribed
(Figure 11).

Before we prove this theorem let us make an important comment. As we have
already pointed out in Section 3.1 checkerboard IC-nets can be oriented in such
a way that their circles and lines are in oriented contact. They can be naturally
described in frames of Laguerre geometry. Let us briefly introduce the cyclographic
model of Laguerre geometry in the plane (see [5]).

In this model the space of oriented circles C' = {z € R?||z — ¢|*> = r?} is in one-
to-one correspondence with the points a = (¢, r) of the Minkowski space R*!. They
can be seen as the apexes of the cones of revolution intersecting the plane R? C R?!
at the angle 7/4 along the circles C'. The oriented lines ¢ € R? are modelled as
oriented planes L C R*! intersecting the plane R? along the lines ¢ at the angle 7 /4.

An oriented circle C' is n oriented contact with an oriented line ¢ if and only if
a € L. Two oriented circles C, Co C R? are in oriented contact if and only if their
representatives in the Minkowski space ai, as € R?! differ by an isotropic vector
la; — as| = 0.

In this model a one-parameter family of circles that are in oriented contact to
two oriented lines is represented by a straight line in R*!. The points of this line
are the apexes of the corresponding cones.

Proof. The circles w; ; are inscribed in [J; ;. Let us orient the circles w; ; with even
i, j positively, the circles w; ; with odd ¢, j negatively, and the tangent lines ¢, m so
that they are in oriented contact to these circles. Due to Lemma 10 the net-square
03| is also circumscribed, denote its inscribed circle as w} | and orient it so that it
is in oriented contact to the lines.
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Figure 12: Projective octahedron incidence theorem

Consider the Laguerre geometry of this pattern in the cyclographic model de-
scribed above. Let a; ; be the apex of the cone which intersect the plane at the angle
7/4 along w; ;. Denote by a}, the apex on the cone corresponding to the circle wf ;.
The orientation described above implies that the points a1, a1 3, as;1, a3, a5, lie
in one halfspace of R*! (let us say, positive third component r), and the points a; ;
with even ¢, j in the other halfspace (negative r).

Apexes a’s are collinear if and only if the corresponding circles share two com-
mon tangent lines. The following triples of points are collinear {aj,,a11,aop},
{a’272,a173,a0,4}, {a’272,a3,1,a4,0}, {as0,a22,a24}, and {apz2,as2,as2}. Moreover the
apexes are coplanar if and only if the corresponding circles share a common tan-
gent line. The following quintuples of points are coplanar {ag 2, @22, @42, 011,031},
{a0,27 22,042, 01,3, a373}, {az,o, a22,0d24, 01,1, a1,3}, {az,o, a22,0d24, 431, a3,3}.

We obtain a projective octahedron as,a1,as:1,a33, 13,055 as in Fig. 3.2. The
intersection line of the face planes (a1 1a; 3a2,2) and (as jas 3as2) intersects the planes
(a1,1a3105 ) and (az3a13a5,) at the points agz and as 4 respectively. Analogously,

ap2 = (a11a31022) N (a1,3a33a22) N (G1,1a1,3alg72) (5)

a2 = (a1,1031a22) N (a1,3a3302,2) N (3103305 )

The rest of the proof follows from Theorem 3.4. O

Theorem 3.4 (Projective octahedron incidence theorem). Consider a projective
octahedron as in Fig. 3.2 and define the points a2, G20, Qs 2, G2.4 as the intersection
points of the corresponding face planes like (5). Chose an arbitrary point ago €
(a11ay,), determine asg = (aooazo) N (as1as,) and agy = (aoeaoz2) N (a1,3a5,).
Then the lines (ao4as,4) and (aspasz2) intersect the line (aszay,) in a common point
(which we denote by ay 4.

Proof. Since the claim is projective we may simplify the representation by mapping
the lines (aspaz4) and (ap2a42) to the infinity plane. Then point aso also lies in
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Figure 13: Proof of Lemma 3.5 from Pappus theorem

this plane. The planes (aj1a31a22) and (a1 3a33a22) become two parallel planes,
the planes (aq,1a1 3a22) and (asjas3as2) are parallel as well.

The straight line (agoas0) is the intersection line the planes (a;1a31a3,) and
(ap0az,0a22). After our normalization the later becomes the plane parallel to (a1 a1 3a2,2)
(and (asias3a22)) and passing through agpo. Finally we obtain the lines (agoa4,0),
(ap4a2.4) and (apoao4), (a40a42) as the intersections of the corresponding face planes
at aj, with the planes parallel to (a1,1a13a22) and (a1,1a13a2,2) Tespectively.

Now projecting the whole geometry to a plane (transversal to the line (ag2a1,1)
etc.) we obtain the incidence statement from Lemma 3.5 in plane geometry. O]

Lemma 3.5. Let (abed) be a parallelogram and o be a point in plane which does not
lie on the lines of the sides of the parallelogram. Let o’ be a point on (oa). Then
there exists a unique parallelogram (a'b'c'd’") such that its lines (a'V’), (V'¢), (dd'),
(d'a") pass through the point o and the non-corresponding sides are parallel to the
sides of the original parallelogram: (a'd’) || (ab) and (dd') || (be).

Proof. Without loss of generality one can assume a’ = a. After that the claim is
just the Pappus theorem for points b, ¢, d, V', ¢, d’, o and two points at infinity. []

The dual version of this Lemma formulated for conics can be found in [1].

Corollary 3.6. Checkerboard IC-nets considered up to Euclidean motions and ho-
mothety build a real eight-dimensional family. A checkerboard IC-net is uniquely
determined by five neighboring circles wop, wapo, Woz2, W2, wi1 and circle wss
(see Fig. 14).

Proof. For constructing of a checkerboard IC-net we start with a circle wy ; and its
four tangents ¢;, {2, m; and my. Then we inscribe circles wp o, wo 2, wo 2 and ws
in the corners (see Figure 14). The four common tangents lines ¢y, {3, mg, and mg
are uniquely determined. Further, the circles w; 3 and ws; are uniquely determined.
By choosing the circle ws 3 we have one degree of freedom. Now, the whole net is
fixed. Indeed, we consequently determine the lines ¢, and my,, then the circles wy,
W42, Wo.4, woa and lines £5 and ms. The existence of the circle wy 4 follows from the
incidence theorem 3.3. Applying this theorem again and again one generates the
whole checkerboard IC-net. m
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Figure 14: Construction of a checkerboard IC-net

3.3 Checkerboard confocal IC-net

[C-nets can be considered as special checkerboard IC-nets. Indeed, if for every
second line and every second column of a checkerboard IC-net the incircles de-
generate to points, then the lines of the net merge in pairs, all non-circumscribed
quadrilaterals disappear, and one obtains an IC-net.

There is however an interesting class of IC-nets, which lies between the two we
have considered. These are special checkerboard IC-nets related to confocal conics.

Definition 5. We call a checkerboard IC-net confocal if all lines of it are tangent
to a conic.

This class is a natural generalization of IC-nets introduced in Section 2. However
in contrast to IC-nets here all circles and lines can be oriented so that and the
corresponding circles and lines are in oriented contact. This class can be studied in
frames of Laguerre geometry.

We formulate the most important geometric property of checkerboard confocal
[C-nets which can be proven exactly in the same way as the corresponding theorems
in Sections 2.1 and 3.1.

Theorem 3.7. Let f be a checkerboard confocal IC-net all lines of which are tangent
to a conic . Then the points f; j, where i + j = const lie on a conic confocal with
a. As well the points f; ;, where i — j = const lie on a conic confocal with o

Let us give “global” definition of Checkerboard confocal IC-net similar to Defi-
nition 3 of IC-net.

Definition 6. Let «, o/ and o be confocal conics. Let ¢; and m; be a lines tangent
to a and such that for odd i the points ¢; N ¢; ;1 and m; N'm;1 lie on o and for even
i on «”. We call this lines as lines of Checkerboard confocal IC-net and the points
fi; = €i N'm; as vertices of IC-net.
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Figure 15: To a definition of checkerboard confocal IC-nets

4 Checkerboard inspherical nets in R3

4.1 Definition and geometric properties of checkerboard IS-
nets

In this section we consider a natural multi-dimensional version of checkerboard
[S-nets. We consider maps of the integer grid f : Z" — R" or of a quadrangle P C Z"
of full dimension. Although all results are valid for any dimension to simplify the no-
tations we formulate some of them in dimension three. Let us denote G, , the cube
with the vertices f; k. fitejk> fijteks figrteSivejreks fijrehtes fiteghterfitejtepter

We call &, a net cube if 4,7,k are all even or all odd and ¢ is odd. Unit
net-cubes are the net-cubes &J; ; ,, = @il’j’k,.

Definition 7. A checkerboard IS-net (inscribed spherical net) is a map f : P — R3
satisfying the following conditions:

(i) For any integer ¢ the points {f; x|k € Z} lie on a straight line preserving the
order, i.e the point f; ;; lies between f; ;1 and f;;x41. The same holds for
points {fijxli € Z} and {fi;k|j € Z}. We call these lines the lines of the
checkerboard 1S-net.

(ii) The unit net-cubes 07, ;; are circumscribed cubes.

Let us denote by ¢; ;. the line of the checkerboard IS-net that contains the vertexes
{fijk|Vi}, similarly denote the lines of the other two families by m; D {fi,x[Vj}
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Figure 16: Body-centered cubic of IS-net

and n;; O {fi;jx|Vk}. The planes of the checkerboard IS-net we denote by L; D
{fiiklVi kY, My D {fijxlVi, k}, and Ny D {fi;x|Vi, 5}

Theorem 4.1. (i) All net-cubes of an IS-net are circumscribed.

(i4) The net-cubes & ; ;. and @jj;‘jfij_%_l,k_gs_l are perspective.
(11i) All net-cubes are projective cubes, i.e. projective images of the standard cube.

() The lines {;, where j + k = const lie on hyperboloid of one sheet. The same
holds for the lines {;; with j — k = const and for the corresponding lines m;
and n; ;.

4.2 Construction of checkerboard IS-nets
A polytopes combinatorial equivalent to the cube we call combinatorial cube.

Theorem 4.2 (9 inspheres incidence theorem). Suppose combinatorial cube G2 in
R3 cut by 6 planes on 27 combinatorial cubes. Suppose the central and seven of the
corner cells are circumscribed. Then the last corner cell is also circumscribed.

Proof. As in this section denote the vertices of this cell devision f;;x. By &F;
denote the cell with vertices with indexes 7 or ¢ + 1, j or 7+ 1, k or k + 1. The
centers of inscribed spheres (if they exist) of denote by o; ;5. By L? denote the
planes. Suppose eighth corner cell in the statement is the cell G, 5 5.

Consider projective map which maps 011 to itself and maps points fi11, f2.1,1,
fi21, and f112 to points 0,0, 02,00, 00,2,0, and 0g o2 correspondingly. Note that this
map should maps the lines passing through o; 1 to themselves (because it preserve
four of them, which are in general position).

The plane L7 is mapped to the plane passing through 00,0, 0020, and o0g2.
Therefore the point f 22 mapped to intersection of the line f; 22011 and the bi-
sector of planes L§ and L7, the point 0g22. Analogously we show that the images
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Figure 17: Hyperbolic six incircles lemma and checkerboard incircles incidence the-
orem

of vertices of &2, ;1 map to the centers of inscribed spheres of corner cells. So the
point 0999 exists as intersection of three bisectors planes between pairs of planes
L% and L%, L and L§, L3 and Lj which lies on the line 0111 f222. That means
that this point in the same distances from all sides of & 59, therefore the cell is
circumscribed. []

5 Incircular nets in hyperbolic plane

Almost all claims from the previous sections are valid in the hyperbolic and
spherical geometries.
The main statements from Section 4 also hold.

6 Appendix. An elementary proof of the Graves-
Chasles theorem

Proof. Let us show that (ii) implies (i). We assume that « is an ellipse with foci f;
and fy. The case of hyperbola can be proven in the same way. Let a; be the ellipse
passing through the points a and ¢, and by := (af1) N (bfs), di := (afs) N (bf1). Let
f1 be a reflection of f; in line (ab). Note that |f] f2| equals to length [ of the the big
axis of the ellipse a. We denote by [; the length of the big axis of ;.

Since a and c lie on the ellipse oy, we have | fia| + | foa| = | f1b] + | f2b]. Therefore
the quadrilateral (abjcd;) is circumscribed. Denote the center of its circle by .
From Poncelet’s isogonal lemma (see, for example, Theorem 1.4 in [3]) it follows
that Zbjab = Zdad; and Zbicb = Zdedy. So, it is sufficient to show that the
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Figure 18: Hyperbolic checkerboard IC-net

distances from i to (ad) and (cd) are equal. We observe that

d(i, ad) sin Ziad  cos +(m — Zbad) _ cos T/ flaf

d(i,ad;)  sin Ziad, cos 5(m — ZLbiady)  cos 1/ fiafs

Further 2(cos 3/ f{af>)? = cosZf{afs + 1 holds, and from the cosine formula

; / _  lhaP+|f2al? -1 / - 22
we obtain cos Zfiafy = 5. And we get cosZflafa/2 = /g7l
An analogous computation gives 2(cos %Aflaf2)2 = cos Zfiafy + 1, cos Z fiafy =

|fral®+|f2al? =] f1f2l? 1 _ B—|fif2l?
2| f1al [ f2al , cos 52 frafs = SFral faal” Therefore

d(i,ad)  coszZflafy 2 — 12
d(i,ady)  cos3Zfraf B—|fifa]*

d(i,ad)
d(i,adq)

We see that the ratio

is independent of the point a. Hence

d(i,ad)  d(i,bd)

d(@, adl) N d(Z, bdl) ’
and finally d(i, ad) = d(i, cd), since d(i,ad;) = d(i, cdy).

Let us show now that (i) implies (ii).

If ¢ does not lie on the ellipse with foci f; and f, passing through a we can choose
another point ¢ on (bc) such that it is and define d' as the point of intersection of
(ad) with the tangent line from ¢’ to a. The quadrilateral abc’d’ is circumscribed.
But on the other hand, the incircles of (abdd’) and (abcd) coincide, and (cd) and
(dd") are the common interior tangent lines of o and this incircle. They should
coincide, thus ¢; = ¢. The equivalence (i) < (iii) can be shown in the same way. [
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