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Figure 16: Sum of four 3D corner equations (matched at the vertex x, one of the equations being void)
results in a planar seven-point Laplace type equation on the regular triangular lattice

Theorem 16.5. A three-point discrete 2-form L with the discrete edge Lagrangians (16.49) is
closed on solutions of the system of 3D corner equations if and only if the latter system admits
the conservation law

∆jPi0 = ∆0Pij , (16.51)

with the densities

Pi0 =
∂Ψ(x̃k − xk;λ)

∂λ
− ∂Φ0(xk+1 − x̃k;λ)

∂λ
, (16.52)

Pij =
∂Ψ(x̃k − xk;λ)

∂λ
− ∂Φ(x̂k − x̃k;λ, µ)

∂λ
. (16.53)

Proof. According to Theorem 16.4, quantity (16.50) is constant on solutions of the system of 3D
corner equations: dL = `(λ, µ). This constant is obviously skew-symmetric: `(µ, λ) = −`(λ, µ).
Then `(λ, µ) = 0 is equivalent to ∂`/∂λ = 0. Differentiating equation (16.50) with respect to λ
and taking into account that the terms containing ∂x̃k/∂λ etc., appearing due to the chain rule,
vanish by virtue of the corresponding 3D corner equations, we arrive at

∂Ψ(x̃k+1 − xk+1;λ)

∂λ
− ∂Ψ(̂̃xk − x̂k;λ)

∂λ
− ∂Φ0(xk+1 − x̃k;λ)

∂λ
+
∂Φ0(x̂k+1 − ̂̃xk;λ)

∂λ

− ∂Φ(x̂k+1 − x̃k+1;λ, µ)

∂λ
+
∂Φ(x̂k − x̃k;λ, µ)

∂λ
= 0.

This is equivalent to formula (16.51).
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Like in the previous section, we now consider the situation where one of the coordinate directions
(which we denote as the 0th one) plays a distinguished role. We will use the index k for this
coordinate direction only. It will enumerate the sites of relativistic Toda chains. Accordingly, we
will only consider surfaces in Zm which contain, along with any point, the whole line through
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