DUALIZABLE SHEARLET FRAMES AND SPARSE APPROXIMATION
GITTA KUTYNIOK AND WANG-Q LIM

ABSTRACT. Shearlet systems have been introduced as directional representation systems,
which provide optimally sparse approximations of a certain model class of functions governed
by anisotropic features while allowing faithful numerical realizations by a unified treatment
of the continuum and digital realm. They are redundant systems, and their frame properties
have been extensively studied. In contrast to certain band-limited shearlets, compactly
supported shearlets provide high spatial localization, but do not constitute Parseval frames.
Thus reconstruction of a signal from shearlet coefficients requires knowledge of a dual frame.
However, no closed and easily computable form of any dual frame is known.

In this paper, we introduce the class of dualizable shearlet systems, which consist of
compactly supported elements and can be proven to form frames for L?(R?). For each
such dualizable shearlet system, we then provide an explicit construction of an associated
dual frame, which can be stated in closed form and efficiently computed. We also show
that dualizable shearlet frames still provide optimally sparse approximations of anisotropic
features.

1. INTRODUCTION

During the last years, methodologies utilizing sparse approximations have had a tremen-
dous impact on data science. This is foremost due to the method of compressed sensing (see
[3, 11] or [9]), which played a major role in the initiation of today’s paradigm that any type
of data admits a sparse representation within a suitably chosen orthonormal basis, or, more
generally, a frame [5]. In fact, frames — redundant, yet stable systems — are typically prefer-
able due to the added flexibility the redundancy provides. However, although a frame might
provide even optimally sparse approximations within a model situation, in the end, one still
needs to reconstruct the data from the respective frame coefficients. For an orthonormal
basis, this can be achieved by the classical decomposition formula. In the situation of a
frame though, a so-called dual frame is required.

In this paper, we will consider this problem in the situation of imaging sciences. Since
it is typically assumed that images are governed by edge-like structures, a common model
situation are cartoon-like functions, which are — coarsely speaking — compactly supported
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piecewise smooth functions. Shearlet systems [14], which might be among the most widely
used directional representation systems today, have been shown to deliver optimally sparse
approximations of this class. However, their compactly supported version, though superior
due to high spatial localization, forms a (non-tight) frame for L?(R?); but the construction
of a dual having a closed and easily computable form is an open problem.

1.1. Data Processing by Frames. Frames have a long history in providing decompositions
and expansions for data processing, and the reader might consult [4] for applications in audio
processing or communication theory. A frame for a Hilbert space H is a sequence (p;)ier
satisfying A f|I* < > .o, [(f.@i)|* < BJ|f||* for all f € H with 0 < A < B < oo. If the
frame bounds A and B can chosen to be equal, it is typically called tight frame; in case of
A = B =1, a Parseval frame.

Analysis of an element f € H by a frame (p;);c; is typically achieved by application of
the analysis operator T given by

T:H— ), [ ({f 0)ier

Reconstruction of f from the sequence of frame coefficients ({f, v;))ies is possible by utilizing
the adjoint operator T™, since it can be shown that

F=Y {foe)(T*T) g, forall f €H. (1)
iel
Unless (;)ic; forms a tight frame — in which case T*T is a multiple of the identity —, we
face the difficulty to have to invert the operator T*T in order to compute the canonical dual
frame ((T*T)~"pi)ier-

In fact, certainly, the canonical dual frame is not the only choice for deriving a recon-
struction formula such as (1). In general, one calls (¢;);c; an associated dual frame, if the
following is true:

F=> (feng forall fe. (2)

el

1.2. Sparse Approximation using Frames. One key feature of frames, which is in par-
ticular beneficial for deriving sparse approximations, is their redundancy. Sparse approxima-
tion by a frame (¢;);e; can be regarded from two sides: On the one hand, we might consider
expansions in terms of the frame such as

f= Z CiPi, (3)
iel
expecting the existence of some coefficient sequence (¢;);er, which is sparse in the sense of,
for instance, |[(¢;)icr|ler(r) < 0o or at least ||(¢;)ier||er(r) < 00 for some p < 2.

This is however not the approach normally taken in data science, in particular, related to
compressed sensing. Instead we expect that the sequence of frame coefficients ({f, ¢;))icr is
sparse. In [19], this situation is termed co-sparsity, and in fact sparsity within a frame is
typically exploited in this way. For instance, reconstruction from highly undersampled data
is then achieved by placing the /;-norm on such coefficient sequences and mimimizing over

all f e H.
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Thus, instead of expansions of the form (3), we consider (2) in the sense of a reconstruction
procedure. This certainly requires having access to some dual frame associated with (;);es.
One can circumvent this problem by using iterative methods such as conjugate gradients
whose efficiency depends heavily on the ratio of the frame bounds. But such methods deliver
only approximate solutions and are rather slow.

1.3. Imaging Science and Anisotropic Features. Images play a key part in data science
as a significant percentage of data today are in fact images. Following the program discussed
before, it is illusory to assume that reasonable results can be derived for the whole Hilbert
space L*(R?). Hence we restrict to an appropriate subset, which models features images are
assumed to be governed by.

As such a class typically so-called cartoon-like functions introduced in [10] are taken, which
are basically compactly supported functions that are C? apart from a closed C? discontinuity
curve with bounded curvature (Definition 4.1). The intuition is that edge-like structures are
typically prominent in images and, in addition, the neurons in the visual cortex of humans
also react very strongly to those features. It should be emphasized that certainly such
structures appear in other situations as well such as in solutions of transport dominated
equations [6, 7).

Donoho then proved in [10] that the L-error of best N-term approximation fy of such a
cartoon-like function f by any frame for L?(IR?) behaves as

If =l 2 N7 as N = oo,

This results provides a notion of optimality, and frames satisfying this approximation rate up
to a log-factor are customarily referred to as systems delivering optimal sparse approzimations
within the class of cartoon-like functions.

1.4. Shearlet Systems. Shearlet systems were originally introduced in [13] as a directional
representation system which meets this benchmark result, but which — in contrast to the
previously advocated system of curvelets [2] — fit into the framework of affine systems and
also allow a faithful implementation by a unified treatment of the continuum and digital
realm.

Shearlet systems are based on three operations: parabolic scaling A;, j € Z to provide
different resolution levels, shearing Sy, k € Z to provide different orientations, both given by

270 1 k
Aj:<0 QLéJ) and Sk:<0 1),

as well as translation to provide different positions. The definition of a (cone-adapted)
shearlet system is then as follows. We wish to mention that the term “cone-adapted” is due
to the fact that the different systems ¥(¢;¢) and W(i; ¢) are responsible for the horizontal
and vertical cone in Fourier domain, respectively; thereby, together with ®(¢;c;) achieving
a complete system with a finite set of shears for each sale j.

Definition 1.1. For o, 0,0 € LA(R?) and ¢ = (¢1,¢2) € (R4)?, the (cone-adapted) shearlet
system SH (¢, v, 1;c) is defined by

SH(p, ¥, ¢) = (¢ ¢1) U T(¢;¢) U (s ),
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where
O(¢yc1) = {¢m = ¢(- —crm) : m € Z°},
(15 ¢) = {0 pm := |det(A;)|2)(SLA; - —diag(ci, co)m) = j > 0, |k| < 20721 m € 72},
U ();¢) = (W = et (A;)|/*P(STA; - —diag(ea, er)m) = j = 0, k] < 2072 m € 2%},
with A; = diag(217/21,27).

1.5. Problems with Shearlet Frames. For high spatial localization, compactly sup-
ported shearlet systems are considered, which are also implemented in ShearLab (see www.
ShearLab.org) [18]. As shown in [16], compactly supported generators ¢, 1, ¢ € L*(R?) can
be constructed such that the associated shearlet system SH (¢, w,zﬁ; ¢) constitutes a frame
— not a tight frame — for L?*(R?) with controllable frame bounds dependent on ¢. Under
slightly stronger conditions, it was proven in [17] that such systems also deliver optimally
sparse approximations of cartoon-like functions.

In the situation of bandlimited shearlet frames (i.e., the Fourier transform is compactly
supported), Grohs derived results on the existence of “nice” duals [12]. However, for com-
pactly supported shearlet frames no closed, easily computable form of an associated dual
frame is known, even when allowing small modifications of the shearlet system.

1.6. Our Contribution. In this paper, we present a solution to this problem. We construct
a shearlet system which can be regarded as being of the form SH(¢, 1, 1; ¢) and satisfies the
following properties:

e The system is compactly supported and forms a frame for L*(IR?).

e The system delivers optimal sparse approximations of cartoon-like functions.

e An associated dual frame can be stated in closed form and efficiently computed.

e It is composed of orthonormal bases, which provides it with a distinct, accessible
structure.

In addition, the novel proof technique which we use for proving the approximation prop-
erties of dualizable shearlet frames along the way allow an improvement of previous approx-
imation results from [17] for the class of compactly supported shearlet frames introduced in
[16] with respect to the exponent of the additional log-term (see Corollary 4.4). It should
be mentioned that with this result, this exponent in the log-term is the smallest known for
any directional representation system, in particular, curvelets [2].

1.7. Outline. The paper is organized as follows. The construction of dualizable shearlet
systems is presented and discussed in Section 2; the definition is stated in Definition 2.5.
Section 3 is devoted to the analysis of frame properties of dualizable shearlet systems, namely
showing (in Theorem 3.1) that these systems do form frames for L?(R?) and that an asso-
ciated dual frame can be explicitly given in closed form. The statement that dualizable
shearlet systems do provide optimally sparse approximations of cartoon-like functions is pre-
sented in Section 4 as Theorem 4.3. Since the proof is very involved, the key steps and the
core part are presented in Section 5 with the proofs of several preliminary lemmata being
outsourced to Section 6.
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2. CONSTRUCTION OF DUALIZABLE SHEARLET FRAMES

This section is devoted to the construction of dualizable shearlet frames. One key ingre-
dient is a family of orthonormal bases for each shearing direction, which will be discussed
in Subsection 2.1. Since those elements lack directionality in the sense of wedgelike shape
elements, they are subsequently filtered, yielding the desired dualizable shearlet systems (see
Subsection 2.2). We emphasize that we will only present the construction for the horizontal
Fourier cone in detail — compare the cone-based definition of shearlet systems from Subsec-
tion 1.4 —; the vertically aligned system will be derived by switching the variables, or rotation
by 90 degrees denoted by Rxz.

Since the construction is rather technical in nature, it is not initially clear that the term
“shearlets” is justified; and we argue in Subsection 2.3 in favor of this expression by com-
paring the novel systems to customarily defined shearlets (cf. Subsection 1.4).

2.1. Basic Ingredients. To construct a family of orthonormal bases for L?(R?) for each
shearing direction, we first let 1,791 € L*(R) be compactly supported functions, which
satisfy the support condition

5<,01 = inf |¢1(€)| > Oa (4)

56[_%7%}

as well as, for some p € (0, 1—%), a > g + 1, and 8 > a + 1, the decay conditions

d ¢~ min{1, [|*} d\* . 1 B
In addition, we require the system
{e1(-=m):meZ} U {2j/21b1(2j -—=m):j>0,m€7Z}

to form an orthonormal basis for L?(R). For the existence of such functions, we refer to [8].
Second, we utilize this univariate system to construct the desired family of orthonormal
bases. We now follow the following strategy: We lift the system to L?(R?) in such a way
that we achieve a tiling of Fourier domain according to Figure 1(a), and then apply shearing
operators.
To generate the anticipated tiling, for z = (z1, 15) € R?, we set

V(@) = di(a)pi(zz) and  @P(x) = 207D 2 (01)4h (2P p) for p > 0

as well as

<p0(x) = 1(z1)p1(xe) and  P(z) = 2(p_1)/2g01(x1)¢1(2p_1x2) for p > 0.

Notice that the parameter p will be utilized to derive the dyadic substructure in vertical
direction.
For a fixed integer j, > 0, we next consider the system given by

{Idet(Ajy) [P (A, - —Dym), |det(A))["*¢P(A; - =Dym) - j > jo,p > 0},
where D, = diag(1, 2~ m@{P=10}) which achieves the tiling of Fourier domain as depicted in

Figure 1(a). It will be shown in Lemma 2.2 that this system forms an orthonormal basis for
L*(R?).
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We now carefully insert the shearing operator. Drawing from the definition of “normal”
shearlets, the shear parameter should equal w% with k| < 207721, Since we later need to
parameterize by those quotients, we require a unique representation without ambiguity. For
this, we define the map

s:{(j,q):j=0,g=0U{j:j >0} x{q:|q/ <2, q€2Z+1} = [-1,1], s(j,q) := %,

which is obviously injective. Thus from now on, we consider the set of shear parameters
given by

S={s(j,a) =0:j=0,¢=0}U{s(j,q): j 20, |¢| <27, g € 2Z +1}.
Armed with definition, we can now define what we call shearlet-type wavelet systems.

Definition 2.1. Let o1, € L*(R), and let ¢P, 9P € L*(R?), p > 0 be defined as before.
Further, set D, := diag(1,2~%) with d, := max{p — 1,0}. Then, for each shear parameter
s :=5([Jo/21],q0) € S, where jo is the smallest nonnegative integer such that s = 5lmr, we
define the shearlet-type wavelet system W (1, 14) by

\Ils(spla ’le) = {ijo,s,m,pa ,ij,s,m,p . ] 2 jOa m e Z2,p 2 0}7

where
Pjsmp = |det(A))[2 QP (A;S, - —Dpym)  and ;g my = |det(Ay) /2P (A;S, - —Dpm).

The tiling of Fourier domain by shearlet-type wavelet systems is depicted in Figure 1.

A

o
Siiiis mE:

(a) (b)

Y

T

FIGURE 1. Tiling of Fourier domain by W, with (a) s =0 and (b) s = 1.

The next result shows that, for each shear parameter, the associated shearlet-type wavelet
system indeed constitutes an orthonormal basis.

Lemma 2.2. For each s € S, the shearlet-type wavelet system Vy(p1,11) is an orthonormal
basis for L?(R?).

Proof. Without loss of generality, we consider Wo(p1, 1) where s = 0 (and hence j, = 0) in
Definition 2.1. Then, for x = (x1,x5) € R?, by definition,

dp
<P0,0,m,0($) = <P1(I1 - ml)@l(ﬁfz - mz) and @o,o,m,p(l’) = 901(56’1 - m1)27¢1(2d”3&’2 - m2)
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as well as, in addition for 7 > 0 and p > 0,

dromol@) = 28n (P — mi)231 )y (2132, — my)
and _ _ _
Giomapl) = 2801 (20 — my)2F Ty (2% (241 5) — my).
Next, for each j > 0, let V; and W; be the subspaces of L?(R?) defined by

V= span{2%g01(2j -—m):m€eZ} and W, = span{2%¢1(2j -—m):m € Z}.

By construction, for each p > 0, the systems {¢oomo : m € Z*} and {poomp : m € Z*}
form orthonormal bases for Vo ® V and Vy ® Wy , respectively. Similarly, for j > 0 and
p >0, {tjomo:m € Z*} and {¢;0,m, : m € Z*} form orthonormal bases for W; ® V;, and
W; ® Wy,, respectively.

Since Vo LW; and W,; LW for j, 7" > 0, j # j', those subspaces are mutually orthogonal
and, for each 7 > 0,
(vev) e (@vens,)e(Wek)e (W en,,) = (he LXR) o (W, @ LX(R)

p=1 p=1

From this, we finally obtain

(Vo ® L2(R)> ® (é W, @ L?(R)) = [(R?).

This proves our claim. U

We wish to mention that the definition of a dualizable shearlet system in Definition 2.5
will also require the systems derived by switching the variable in W (1, 1), i.e., by rotation
by Rx.

2

2.2. Definition. The next step consists of a filtering procedure. To define the filters, let
g € L*(R?) be a compactly supported function satisfying the conic support condition

_ P _ 2. & 1
= jnf [9(6)] >0, where O, = {€ € B*: €] < L} <6l < 1}, 6)
as well as the decay condition
9 ZA min{l? ‘£1|o¢}
— < for £ =0,1, 7
(@g) €| = T rerpa ey g

with o and 3 chosen as before (i.e., p € (0,3), a > % +1,and > a+1).
At this point, we pause in the description of the construction, and first observe the fol-
lowing frame-type equation, which follows from our choices. Notice that this result already

combines systems for the horizontal and vertical cones. For the proof, we refer to [16].

Lemma 2.3 ([16]). Letting ¢1,¢1 € L*(R) and g € L*(R?) be defined as before, we have
0<AL |¢0(§)|2—|—Z Z |§(Sk_TAj_1§)|2+|§(Sk_TAj_1Rg§)|2 < B < 00 for a.e. £ € R?,

720 |k|<2li/2]

where ©°(x) = p1(x1)p1(x2).
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The filters G, s = s([70/2],q0) € S are then defined by

Go(€) |2+Z\g ATESTTE)? and Gy Z|g ATISTTO)? for s #£0. (8)

J=Jjo

Figure 2 illustrates the frequency tiling by the essential supports of GS, showing the wedgelike
shape geometry.

o3
1
1
2
1
/ 1
FIGURE 2. Frequency tiling with G, for s = 0, 1,4,3 (for & > 0).

The following result provides an identity, which will be a key ingredient to prove the frame
property of the dualizable shearlet systems in Theorem 3.1.

Lemma 2.4. Let G5, s € S be defined as in (8). Then

S GO=1OP+) > aSTTATYP for ace. £ R,

SES j>0 |k\§2ﬁ/21
Proof. This follows directly from the definition of the filters and the set S. U

Finally, after this preparation, we can now formally define dualizable shearlet systems
by filtering the shearlet-type wavelet systems defined in Definition 2.1 using the filters G,
s €.

Definition 2.5. For any s € S, let Vy(p1,11) be the shearlet-type wavelet system, and let G
be the filter generated by g € L*(R?) as defined in (8). Then the dualizable shearlet system

SH(p1,¢159) is defined by
H(@lvqblug) = {wi tA € AS,S € Sv£ = 07 1}7

with index set

Ay ={0G.s,mp) i j € {=1}U{jo.Jo+1,...}m € Z%,p > 0} for s = s([jo/2], ),

where
¢0 — { GS * Spjo,&m,;ﬂ A= (_17 Svm7p> € A87
A Gs * ,lvbj,s,m,p . )\ - (]? s,m,p) € AS>
and 1y = Y3 o Rx.

We immediately observe that the constructed system is compactly supported.
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Lemma 2.6. Fach dualizable shearlet system is compactly supported.

Proof. Let SH(¢1,11; g) be a dualizable shearlet system. Then by construction, there exist
C1,Cy > 0 such that, for all s = s([jo/2],q0) € S and j > jo,m € Z* p > 0, the filters G,
are compactly supported with

supp(G) C S A -Cr, Gy
and the elements of the shearlet-type wavelet systems satisfy
SUPD(jo.5.mp) C S5 A3, [=Co, Col?, SUPD (Vjamp) C 71 ATH[=Co, o,
Hence, there exists some C' > 0 such that
supp(Gs * ©jo smp)s SUPP(Gs * 1) 5mp) C SS_IA]-_OI[—C, C)?,

which proves the claim. O

2.3. Comparison with Customarily Defined Shearlet Systems. We now aim to justify
the term “shearlets” by rewriting the elements of SH(p1,%1;¢g) such that the resemblance
with cone-adapted shearlet systems (cf. Subsection 1.4) is revealed. We will observe that the
dualizable shearlet system consists of functions of the form contained in the original shearlet
system except for the oversampling matrix D, for p > 0. As already mentioned before, this
ingredient ensures that a dualizable shearlet system is composed of subsystems, which are
filtered versions of orthonormal bases. This structure will be key to have a closed form for
an associated dual frame (see Theorem 3.1).

Proposition 2.7. Let SH(p1,11;9) be a dualizable shearlet system. Define
O() = [P +D_13(A7 O and  O4(¢ Z (AP, =0,
i=0 j=—t

Then, for the elements of SH(p1,11;9), the following hold.
(i) For allm € Z* and p > 0,

V) = (O x?)(- — Dym)  with A = (=1,0,m,p) € Ay
and for all j >0, m € Z*, and p > 0,
U8 = [ det(A))[V*(© % 4)(A; - =Dym)  with X = (j,0,m,p) € Ao

(ii) Letting s = s([jo/2],q0) € S\ {0}, for all k € Z with s = 2[30% and for all m € 72,
p=0,

Y8 = | det(A;,)]2(00 * ¢P)(SkAj, - —Dym)  with A = (—1,5,m,p) € A,
and, for all j > jo and k € Z with s = 2&‘%’ and for allm € 72, p > 0,

YR = [ det(A;)[V2(0j, % ¥")(SkA; - =Dym)  with X = (j, 5,m,p) € Ay
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Proof. We will only consider the last equation in (ii) for ¢/{. The other cases can be derived
similarly with minor modifications for notation. First note that for each (j,k) € Ny x
{20721 2[3/213\ {0}, there exists a unique shear parameter s([jo/2],q) € S with j > jo

and k = (2[%]_(%0])%). This ensures
—1¢-T _ o-T g-1
A5 =5 A

Using this relation, we obtain

G * Yjsmp(§) = Z [9(AS SO Pldet(Ay)| M2 (AT S TE) e mim D450

J =Jjo
= |det(A;)| 7120, (S, AT )PP (S, T AT )T PeS A,

Application of the inverse Fourier transform and careful consideration of the different cases
yield the claim. O

3. THE DUAL OF DUALIZABLE SHEARLET FRAMES

Dualizable shearlet systems are foremost designed to provide a closed, easily computable
form of a dual frame while still delivering optimally sparse approximation of cartoon-like
functions. The first item will now be formally stated and proved.

Theorem 3.1. Let SH(p1,11;9) = {5 : A € Ay, s € S,0 = 0,1} be a dualizable shearlet
system, which constitutes a frame for L*(R?). Then

SH(prvg) = (L A€ A, s€8,0=0,1}
is a dual frame for SH(p1, 1 g), where, for A € A,
G, -8
Sves |Gol2 + |Gy o Rz|?

S0 170
Yy = and y =¥y o Ry.

Proof. For the proof, we use the convention that g(-) = g(—-). We first observe that the
structure of a dualizable shearlet system allows a decomposition as

Z Z [/, ¢§)|2 = = Z <Z Z |<§s * f, ¢j075(fj0/2],QO),m,p>|2

SES AeAs s=s([70/2],90)€S meZ2 peNg
[o.¢]
G 2
D22 D G o ts(tiosz.a0)m)] )
J=jo meZ? peNo
Using the orthonormal basis property proven in Lemma 2.2, we can conclude that

> S IAIF = [ (SIGOF)IFere (9

seS AeAs

Similarly, we can show that

S S = [ (T IGrOP) F©) P (10)
R? s€ES

SES AeAg
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By Lemmata 2.3 and 2.4, it follows that

Z\G \2+\G(R I <2B* < for ae. &

seS

Combining this inequality with (9) and (10) implies the existence of an upper frame bound

for SH(p1,¥15 9).
To derive a lower frame bound, we use the support conditions on ¢; and g, namely (4)
and (6), which imply

D IGOF +1G(Rs)P

s€S
> (X[ 1/2,1/22 + Z Z , FXst 40,0 Rg) . (milﬂ{éil,(557})2
720 |k|<213/2] k/zm ke
> (min{éil,ég})2 > (0 fora.e. &
The frame property of SH (1,15 g) can be shown by similar arguments.

It remains to prove that SH(y1,11;g) forms indeed a dual frame of SH(p1,11;¢g). For
this, we use the structure of the system SH(¢1,11;g) to obtain

~

LN G, —
ZZ<JC7¢>\>¢A - Z ZS/eS|GI|2—|—|GA/OR§|2<Z Z G osmp)@)osmp

sES NeAs s=s([jo/2],90)€S meZ2 peNp

Y S G b ).

J=Jjo meZ? peNg

Lemma 2.2 again implies

PO\ 0 |Gs|2f
Z Z <f>'l/))\>¢>\ - Z ZS'GS ‘GS’P + |Gs/ o R%|2 (11)

SES AeAs s€S
Similarly,
PO |st oRx= |2 . f
Z Z <f>¢i>¢§ = Z = 2 . (12)
o eGP+ 16 o Rl

Using the filter properties as well as (11) and (12) finally yields

~

WA

(=0 seS A€As
The theorem is proved. 0
We remark that the dual frame does not form a (dualizable) shearlet system. However,

this was also not to be expected, since already for wavelet frames, only very few dual frames
do have the form of a wavelet system [1].
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4. SPARSE APPROXIMATION PROPERTIES

We now turn to analyzing sparse approximation properties of dualizable shearlet systems
with respect to anisotropic features which are modeled by the class of cartoon-like functions.
We start by formally introducing this class, which was first defined in [10]. We remark
that the superscript 2 in the notion £2(R?) is due to the fact that the discontinuity curve is
assumed to be C2. Generalizations of cartoon-like functions with different types of regularity
can, for instance, be found in [15].

Definition 4.1. The set of cartoon-like functions E*(R?) is defined by

EXR*) ={f e L*R*): f = fo+ fr x5},
where B C [0,1]% is a nonempty, simply connected set with C*-boundary, OB has bounded
curvature, and f; € C*(R?) satisfies suppf; C [0,1]* and || fi|lc2 < 1 fori=0,1.

We now let
A:={0,1} x [ JA,
seS
which is the index set for SH (g1, 11;g). Given a dualizable shearlet system
SH(p,Y1;9) = {Yi: A€ A, s€S,0=0,1}
with associated dual frame
gﬁ(%,wl;g) = {1%\ cAEAN,s€S =01}

as defined in Theorem 3.1, we are interested in N-term approximations of f € £%(R?) of the

form 3
fv= ) (Fed,
(LN EAN
where Ay C A, #Ay = N. Let us remind the reader that we choose expansions in terms of
the dual frame, since applications usually require reconstruction from the frame coefficients
((f, ¢§>)z7>\ (cf. Section 1).

Without loss of generality, we will only consider shearlet elements ¢} € SH(p1,%1;9)
associated with one frequency cone. Since the elements 1} just arise as rotation by 90
degrees, they can be dealt with similarly. Hence, for the sake of brevity, we from now on
omit the superscript “07, i.e., we write

Ya =9} and ¢y =R
Next we recall that the optimally achievable approximation rate, i.e., a benchmark for any

frame for L*(R?), was also derived in [10].

Theorem 4.2 ([10]). Let (h;)ie;r C L*(R?) be a frame for L*(R?). Then, for any f € E*(R?),
the L*-error of best N-term approzimation by fn with respect to (h;)ier satisfies

If=fulle 2 N78 0 as N = oo,
The following result shows that the approximation rate of dualizable shearlets for cartoon-

like functions can be arbitrarily close to the optimal rate as the smoothness of the generators
is increased, i.e., as p — 0.
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Theorem 4.3. Let SH(p1,%1;9) = {5 : A € A,,s € S,£ = 0,1} be a dualizable shearlet
system, and let p be the smoothness parameter defined in (5) and (7) associated with 1,11, g.
Further, let f € E2(R?). Then

If = fulla S N2 - log(N) as N — oo,

where fy = 2(57,\)€AN<J07 ¢§)1ﬁ§ with Ay C A, #Any = N is the N-term approzimation using
the N largest coefficients ({f,15))ex-

Before we discuss the overall structure and details of the proof, we would like to highlight
that using this new proof technique, even previous results can be improved. In fact, we can
lower the exponent of the log-factor in the decay rate of the compactly supported shearlet
system defined in [17] from log(N)%? to log(N).

Corollary 4.4. For each f € E*(R?), the compactly supported shearlet system defined in
[17] provides an approzimation rate of

If— fulle SNt -log(N) as N — o
with fn being the N-term approximation consisting of the N largest shearlet coefficients.

The proof of this corollary follows the proof of Theorem 4.3 quite closely except for slight
modifications which we describe in Subsection 6.6.

5. PROOF OF THEOREM 4.3

Since the proof is rather technical and complex, we start by discussing its overall architec-
ture. We recall from Proposition 2.7 that for all A = (j,s,m,p) € Ag, s = s([jo/2],q0) €S,
j = joand k € Z with s = 557,

Un = | det(A)]*(8;-j, + ¥") (SkA; - —Dym). (13)

We mention that without loss of generality, we only need to consider shearlet elements of this
form. Nearly identical arguments can be applied for the elements ¢, with A = (—=1,s,m,p) €
A, with minor modifications for notation.

One might think that due to the fact that dualizable shearlets have this strong structural
similarity with “normal” shearlets, the steps of the proof of the (optimal sparse) approxima-
tion result from [17] could be directly applied. This is however not the case. Although, in
the end, we will be able to utilize some of those steps, careful preparation for this is required.
Moreover, it will turn out that we will eventually even improve the approach from [17] in
the sense of Corollary 4.4, i.e., by reducing the number of log-factors.

In a first step, we prove two basic estimates for the shearlet coefficients, namely for an
L* and for an L? function. This is made precise in the following lemma, whose technically
natured proof can be found in Subsection 6.2.

Lemma 5.1. (i) For f € L>=(R?), we have
(LU S279 | flee for all A= (j.5,m,p) € A,
(i) For f € L*(R?), we have
[(F ol S275 - \Iflla for all X = (j,5,p,m) € A,
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One main difficulty in proving this result is the analysis of the function ©,_;, * 1?, which
is now the generator of the shearlet element in (13). In fact, we require a universal upper
bound for this function, which is given by the following result. For its proof, we refer to
Subsection 6.1.

Lemma 5.2. There exists a universal constant C' such that
194 ¥ ¥y < C for all j > jo,p > 0.

Aiming to drive an at least similar overall strategy as in the proof of [17], let us recall
the hypotheses from this paper. One key condition is that customarily defined shearlets
generated by A; and Sy, are supported in S; A [—C, C)? for some C' > 0 with s = 5. In
this area, the C? curvilinear singularity of a cartoon-like function is well approximated by its
tangent. However, Lemma 2.6 shows that for dualizable shearlets, we can only conclude that
supp(¢y) C Ss_lAj_Ol[—C, CJ%. Tt can be computed that supp(¢) is in fact essentially the
same as the support of customarily defined shearlets for scale j = jo. However, supp(v,) is
much larger when j > jy. To resolve this issue for our newly defined dualizable shearlets 1y,
we will approximate 1, by more suitable functions of smaller supports comparable to the size
of the supports of “normal” shearlets with controllable error bound. This is the essence of
the following result, whose proof is outsourced to Subsection 6.3. For the following lemmata,
the parameter p defined in (5) will be used.

Lemma 5.3. Let A = (j,s,m,p) € Ay with s = s([jo/2],q) €S, j > jo and set
= Y AT P em
j'=max{[j(1-p) .jo}
Then the following hold.
(i) There exists some C > 0 such that

supp(vf) C S;TA! ([—2”0, 2iP(C] x [~29°12C, 29712 + m).
(ii) We have |
[(f, (oa = S 275 flla for all f € L*(R?).

The second key condition is a directional vanishing moment condition, which can be shown
to be fulfilled by the generators ©;_max{|j(1-p)],jo} * ¥ for ¢§\. In fact, following the same
argument in the proof of Proposition 2.7(ii), we see that

YA = 1det(4))" (O -max{i1-p) o} * ¥7)(SkA; - —=Dym)
for A = (j,s,m,p) € As, s = s([Jo/2],q) €S, j > jo and k € Z with s = 2”% The proof
of the following result is provided in Subsection 6.4.
Lemma 5.4. Forall j > jo, p>0,(=0,1 and v € [1,a),
— min{1, [& |}t

0 \/*
(38,) ©=mxtiimaion *¥)(O)| £ TN TTETT
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One main last ingredient, which we state as a lemma before providing the complete proof
of Theorem 4.3, are decay rate of the shearlet coefficients (f,1,) for cartoon-like functions,

where we now carefully insert conditions related to the functions @Dfi\. Again, the proof can
be found in Subsection 6.5.

Lemma 5.5. Assume that f € E*(R?) with C? discontinuity curve given by x1 = E(x3).
For vy € SH(p1,91;9) with X = (j,s,m,p) € A, s = s([jo/2],q9) € S and j > jo, let
Y e LQ(RQ) be defined as in Lemma 54 Let &5 € R so that (E(iy), &) € supp(¢?) and
§ = E'(&;). Also let ky € Z so that s = 2(;/2} Then the following hold.

(i) If |8| < 3, then

()] S minfer s, 2024

ks + 2072153
(ii) If 5| > 2, then
[(f,ha)| S 2292717,

After these strategic discussions, we are now ready to present the proof of Theorem 4.3.
Proof of Theorem 4.3. We start by defining dyadic cubes @Q;, C [0,1]? for j > 0 and ¢ € Z?
by setting

Q= 271/40, 1) 4 27Uy,
The set of dyadic cubes intersecting the discontinuity curve I" of f € £2(R?) is then given by

Qj ={Qje : int(Q;) NI # 0},
where int(();¢) is the interior set of @Q); .

Next, without loss of generality, we assume that the discontinuity curve I' is given by
r; = E(xy) with E € C*([0,1]). In fact, for sufficiently large j, the discontinuity I' can be
expressed as either x; = E(xy) or x5 = E (1) within Q;, € Q;. Hence the same arguments
can be applied for 2o = E (1) except for switching the order of variables. For each Q;, € Q;,
let now E;, to be a C? function such that

I'n iIlt(ij) = {(1’1, 1'2) € int(ij) X = ij(l’g)}.
This allows us to defined
Q) ={Qj € Qi IE; Il < 3}

and
Q} =9;N (Q?)c.

Notice that, for all £, associated with Q,, € le-, we may assume

inf E ()] > 3/9
(x17$2)6int(ije)| ]74( 2)| /

for sufficiently large j.
We further define the orientation of the discontinuity curve I' in each dyadic cube Q;, by

Sj0= E;-’Z(i’g) for some (E;¢(Z2),22) € int(Q;) NT.
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Moreover, for any J > 0, we define Sj/; as a finite subset of S by
Ssz={s(.0) =0:5=0,q=0}U{s([j/2],¢): 0<j < J |o| <277, g € 22+ 1}.
Finally, let k; ; € Z be chosen so that

ks

91j/2] for s = s([jo/2], q0) € Sy/2 and j > jo.

S =

We will now consider the two cases, namely when the shearlets intersect the discontinuity
curve of f or not separately. For this, we define subsets A” and A® of the general index set

A ={0,1} x s As by
A®={Xe A :int(supp(¢f))NT #0} and Al = AN (A%)e.

The smooth part, i.e., shearlet coefficients not intersecting the discontinuity curve I', can
now be handled quickly. Following the proof of Proposition 2.1 in [17], for the approximated

shearlet elements ¢§ defined in Lemma 5.3, one can show that

S AP S 20w

AE(AN)eNAL
with N ~ J2752 as J = oo. By Lemma 5.3(ii), this implies
S HAEPS270R0 as g oo (14)
AE(AN)CNAL
We now turn to analyze shearlets corresponding to A°, aiming to prove that, again for
N ~ J2 J(12+p) 7
S KA S270E0 as g oo (15)
AE(AN)ENAD
For this, we fix some J > 0. Then we define subsets A?, j > 0, of A” by
AVi={x=(j",s,m,p) € A" j = j}. (16)

Notice that A° = U;io Ag. Further, for » = 0, 1, define again subsets of those sets by
A%, = A= (osm,p) € A int(supp(¥)) Nint(Qs,) NT #0,

for p < max(%p, §)>QM € Q;} (17)

corresponding to areas in which the discontinuity curve has a certain slope.

We further aim to collect all indices from the sets Ag which correspond to significant
shearlet coefficients. We might overestimate at this point in the sense of also collecting
indices corresponding to small shearlet coefficients; but it will turn out in the end that this
more or less crude collection is sufficient for deriving the anticipated sparse approximation
behavior. The first set for this purpose extracts such indices, which are related to the set
QY, by choosing
A = {)\: (7, 8,m,p) eAg ip < %} for j=0,1,...,[J/4] =1

J
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and
Y = A= (os,mp) € A - int(supp(f)) Nint(Qs,) NT # 0
(/21 & I 0 Jp .
and |k;, + 277718 ,] <277 for Qj, € Q; and p < 7} for j > [J/4].
Similar considerations lead to the following selection related to the set Q}:
A= {)\ — (j, s,m,p) € A+ int(supp(v)) N int(Qze) N T # 0 for Q;, € QF and p < g}

Finally, we define A° as a set of indices A € A containing all significant shearlet coefficients
(f,1x) (and presumably also others) as follows:

J [J/3]
R0 (]L:JO 1) U(j:ym A). (18)

We now turn to estimate #(A°). Using the same argument as in [17](page 19), for s € S,
j > 0 fixed and each Q;, € @Y, we obtain

#({A = Gos.m.p) €AY s int(supp(u})) Nint(Qye) NT # 0 for p < % })
< 20+ lhs). (19)

where lg;ﬂ(s) = k;+2/7/%15; , and the additional factor 2% comes from oversampling param-
eter p associated with the sampling matrix D, in (13) for A = (j,s,m,p). Also, for p € N,
and j > 0 fixed, it is immediate that

#({A = s,mp)eN):j =jandp =p}) $2Y2° forj=0,...,[J/4]—1. (20)
Finally, we obtain

#({A= (" s,mp) €Al 1 =jand p =p}) $2892° forj>0,r=0,1,  (21)

from arguing as follows: There exist at most about 2777 shearlets 1)y whose approximated

part wi intersects ' for A = (j, s, m, p) with fixed j, s, and p. Also, if A = (j,s,m,p) € A(J)-,

then s € S5 and #(S;2) < 27/2. Thus, in this case, there are about 277 translates with

respect to m and 27/2 shearings with respect to s yielding the estimate in (21).
By (19)-(21), we now derive an estimate for #(A°) as follows:

[J/4]-1 [J/3] J
#(A°) S Y #AD+ Y #AD+ Yo #A)
j=0 J=1J/4] J=[J/4]
[J/4]-1 [J/3]
S D @)+ Y ebpeY
J=0 J=[J/4]

+ >y 3 2% (1+ (1+ |fju(s)])

J=[J/4] {Z:Qj,zGQ?} {SESJ'/zIUAfj,e(S)\S?JﬁEj}
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J
< 2509 197 N (QY)(2F)

j=J/4
< J2i04n), (22)

Let now N > 0 be given. Then we choose J > 0 such that N ~ J22 (149 Without loss of
generality, we may assume that N > #(A°). Then we have

D (VAN - N (T RTN &

AEAPN(AN)© AEAON(A0)e
J [7/3]
D DD DR (VAN TEE S N W (VA OVIE
J=1J/4] xeA9 ;n(A9)e J=[J/4] xeA9 ,N(Ad)e
J J
LD DD DR VAUV S D SR (VAT
G=[7/314+1 AeA?, J=0 AeAIN(A9 GUAT | )e
> KfoP
27 AeA?

= (D) + (II) + (III) + (IV) + (V).
For the second inequality above, we used the fact that A% = A% U A9 for j < [J/4].
We now estimate (I) — (V). For this, for each s € S/ and Q;, € QF, let
]%j’g(s) = kj,s + 2j/2§j7g.
We start with (I). Using Lemma 5.5(i) and (19), we obtain

J 3pjo—2j 2
mns<s Y Y 3 2f<1+|fw<>|><i>

. , Loo(s)I3
J=[J/4] {ZIQMEQ?} {SESJ'/QZ‘];]‘Z(S)‘>2%_]} | Jﬂ( )‘

J

)IED I
J=1J/41 {£:Q;,,€Q9}

J

S D @PEeirEeE) g w, (23)
J=[J/4]

Second we turn to (IT). For this, we notice that A%, = Al for j < [J/3]. But this
immediately implies (II) = 0.

To estimate (III), we use Lemma 5.5(ii) and (21) to obtain

N

J
D < Y 27 (2322 1) g Z 9% 0=31(1-20) < 9 9=I(1=20) — 9=J(1=5/2p)  (94)
J=[J/3] =[J/3]
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For the third inequality, we used that p < %
Term (IV) is estimated by using Lemma 5.1(ii) and (20). Using also o > g + 1, we have

J oo
(IV) < ZZ 22+p (2% a(%p+%))2

j=0 p=0
J 00

< (S e )t st
7=0 p=0
J

< N oMeFHE <o, (25)

<
I
o

Finally, the last term can be estimated by

(V) < D D AP+ DY AP +>. > [feP

J2J XA, ESPI J2J XeA;N(AG QUAT 1)°
= (A)+(B)+(C). (26)

It remains to analyze the terms (A) — (C). We start with (A). By Lemmata 5.1(i) and 5.5(i)
we well as (19), we obtain

(A) < Z Z 2% Z (14 |kjo(s) mln{ 4],&}2

J2T (6:Q,,€Q0  s€5,72 |kje(s)[?
< ZQ QO —*]260]>

3>J
< Yot g om0,

=7

The terms (B) and (C) can be estimated by using Lemmata 5.5(ii) and 5.1(ii) as well as
equations (20) and (21) to obtain
) < Z 22J —1123m ZQ 3j96pig % < 9—3J+%p]
j>J j>J

and

()8 Y @@ vty = S(3 o)t <o
i2J p=0 j=J p=0
Thus, continuing (26),
(V) <2770 —132)
Summarizing, (23)—(27) imply (15).
Finally, using (14), (15), and the frame property of the shearlet system SH(y1,11;g), we
can conclude that

(27)

13p)

IfF = fnlE S D0 1P S27

AEAN
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J(1+p) +p)

with N ~ J27 =2 | which implies our claim. U

6. PROOFS OF PRELIMINARY LEMMATA AND COROLLARY 4.4
6.1. Proof of Lemma 5.2. We first observe that
(Qi—go ¥ UP)(E) = Y hypl&),  where hyry(€) i= |§(AE) 0P (€),
i'=jo—j
with
[_07 0]2
for some C' > 0. We can then estimate ||Q;_j, * ¢"|; by

’|Qj—jo*¢p||1 — /’/ (Qj_/j()Twp)(g)e%i(E,w)dg‘dx

supp (hjCP) - AmaX{—j, ,0}

J—Jjo

< Z/CC R2|hj Y |d£dx+2/ |h_] H©)|dédz

Jl=ccop
- (I)+(H).

We will use the following inequality to estimate (I) and (II). Assume that j, > j; and
[ > a+ 1 with o > 0. Then

27 min{1, |27 %2z}~ ol
a dr S 2700, 28

IS Er e .
We are now ready to estimate (I) and (II). First, by (5)-(7), we have

- min{1, |2~ J§1|}°‘mm{1 1€1]}* min{1, [27P&| }©
0= /[cc L TR0 BT D T e

2p1

- mln{l 1277& |} min{1, [2776|}*
S Z/ cople QEIED? i | 1+ 12977

Y P L Ty RUERCR
sl I-Cep (1+[&i])? g (14 [27P&])P
2p—1 0o
< 9—ila=1)g—alp=j/2)gp Z 9~ila=bogp < g=pla—l) 4 9=p(2a=3) < o
j=0 i=2p
Second,
< Z / R G U
~ Aj[-C,CP (1+ (27728 [)P (1 + [27&[)P (1 + [277&[)?
< / min{l, [& [} |€1|}a f1/ min{1>|2_p§2|}a déydi
20 Ao g (L 126])8 0 e (14 127726])5(1 + [27P&|)P
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o min{1, 277}
< 2792 aﬂ/ . déyda
~ Z/A[ 0P o (L G2+ 27g
2—3/2

< ]2_‘”/ ey

Z/A[ cop (T+]&h> ™
< Y amigTigreigTit < g

=0

Therefore, (I) and (II) are uniformly bounded, which implies the uniform boundedness of

1Qj—jo * V7|1

6.2. Proof of Lemma 5.1. We start by proving (i). First, note that Proposition 2.7(ii)
implies the form

W = |det(4;)|"*(0;_j, * ) (SkA; - —Dpm),

where A = (j,s,m,p) € A with s = s([jo/2],q) €S, j > jo and k € Z with s = 2ra/2w This
allows us to estimate |(f,1,)| as follows:

(Foonl < et [ [©5ms0) (s = Dym) (o)l d
< 20 [ RS e Dyl 0 )l

_3;
< 27V fllol|©)—jo * PPl

The claim in (i) now follows from Lemma 5.2.
We next turn to proving (ii). Since by definition, ¢\ = G * 9} 5 mp, We have

(£ 0P S FIBNG, - dysmpl

Now we estimate |Gy - 1 ompl|2 as follows. By Lemma 2.3,

A N 2 - ~ 22 n 2
G Gyamally 5 [ 3 164 O] WsamalO)Fe
j'=0

< T A )2 2
s [ 3 Aol

Jj+p

Z/R +Z/Rz + (I).

Jj =j+p

A

Note that (5) and (7) imply that

- sy, min{l, 2776 %} min{l, [279/27Pg 2}
|s0mp(€)]F S 272777 “ic 2B —j/2— 28
(1+277&10) (1+|279/277&,])




22 G. KUTYNIOK AND W.-Q LIM

Hence, using (7), (28) and (29), can estimate (I) by

J+p . —j/2— —j
ey [ min{L [29/2 v ) 23
m < Y2 s | - de,
./:0

o (14]2797/2¢,))28 1+1279&])

j+ . il o
< SPgmnny [ min(LEIETGRY
S = (L+[27 Pl
< gop,

Similarly, we can estimate (II) as follows:

[e.e]

_. [ min{1, \2‘j,§1\2a} / 9—i/2-p
I < 277 . d . d
W < > 27 | “arpuane @) arpraE

i'=j+p

> [ min{l,[277 &)
< 9= . d
~ Z (142776 2
J =J+tp
< o7%ep,

This proves (ii).
6.3. Proof of Lemma 5.3. First, note that (i) is obvious from the definition of w§ and
[(f, (0 = DN < I FI3l1won — 513

Next, we estimate |1y — 1% |2 to show (ii). By using (5), (7), and (28), we obtain

Li(1-p)] A )
Y A AT Pls005(E)| dE
=

los-vilg s [
R2

j:
5G] )

[ X a7 P snp(€) e
i'=0

S
Tz e (kTG (L 279G))%
Li(1=p)] ,
< Z 9—(—=i)a < 9=jra
i'=0

This proves our claim.

6.4. Proof of Lemma 5.4. We only consider case ¢ = 1, since the other case can be shown
similarly. By (5) and (7), we have

| (a%)@j_max{@J,jo} *YP(E)
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[e.9]
2
$ (52 ) a0 P +
3=0 = J=

+Z}(85)|g SRR + Z

AAOP (o )00

982

o (- 5 )]
iw min{1,]27¢|* }m1n{1,|§1| }min{1, [277&]*}
= L GNPA+ 226 (A + [G])P (1 + [2776])°

+Z min{1,[2776[*} min{1, |&|*} min{1, |2776,|}
(1427767 (1 + [277726])7 (1 + [])° (1 + [277&)?

Wy

A\

Then we have

0 =

ZQ I2|€ | min{1, |27]&,|*} min{1, |&;]*"'} min{1, |27P&,|*}
[ (1 4 (27625711 + 207285 )A (1 + [&])P (1 + [27PE,])?

min{1, |&[*7'}
™ (T &)L+ |6 ])P

and

_ oo min{l’|£1‘a}Q—m‘gz"YQ%“fQ—j“f‘gl"y
M 2 ) A aDP AT el
min{1, |67}

S a0t @

These estimates for (I) and (II) then prove the lemma.

J=1

6.5. Proof of Lemma 5.5. For some ¢ € L*(R?), set
Qo = |det(A;)[V2q( Sy, A; - —m)
for j > 0, k, € Z and m € Z?. Further, assume that
supp(qj ko,m) C A]-_IS,;1<[—2ij, 2°9 ] x [—2”j/2L, 2”j/2L] + m)

for some L > 0. Provided that in addition, for a; > 5, ap > 4, and h € L'(R), we have

. min{1, [&|*} 9 . ’ &2
< and | =—— < |h 1+ = ,
OIS e e ™ lagi®] < ()
by following the proof of Proposition 2.2 in [17], we can show that
92— J23P]

[(fs @ sm) if [5] <3 (30)

|5 T, amap

and ,
[(fs Gk S 2°77275 if [3] > 3/2. (31)
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We next choose ¢j i, m = ¢§ for A = (4, s,m,p) € Ag with s = s([70/2],q) €S, s = zrljﬁ,
and j > jo. Hence, in particular, ¢ = ©;_max{|j(1—p)|.jo} * ¥*. By Lemma 5.3(i) and Lemma
5.4, we derive (30) and (31) for this choice. Thus, by Lemma 5.3(ii),

9—5393pj

g gy
ks + 20072153 +27 b ]3] <3 (32)

[(fo] S

and _

[(f )] S 2992739+ 273 if [3] > 3/2, (33)
Finally, Lemma 5.1(i), (32), and (33) imply (i) and (ii) for o > %.
6.6. Proof of Corollary 4.4. We will retain all notations used in the proof of Theorem

4.3. In the considered case, a compactly supported function ¢ € L*(R?) can be chosen so
that shearlets are defined by

Py = |det(Aj)|1/2w(SkAj - —diag(cy, co)m)

for A € Ay with s = s([j0/2],9) € S and k € Z with s = 2(]% We emphasize that the
additional oversampling matrix D, is not needed and the index set A originally defined in
Definition 2.5 is given as

As={X=(j,s,m) :j > jo,m € Z*}.

Further, the shearlet generator 1 can be chosen so that it satisfies a directional vanishing
moment condition (compare Lemma 5.4) in frequency, and that the shearlets v, satisfy a
support condition (compare Lemma 5.3(i)) with p = 0, which yields

supp(¢) € S;'A N ([-C,C]? +m)  for some C' > 0. (34)

These two conditions imply Lemma 5.5 (i)—(ii) with p = 0, which can be derived by using
similar arguments as in the proof of Proposition 2.2 in [17].

Now consider index sets A%, A9, A% and A as defined in (16) — (18) for 7 = 0, 1. Notice
that for those index sets, the additional index p € Ny for the sampling matrix D, is not
needed, and we have

0 _ _ . 0 Y A
A ={A=(j",s,m) € A" : j' = j}

as well as

A?m ={A=(j,s,m) € A? s int(supp(¢,)) Nint(Q;0) NI # 0, for Q0 € Q;}
for 7 = 0,1. Moreover, for j < [J/4], we have A9 = A and, for j > [J/4],
Ag ={X = (4, s,m) € AY : int(supp(¢»))Nint(Q;,,)NL # 0, |y 2107215, < 277 Qi€ Q).
Also,

]\; ={A={(j,s,m) € A? sint(supp(¥,)) Nint(Qj0) NI # 0 for Q0 € Q]l}

Applying the same estimate as (22) with those index sets ]\;, we obtain

#(A%) < J23
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Note that p = 0 in (22), since the additional index p € Ny is not required for /~\§ in this case.
Applying (23)—(27) with (34) and Lemma 5.5 (i)—(ii) with p = 0, we obtain

1= il3s S 1P S 27

AEA N

with N ~ J27. This proves our claim.
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