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Introduction

Immersions of a surface into a space of constant curvature are traditionally
studied in differential geometry. Some classical problems look for immersions with
special mean curvature. The Bonnet problems are concerned with the existence and
uniqueness of immersed surfaces in R? with a prescribed metric and mean curvature.
Higher genus surfaces with constant mean curvature are also being studied. The
characterization of Willmore surfaces, which are the critical points of the Willmore
functional [ uH 2|df|?, is also under investigation. These problems involve control
over mean curvatures H and are still not completely solved (Abresch et al., [2013)).

Quaternionic analysis provides a coordinate-free way to handle these classical
problems (Kamberov et al., 1998} |Pedit and Pinkall, [1998). Given a Riemann
surface and a conformal immersion f into R?, the space of conformal immersions
regularly homotopic to f is generically parameterized by the mean curvature half-
density H|df|. For a Riemann sphere, these mean curvature half-densities form a
hyper-surface in the vector space of all half-densities. Instead of point positions,
this method works with geometric quantities directly. It thus has better control
over the mean curvature of conformal immersions to tackle the classical problems
mentioned earlier.

This thesis considers a discrete analogue of the quaternion analysis. The rela-
tion between infinitesimal conformal deformations of triangulated surfaces in Eu-
clidean space and their extrinsic geometry is shown. It is in the spirit of discrete
differential geometry (Bobenko and Suris| [2008]), with the aim to look for mathe-
matical structures on triangulated surfaces as rich as in the smooth theory.

Looking for a discrete analogue to the smooth theory is natural. On one hand,
from the results in the smooth theory, one wonders if there are similar techniques
and structures on triangulated surfaces. On the other hand, a discrete theory may
give a hint to phenomena on smooth surfaces by looking at analogous conditions.

There were related works in various directions. Numerical algorithms are
achieved by discretizing equations from the smooth theory at the cost of losing
mathematical structures. |(Gu and Yau (2003]) achieved conformal parametrization
of triangulated surfaces by computing a basis of discrete harmonic functions. |Crane
et al.| (2011) considered conformal deformations of triangulated surfaces with ex-
trinsic geometry, by discretizing equations from the quaternionic analysis. These
methods lack the notion of conformal equivalence of triangulated surfaces.

Sensible discrete analogues of conformality were defined and found with nice
property as in the smooth theory, which is in the spirit of discrete differential
geometry. Thurston proposed circle packing, by defining circles on vertices of a
triangulated mesh such that neighboring circles tangent to each other (Stephenson,
2005). It was generalized to circle pattern by enabling the circles intersecting. Two
triangular meshes are conformal equivalent if the induced intersection angles of
neighboring circles on edges are equal. Luo| (2004)) and [Springborn et al.| (2008)
considered the conformal equivalence of two discrete metric by defining conformal
factors on vertices. In particular, their relations to intrinsic geometry were studied.
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The two respective methods found that discrete metrics within a conformal class
are determined by the discrete curvatures on vertices.

Triangulated surfaces in Euclidean space with their extrinsic geometry were
also studied. |Bobenko and Schroder| (2005)) proposed discrete Willmore flow of
triangulated surfaces by considering the intersection angles of neighboring circum-
circles in space, which is Mobius invariant. And hence the Willmore functional
defined is also Mobius invariance, as in the case of the smooth theory.

In this thesis, the approach to relate infinitesimal conformal deformations of
triangulated surfaces with their extrinsic geometry is based on two ingredients. One
is the notion of conformal equivalence of triangular meshes by defining conformal
factors on vertices (Bobenko et al., [2010; |Luo, [2004). In this way, any discrete
metric on edges associates a conformal class to the triangulated surface. It is a
better analogue to the smooth theory compared to circle packing (Stephenson,
2005) and circle pattern. In the smooth theory, any immersion of a surface into
Euclidean space induces a conformal structure. However, for triangulated surfaces
in Euclidean space, not every metric is a circle packing metric and circle pattern
could not be naturally induced.

Another ingredient is a dual way to describe the local closedness condition un-
der infinitesimal deformations, i.e., by prescribing the change of each triangular
face and then imposing the closedness conditions on edges. This differs from the
usual way, where changes to edge vectors are first prescribed and then the closed-
ness conditions on faces are imposed. Figure and Figure 0.2 illustrate how the
local closedness conditions fail under the two descriptions. Indeed, most formulas
analogous to the smooth theory appear in the dual description.

VARV

F1GUurE 0.1. Change of F1GURE 0.2. Change of
faces are prescribed and edges are prescribed and
a common edge splits a face does not close up

The following statement is a good guideline for the development of this thesis.
It describes the tangent space of the space of all conformal immersions. It holds
both in the sense of the smooth theory (Theorem and our discrete theory
(Theorem [3.29)).

Claim 1. Suppose f : M — R3 is an immersion of a genus g-surface with the
kernel of Dirac operator Ker D of dimension 4. Then there exists an infinitesimal
conformal deformation of f with a prescribed change of mean curvature half-density
pldf| if and only if fMp'|df|2 = 0 and p is L*-perpendicular to 6g functions de-
pending on the immersion f.

In the smooth theory, the notations in the statement are clear, as studied in
(Pedit and Pinkall, [1998; Richter, [1997). The details are reviewed in Chapter 2.
However, their meaning in the discrete theory is not clear. Therefore, in Chapter
3 we discuss the discrete analogues of the above notations and their connection to
the classical results. Namely, under infinitesimal conformal deformations, we have
Table [l

This thesis is divided into 4 chapters. Chapter 1 contains background knowl-
edge covering quaternionic linear algebra and discrete differential forms. Hodge
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Smooth Surfaces Triangulated Surfaces
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pIAfI” = (ELldfi))df| pi = ZE S ldfCes)
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where H; is the mean curvature of f; | where a;; is the dihedral angle on the
edge e;;
[ olare = [ cariary =o Y= 3 dugldf(e)] = 0
M M eV ijeE
(Schlafli Formula)

TABLE 1. Some analogues between the smooth and our discrete theory

Decomposition Theorem for discrete differential forms would be derived. This
chapter ends with a one-dimensional illustration of infinitesimal conformal defor-
mations of surfaces. We would compare the space of plane curves with fixed length
parametrized by curvature functions in both smooth and discrete cases.

Chapter 2 considers conformal deformations of smooth surfaces via quater-
nionic analysis. We first review their basic results and then focus on infinitesimal
conformal deformations. Constraints of infinitesimal conformal deformations for
High genus surfaces are derived. Most theorems here have a discrete analogue in
the following chapter.

Chapter 3 is the main part of the thesis and focuses on infinitesimal confor-
mal deformations of triangulated surfaces. We first review the definition conformal
equivalence of triangulated surfaces and its nice property compared to the smooth
theory. Then we derive the discrete Dirac operator by considering infinitesimal con-
formal deformations of triangulated surfaces. Constraints of infinitesimal conformal
deformations for High genus surfaces are shown to correspond to the smooth the-
ory nicely. It ends with the derivation of discrete Laplace operator—the cotangent
Laplace formula.

Chapter 4 gives explicit examples for comparison. The choice of conformal
equivalence and discrete notions derived in Chapter 3 is justified by comparing
deformations of smooth and triangulated surfaces. The dimension of the kernel
dim(Ker D) of the discrete Dirac operator is also calculated for several triangulated
surfaces. We present examples with dim(KerD) = 4 and dim(KerD) > 4. They
are motivated from the study of the rigidity of polyhedral surfaces.

Most of the results in this thesis are drawn or inspired from the blog “Dis-
crete Spin Geometry”, contributed by the discussions among Keenan Crane, Ulrich
Pinkall, Peter Schroeder and Boris Springborn, in which I learned a lot from their
insightful discussions.






CHAPTER 1

Background

This chapter establishes basic tools to prepare for the following chapters and
illustrates the idea of parameterizing immersions by extrinsic geometric quanti-
ties. Section 1 and 2 would review notions of quaternions and discrete differential
forms. Section 3 studies deformations of planar curves with a fixed length by cur-
vature functions. Both smooth and discrete curves are considered. It serves as a
1-dimensional analogue of conformal deformations of surfaces.

1. Quaternionic Theory

Since we are going to study surfaces immersed in Euclidean space R? and
identify the Euclidean space as the imaginary part of the space of quaternions
Im(H), we review some notations in the theory of quaternions.

Definition 1.1. The space of quaternions H is a 4-dimensional vector space over
R spanned by 1,1, 7, k with multiplicative relations

i =52 =k = —1,
ijk = —1.
One can check that H is a non-commutative field. In the following, we define
notations similar to those in complex numbers.

Definition 1.2. The real part and the imaginary part of quaternions are defined
e

Re(H) := Spang (1),
Im(H) := Spang (i, j, k) = R3.

Definition 1.3. A conjugation is a linear operator on H such that for any q¢ =
a+bi+cj+dk e H where a,b,c,d € R, the conjugation of q is

g=a—bi—cj—dk.
For any two quaternions \,v € H, we have a formula for their product
Av =Re(A) Re(v) — (Im(N), Im(v))rs
+ Re(A\) Im(v) 4+ Re(v) Im(A) + Im(\) x Im(v)

where { , )gs and x are the inner product and the cross product in R3. From this,
we have

A\ =T,
Re(Av) = Re(vA).
Definition 1.4. An inner product { , ) on H is defined such that for any two
quaternions A\, v € H,
(A, V) = Re(A\D)
and the norm | | is defined by
AP =\ M.

1
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T

left(e;;) ]right(eij)

FIGURE 1.1. Orientation induced on triangles

From the product formula, the properties of an inner product can be verified
easily. We then look at how a quaternion acts on R?® as a composition of scaling
and rotation.

Lemma 1.5. Let A € H be arbitrary. We write X = [X(cos § —sin §T) for some
a € R and a unit vector T € S? C Im(H). Then, for any vector W € Im(H),

AWA = [AP((W = W) +cosaW* +sinaT x W)
where W is the component of W perpendicular to T.
PROOF. We compute directly using the algebraic relations of quaternions. Then
AW

|A |2(cos — +sin 2T)W(cos% — sin %T)

W ( cos— + sin (;T)(cos% — sin %T) + QSiD%T X W(cos% — sin %T))

=[A2(W + 251n§cos §T x W — 2sin? 2VVL)
=\2(W +sinaT x W — (1 — cosa)W)
(

|
P(W — Wt + cosaW* +sinaT x W),

Il
>~

2. Discrete Differential Forms

The discrete surfaces studied in this thesis are closed oriented triangulated
surfaces. We restrict the review of discrete differential forms to these surfaces in
order to simplify the introduction. General introduction can be found in [Desbrun
et al.| (2006)). This section ends with the Hodge decomposition theorem of discrete
differential forms.

Definition 1.6. A triangulated surface is a connected topological surface, which is
also a simplicial complex. The set of vertices (0-cells), edges (1-cells) and triangles
(2-cells) are denoted as V, E and F'.

We denote E as the set of all oriented edges. If e € E, then e # —e € E.
In addition, for an oriented surface, its orientation induces an orientation on every
triangle naturally. And we can talk about the left face and the right face of an
oriented edges (Figure . In the following, all surfaces are assumed to be oriented
and its orientation is fixed.

Definition 1.7. A discrete function (0-form) f on a discrete surface M is a map
f:V — R. The space of discrete functions on M is denoted as Q°(M).
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A discrete 1-form w on a discrete surface M is a map w : E — R such that for
any edge e € E, w(—e) = —w(e). The space of all discrete 1-forms is written as
QY (M).

A discrete 2-form o on a discrete surface M is a map o : ' — R. The space
of all discrete 2-forms is written as Q?(M).

Definition 1.8. The derivative of a discrete function f is a 1-form dof : E—>R
such that for any oriented edges e € F,

dof(eiz) = f(v;) — f(vs)
where the edge e;; is from vertez v; to v;. And so the derivative is a map do : Q° —
Qb
Definition 1.9. The derivative of a 1-form w is 2-form diw : F — R such that for
any oriented face ¢;;1, € F,
diw(diji) = wlei;) +wlejr) +wler:)
where the order of (ijk) is compatible with the orientation of the triangle ¢iji. (Fig.
And the derivative is a map dp : Q' — Q2.
Subscripts of the derivatives are omitted whenever the input is clear.

Definition 1.10. We define the closedness of a discrete form. A discrete function
f (a discrete 1-form w) is closed if f € Ker(dp) (w € Ker(dy)).

Also, we define the exactness of a discrete form. A discrete 1-form w (a discrete
2-form o) is exact if w € Im(dy) (0 € Im(dy)).

Lemma 1.11. For any discrete function f € Q°, we have
didof = 0.

Hence, exact 1-forms are closed, i.e. Imdy C Kerd;.

The dimension of simplical homology of a closed surface is known to be twice
of its genus from any standard algebraic topology text book (Bredon, [1993).
Theorem 1.12. Suppose M is a closed oriented triangulated surface of genus g.
Then,

dim(Kerd; /Imdy) = 2g.

To prepare for Hodge decomposition theorem, dual discrete forms are intro-
duced.

Definition 1.13. A dual 0-form o on a discrete surface M is a map o : F — R.
The space of all dual 0-forms is written as Q°0(M*).

A dual 1-form w on a discrete surface M is a map w : E — R such that
for any edge e € E, w(—e) = —w(e). In particular, for dual 1-form w, we write
w(xe) := w(e) from now on to distinguish it from 1-form. The space of all dual
1-forms is written as Q*(M*).

A dual 2-form f on a discrete surface M is a map f:V — R. The space of all
dual 2-forms is written as Q*(M*).

The reason for being called dual forms is that we would like to pair them with
discrete differential forms to define a functional.

Lemma 1.14. Notice that Q'(M*) and Q?>~*(M) share a common domain for i =
1,2,3. We can define their pairing respectively

(, ):Q%M*) x Q*(M) =R
QY(M*) x QY (M) - R
Q*(M*) x Q°(M) - R
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by summation of their pointwise multiplicative products over F,E and V respec-
tively. Such products are bilinear and nondegenerate. Hence, we have

QHM™) = Q> H(M)*.
Similarly, we define the derivative of dual O-forms and dual 1-forms.
Definition 1.15. The derivative of dual 0-forms and dual 1-forms are defined by
Do : QO(M*) — QY (M)
[ 0f(e) = flleft(e)) — f(right(e))
where left(e) and right(e) are the left and right faces of the edge e (Fig. [1.1]).

Similary, we define
01 : QY M*) — Q*(M™)
w = w(vj) = Z w(ei;)-
eijGE:j

Lemma 1.16. For any discrete function f, 1-form w, dual 1-form ' and dual
0-form o', we have

(W', df) = (0w, f),
(¢!, dw) = (00’ ,w).
PROOF. By definitions, we have

(Whdf) =Y (e f; = f)

i, €F
=Z<fj > w'(ez‘j))
JEV ei;€E:j

=(0u', f)
and
(o', dw) = Z o’ (diji) (wlesy) +wlejn) +wers))
bijEF

= > wleiy) (o’ (left(ei;) — o’ (right(ei;)))

eUEE

=(00',w).
O

Now we want to have identification between discrete forms and discrete dual
forms. Let T : QY(M) — Q>7%(M*) be a symmetric invertible positive definite
linear map. Then, we can define inner products

(,):Q%(M)x Q" (M) =R
f1, fa = (To f1, f2),

QY(M) x QY (M) - R
wi,wy = (Thw, wa),

O2(M) x Q°(M) - R
01,09 — (Tho1,09).

The inner products defined are symmetric and nondegenerate.
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Example 1. Suppose a triangulated surface is equipped with a length function
defined on edges. Then areas A(dijr) of each triangle can then be defined. We
can take Ty, 71 and Ty be diagonal matrices with diagonal entries of the forms

ijkeF:j A(9ijr), (cot B + cot B;)/2 where dji, ¢;5; € F' and 1/A(dyj1) respec-
tively. It is an example for the identifications between i-forms and dual i-forms.

In the following, we assume the identifications T; are fixed.
Lemma 1.17. Under the inner products on (M), we have
5o i=di =T, 0T,
61 :=df =Ty ' Ty,
Notice that 61 0 6 = 0.

Definition 1.18. A harmonic 1-form w is a 1-form which is closed (i.e. dw =0)
and co-closed (i.e. dw =0). The space of harmonic 1-forms is denoted as H;.

Theorem 1.19. (Hodge Decomposition Theorem) Any discrete 1-form can be writ-
ten uniquely as the sum of an exact 1-form, a co-exact 1-form and a harmonic
1-form. That means the space of all discrete 1-forms Q' can be decomposed as

Q' =dQ" @ 5Q* B H.
PRrOOF. Notice that (dw, o) = (w,dc), we then have
Kerd;, C (692%)*.
Given any w € (6Q%)*, we know w € Q' and dw € Q2. So, we get
0 = (w,ddw) = (dw, dw).
It implies dw = 0 and w € Ker d;. Hence Kerd; = (§Q%)1. Similarly, we also have
Kerd, = (dQ°)*.
Since dp° C Kerd; and Q! is finite dimensional vector space, we have
Q' =6Q% @ Kerd;
=60° @ (Kerd1 N Ql)
=607 & (Kerd; N (o’ @& Ker 6y))
=dN° @ 60* @ (Kerd; NKerd;)
=d° @5 B H.
O
By the above decomposition and Theorem [1.12] we know the dimension of

harmonic 1-forms.

Corollary 1.20.
dimH' = dim(Kerd, /Tmdp) = 2g

3. A One-dimensional Analogue

Deformations of plane curve serve as a one-dimensional analogue of infinitesi-
mal conformal transformations. For surfaces in Euclidean space, their metric and
Gaussian curvature are intrinsic information. They are not enough to determine
immersions. Extrinsic information is needed, such as mean curvature. For plane
curves, curvature is extrinsic. This section studies how curvatures determine the
geometry of smooth and discrete curves. It would be analogous to smooth and
triangulated surfaces.

In subsection deformations of smooth plane curves are considered. For a
given length L, a smooth closed plane curve « is uniquely determined by its curva-
ture x up to an euclidean transformation. Such curvature functions parametrize the
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shape space of smooth closed plane curves. We would like to see how the curvature
functions change under the deformation of v in order to identify the tangent spaces
of the shape space.

Analogous results in polygons are studied in Subsection [3.2

3.1. Smooth Plane Curves. We will identify R? as C in the following. Let
v : R — C be a smooth arc-length parametrized closed plane curve with length L.
So, we have v(s+ L) = v(s) and v/ = T with |T| = 1. Define the unit normal N of

v as N := —JT, where J denote the anti-clockwise Z-rotation. The curvature & is

z-
defined by N’ = «T.
The above definition implies there exist a function « : R — R such that

T(s) =et(s),
N(s) = —ie'®),
k(s) =a/(s).

Denote H as the euclidean vector space of L-periodic C*° function, M C H as
the subset of H that can be realized as the curvature of some closed curve 7. By
translation and rotation, we can assume +(0) is the origin and 7'(0) = 1. So given
Kk € M, we have

Since 7y is L-periodic, we have

and hence
L
/ k —a(L) — a(0) € 217,
0

| T =0 =0

Notice that given k satisfying the above two equations, we can construct a
closed plane curve by (1.1)),(1.2)),(1.3) with a prescribed curvature k.

Lemma 1.21. The space of L-periodic C*° functions which can be realized as the
curvature of some arc-length parametrized closed curve is

L L s L s
M = KEH‘/ /@GQWZ,/ cos(/ /-@)ds:O,/ sin(/ K)ds =0 .
0 0 0 0 0

Hence, we know M = J,, ., M, where

L L s L s
M, =<k€eH ‘ / K= 27m,/ cos(/ K)ds = O,/ sin(/ k)ds =0
0 0 0 0 0

and M,,’s are disjoint.
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Theorem 1.22. Let a positive real number L be fized. Denote M as the space of
the curvature functions of closed plane curves with length L. Then M is a manifold
and if v is a curve with curvature kK € M, the tangent space at K is given by

L L
TRM:{/%EH‘/ /:;:o,/ m:o}
0 o

where H is denoted as the space of L-periodic C*° functions.

PROOF. Let k € M,,. Define a function

F,: H—>R?
L
ks ( / & — 2mn, Re(7(L)), Im((L)))
0

where « is given by (1.3). Consider a variation k; € H of K = kg. Then, using

equations (L1),(T2),(T3), we have

4
dt

t=0

L
7e(L) :/o T(s)ds
L
:/ a(s)(—sina(s), cosa(s))
0
L .
:—J/O a(s)T(s))

.
- / () (i1 () — 2(s))ds.

where 77 = Re(y) and 42 = Im~y. On the other hand,

d L L
—‘ / K—2mn = / K.
dt t=0 0 0

4P = ([ i / " kas)ds, / " ke ()ds).

Assume d.F' is not surjective. Then there exists constants ai,as,b € R such

that
L L L L
o:al/ fm+a2/ fm—b/ /e:/ (a1 + az2 — b)
0 0 0 0

for any L-periodic function %. It leads to a contradiction that (a17y1 +a2y2 —b) =0
and the closed curve 7 is contained in a straight line.

Thus, d.F,, is surjective and by implicit function theorem we conclude that
M = F~1(0) is a manifold. And the tangent space at  is Ker(d,F,,). O

Hence,
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3.2. Discrete Plane Curves. We investigate the space of closed polygons
with fixed edge lengths. We start with some notations.

Let (Y0, -.,7vn—1) be a polygon in the complex plane C and consider all indices
module n. Then there are unique real numbers ¢y, ...,¢,_1 > 0 and unit vectors
To,...,T,,_1 € S' such that the edge vectors of v have the form

Vitr =V = 4T
Definition 1.23. A polygon (yo,...,7n) is reqular if
Ty #-T; Vi

For a regular polygon, there exists unique real numbers k1, ..., k,_1 such that
T < K; <,
Tj = Giﬁj Tj—l-
Hence,

J
O[j = E Iij,
k=1

T]’ :emj 1107
j—1
v =0+ > 4T (1.4)
k=0
Since the index of vy is n-periodic, we have
Ts :Ternv
Vs =Vs+n
and so
n
Z K = a, = 2nr for somer € Z,
k=1
n—1
4Ty = =% =0,
k=0
For a given collection of edge lengths ¢, ...,¢,_1 and k satisfying the above

two equations, there exists a discrete curve « with s by the construction of
with arbitrary initial direction Tj and initial position ~y. Hence, it is unique up to
rotation and translation.

In the following we assume to have a fixed sequence of edge lengths 4y, ..., 4, _1
which can be realized by some regular closed polygon. Denote M C (—m, 7)™ as the
set containing all elements which can be realized as the curvature of some regular
closed polygon . The above argument implies the closed polygon is unique up to
translation and rotation. In particular, the polygon can be assumed to have vy = 0
and Tp = 1. We have

Lemma 1.24.
n n—1
M= {ne (—m, )" ’ Z K € 217, Z 0;T; :0},
k=1 k=0

So, M = J, ¢z M, where

M, = {n € (—m,m)"

n n—1
ZFLZQT‘W, ZﬁjTjO}
k=1 k=0
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and M,,’s are disjoint.

Theorem 1.25. Suppose a length sequence gy, ..., l,_1 can be realized by some
reqular closed polygon. Denote M as the space of the curvature functions of closed
planar polygons with the fized length sequence {y, ..., L,_1. Then M is a manifold
and if v is a regular closed polygon corresponding to kK € M, the tangent space at
K s given by

n—1 n—1
T.M = {ne (=, m)" ‘ > E=0,)" fmYm :0}.
m=0 m=0

PrOOF. Let k € M,.. And v be the curve with curvature k, 9 = 0 and Ty = 1.
Define a function

(Z k — 277, Re(vn), Im(yy,)).

m=0

Consider a variation k(t) € (—m, 7)™ of k(0) = k. Then,

On the other hand,
d n—1 n—1
%‘t:o Z K —2mn = Z K.
m=0 m=0
Hence,

doF.(k) = Z Z B I (1), Z Fom Re(vm))

Assume d,F, is not surJectlve. Then there ex1sts constants ai,as,b € R such
that

m Re(Ym) JraQanIm”ym —bZn

m(a1 Re(vm) + ag Im(~,,) — b)

SMHSM

for all k¥ € (—m, 77)”. It leads to the contradiction that the closed regular polygon
v is contained in a straight line.
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Thus, d,F, is surjective and by implicit function theorem we conclude that
M, = F,71(0) is a manifold. And the tangent space at « is Ker(d, F}.). O



CHAPTER 2

Conformal Deformations of Smooth Surfaces

The quaternionic approach provides a coordinate free way to study conformal
immersions regularly homotopic to a given one. Generically, such a space is parame-
terized by the mean curvature half-density H|df| which is related to the eigenvalues
of the quaternionic Dirac Operator D. It is used to study Bonnet problems and
Willmore surfaces (Pedit and Pinkall, [1998; [Richter] [1997)).

The quaternionic theory applied to differential geometry (Kamberov et al.,
1998) is reviewed in Section 1-3 in order to compare with the discrete analogues.
We derive the quaternionic Dirac operator from an integrability condition and study
its connection to mean curvature half-densities.

Then we focus on infinitesimal conformal deformations and their complement
in the space of all half-densities. Sections 4-6 are a collection of results from the
blog “Discrete Spin Geometry” where Theorem [2.21|in Section 5 is generalized to
surfaces of genus g > 1. In particular, Theorem [2.22] is essential to the derivation
of the discrete Dirac operator in Chapter 3.

1. Spin Transformations

We start with the definition of a complex structure.

Definition 2.1. A Riemann surface is a real two-dimensional manifold M equipped
with an automorphism J € Aut(TM) such that J*> = —1. We call J a complex
structure of M and the tangent spaces of M has the structure of a complex vector
space naturally,

Ve=x+iyeCand X €e TyM, zX:=(x+yJp)X eT,M.

Definition 2.2. The Hodge star operator x is an operator on K-valued 1-form (,
where K =R, C or H such that

#(=Col.

With a complex structure, 2-forms can be identified as complex quadratic forms.
It is noticed that for any H-valued 2-form w : TM — H,

w((a+bN)X, J(a+bJ)X) =(a* + b*)w(X, JX)
=la + bJ[Pw(X, JX).
So, a 2-forms is identified as a complex quadratic form via
VX eTM, ¢X)=w(X,JX),
which satisfies
VX € TM and z € C, q(2X) = |2|*¢(X).

Such correspondence is bijective, since for any tangent vectors X and Y,

W(X,Y) = (V) + a(X) — (X + 7).

11
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In particular, the space of real-valued complex quadratic forms on M is denoted as
densities D, which under the above identification are real-valued 2-forms Q?(M, R).
We then introduce half-densities

D? = {§: TM — R|6(2X) = |2|0(X) VzeC}.
We now focus on immersions of a surface into Euclidean space. In the following,

we identify R as Im H. Given an immersion f of a surface M into Euclidean space,
there is an induced metric on M. For any tangent vectors X,Y € T, M,

[ grs (X, Y) = (df (X), df (Y)).

Definition 2.3. An immersion f of a Riemann surface is conformal if it satisfies
for any tangent vector X,

(df (X),df (X)) = (xdf (X)), *df (X)),
(df (X), =df (X)) = 0.
Remark 2.4. If f is a conformal immersion, then |df|? is a density and |df| is a
half-density.

Definition 2.5. Two Riemannian metrics g and g of M are conformally equivalent
if there exists a real-valued function u : M — R such that

g=e"g.
Lemma 2.6. The metrics induced by two conformal immersions f and f are con-
formally equivalent.

Proor. Take u = 1n(“'fljf((7§))l‘). Then,

frars = " f*gps.
O

Definition 2.7. Given two immersions f and f of a surface M into R* =~ ImH, f
is a spin transformation of f if there exists a quaternion-valued function X : M —
H\{0} such that

df = Mf. (2.1)

Lemma 2.8. If f is a conformal transformation of a Riemann surface M and f
is its spin transformation, then f is also a conformal immersion of M. And the
metrics induced by f and f are conformally equivalent.

PRrOOF. Notice that
(df , *df) = (Adf X, X % df )
= Re(Adf DX * df M)
= [\[*{df, df)
=0.
Similar calculation gives
(df,df) = (xdf,xdf) = |\"(df, df).
O

We then study a necessary condition on A for the existence of a spin transfor-
mation. Suppose f is a spin transformation of f, then by definition there exists a
H-valued function A : M — H\{0} such that

df = Mf\
0= d(df)
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= d(A\df))
= dMdf\ — \dfd\
= Xdfd\ — \dfd\
= —2Im(\dfdN\).
Hence, there exists a real valued function p : M — R such that
MdfdX = —p| A |df |*
dfd\ = —pA|df|?
dfdi
_W -
Definition 2.9. Denote the space of quaternionic functions on M as T'(M,H). The

differential operator D : T(M,H) — T'(M,H) defined above is called quaternionic
Dirac operator.

DM:=

We conclude the above calculation by the following lemma.

Theorem 2.10. Given a conformal immersion f : M — Im(H), if a quaternion-
valued function A : M — H\{0} induces a spin transformation f of f given by

df = Mf),
then there exists p : M — R such that
DA =p\ (2.2)

On the other hand, given X : M — H satisfying ([2.2)), then Adf ) is a closed 1-form.

The above lemma imposes a necessary condition on A for the existence of a
spin transformation. In general, it is not sufficient since a closed 1-form may not
be exact. But for simply connected surfaces, a closed 1-form is also exact.

Corollary 2.11. If M is simply connected, the converse of Theorem[2.10 is true,
i.e. a quaternion-valued function X : M — H\{0} induces a spin transformation of
fif and only if there exists p: M — R such that

DA = p\.

2. Mean Curvature Half-Density

In this section, we look at how geometric quantities change under a spin trans-
formation. And the geometric meaning of p|df| as a change of mean curvature
half-density is shown.

Lemma 2.12. Suppose f : M — ImH is a conformal immersion of a Riemann
surface M. We denote its normal vector field as N and its mean curvature as H.
Then, we have

df ANdN = 2HN|df|*.

PrOOF. Denote A as the shape operator of f, which is defined via
dN =df o A.
Let X be any unit vector. Then
dfdN (X, JX) =df (X)dN(JX) — df (JX)dN (X)
=df (X)df (A JX) — df (JX)df (A X)
=—(X,AJX)+ (UX,AX)+ ((JX,AJX) + (X, AX))N
=2HN.
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Hence,
dfdN = 2HN|df|>.
O

Theorem 2.13. Suppose f : M — ImH is a conformal immersion and f is its
spin transformation given by A : M — H\{0}, which satisfies

DX =pA
Then,
|dfI* = IA*df1,
N =)\"IN),

H|df| = H|df| + p|df|.

PRrROOF. Followed from Lemma f is a conformal immersion and

|df? = X[ 1.
Let X be any nonzero vector. Then
df (X)df(JX)

N:

df (X)||df(TX)|
AN (X)df(JX)N
—df(X)||df (JX)]
=A"INA.

Also,
dfdN =XdfAd(AT'N)X)
=AfAAANTY)NX + XdfdN X + Xdf NdX
= — XdfdMTINX 4+ 2HAN M| df|? — ANdf d\
=2(p + H)|df|*AN X
=2(p+ H)|df P\ N.
On the other hand, o o
dfdN = 2HN|df|?.
Hence, equating the above two equations, we have
HIdf|* =(H + p)|A*|df|”
H|df| =H|df| + pldf|.
O

Hence, we call H|df| the mean curvature half-density of f and p|df| the change
of mean curvature half-density corresponding to the spin transformation given by
A

3. The Quaternionic Dirac Operator

Properties of the quaternionic Dirac operator D are reviewed here in order to
compare with the discrete Dirac operator in Chapter 3.
Lemma 2.14. Suppose M is a closed Riemann surface. Then the quaternionic
Dirac operator D : T'(M,H) — I'(M,H) is elliptic and self adjoint with respect to
L? product. Hence,
C*®°(M,H) = Ker(D) @ Im(D).
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PRrROOF. We first show that it is self adjoint. Let A1, Ao € C°° (M, H).
/ (D A1, A2)|df|? :Re(/ (—dfdA)A2)
M M
—Re( / df\ TN
M
—  Re( / N Dhedf)
M
—  Re( / NTDN)
M
~ [ uDg)lar
M

We then show that it is elliptic. The definition of ellipticity and hence the
decomposition is referred to [Lax| (2002). Let x € M,{ € T M and h € C*(M,R)
such that h(z) = 0 and dh = (. Suppose A € C°(M,H). Then the principal
symbol of D at ( is given by

01(D,¢) - A(0) :=D(hA)[o
df NC
=——=X(0).
e
For ¢ # 0, we have 01(D, () = dIAe £ 0 since f: M — Im(H) is an immersion.

. . . . B |df|2
Hence it is elliptic.

d

An observation from the definition of the quaternionic Dirac operator leads to
the following.

Corollary 2.15. Constant quaternion-valued functions are in the kernel of D.
Hence

dim(Ker D) > 4.

4. Infinitesimal Conformal Deformations

Starting from this section, we look at infinitesimal conformal deformations,
which is the focus of this thesis.

Suppose a 1-parameter family of spin transformations of f : M — R3 is given
by A; with A(0) = 1. Then there exists a 1-parameter family of R-valued functions
pt : M — R with py—g = 0 such that

D)\t = pt)\t.

From the derivation of the Dirac operator D, the above condition is equivalent
to \idf A+ being a closed 1-form. Differentiating both sides with respect to ¢t and
evaluating at t = 0, we get

DA = pAi—o + pr=o
=p
which implies that Im(2dfA) is a closed 1-form.

Theorem 2.16. Under the infinitesimal conformal deformation given by AN: M=
H satisfying D\ = p, we have
/ pldf|* = 0.
M
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PROOF.

| = [ pare
:/ df A d\
_o
O

The above lemma is a necessary condition for infinitesimal conformal deforma-
tions. It is not sufficient in general. But for surfaces with genus 0, it is sufficient,
since a closed 1-form implies its exactness.

Corollary 2.17. Suppose f : S? — R? is an immersion of the sphere S? with
dim(Ker(D)) = 4. Given any p: M — R, then there exists an infinitesimal confor-
mal deformation given by X\ satisfying DX = p if and only if fM pldf|? =0

PROOF. One direction of the statement is proved in the previous lemma. We
proceed with another direction. The assumption dim(Ker(D)) = 4 implies Ker(D)
consists of constants quaternion-valued functions. f a Pldf |2 = 0 implies p is L?
perpendicular to Ker(D). By the decomposition in Lemma we know p € ImD.
Hence, there exists A : M — H such that D A = p. From the derivation of the Dirac

operator, it implies (Adf)) is a closed 1-form. For surfaces with genus 0, it implies
exactness. O

5. Infinitesimal Conformal Deformations of High Genus Surfaces

For high genus surfaces, H-valued functions A satisfying DA = p may not
preserve the exactness of df. To ensure the exactness, there are other constraints.
We first look at restrictions on p.

The condition D A = p implies the 1-form Im(df):\) is closed. If fBy,..., Bag is a
basis for harmonic 1-forms, then
Im(df M)

is exact if and only if
0= /M *x0; A Imdf A = Im/M *x0; A df A
fori=1,...,2¢9. If X,JX € T,M form an orthonormal basis, then
(8: A df)(X, JX) = i(JX)df (JX) + Bi(X)df (X)
= df (B(X)X + B:(JX)df (J X)) =: df (Y3).

The vector field Y; is the harmonic vector field corresponding to the harmonic
1-form B;. By denoting the R3-valued functions as y; = df (Y;), we have

*Bi A df = yi|df|?
and the exactness condition becomes
Im/ yMdf)? =0 Vi=1,2,...,2g.
M

We have
Lemma 2.18.

/ yildf|? = 0.
M

PROOF. Notice that y;|df|? = *8; A df is a exact 2-form, its integral over the
whole surface M hence is zero. (I
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If the kernel of D is of dimension 4, then there exist quaternion-valued functions
w; + M — H satisfying
Dy = yi.
The exactness conditions become equivalent to say that for all constant quaternions
a €ImH and fori=1,2,...,2g,

0=Re ( / yz)\a)
()

yza A)

|
E\E\\\

Duza )\

(nia, D)

<,U,i0,, p>

=— /M<ui,a>/>~

The following theorem describes the tangent space of conformal immersions.

Theorem 2.19. Suppose M is a closed Riemann surface of genus g and f: M —
R? is a conformal immersion with dim(Ker D) = 4. Let a function A:M— H
satisfy D\ = p for some real valued function p. Then, there is an infinitesimal
conformal deformation given by X, i.e. Im(df )\) is exact, if and only if p is L>-
orthogonal to all three imaginary components of each of the 2g functions u; and the
constant function 1.

Hence, the vector space

{/56C“(M)\/Mﬁ:/MWuWZ/M<m,j>ﬁ:/M<uz,k>b:0f0rl:17~~,29}

is the space of all nontrivial infinitesimal conformal deformations of f, i.e. up to
Euclidean transformations.

These 6g + 1 equations are not necessary linearly independent over R. For
special surfaces, they are indeed linearly dependent.

Definition 2.20. An immersion f : M — R? is isothermal if there exists a Im(H)-
valued closed 1-form T such that

df NT=0.

If the immersion f is isothermal and N is denoted as the gauss map of f,

then locally there exists an immersion f* which is —N-conformal. A more detailed
discussion can be found in |[Kamberov et al.|(1998]); Richter| (1997). If an immersion
has dim(Ker(D)) = 4, being isothermal is equivalent to those 6g+ 1 equations being
linearly dependent.
Theorem 2.21. Suppose M is a closed Riemann surface of genus g and f: M —
R3 is a conformal immersion with dim(Ker D) = 4. The tangent space of all confor-
mal immersions at f is of co-dimension less than or equal to 6g+ 1. The inequality
is strict if and only if the immersion [ is isothermal.

ProoOF. Let a1,b1,a2,...,b, be a canonical basis of homology and wy,...,wsy,
be a basis of harmonic 1-forms such that faj w; = fbj Wgt; = 0;; and faj Wyti =
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fbj w; = 0. The condition dim(Ker D) = 4 implies there exists p; : M — H such
that —df A dp; = df A w;.

Suppose the 6g+1 functions, which are the three imaginary components of each
w; and the constant function 1, are linearly dependent. Then there exists constants
V1,02, .., Uz € Im(H) and ¢ € R such that they are not all zero and

(1, v1) + (p2,v2) + - + (p2g, v2g) = c.

With out loss of generality, we assume ¢ = 0 since we can replace some u; by

~ CU4

fi 7= i = oo if v; is not zero. Hence,

29
Re Z wiv; = 0.
i=1

Taking exterior derivative,

29
Re Z dp;v; = 0.
i=1
Since w; is real,
2g
Re Z(d“i +wi)v; =0.
i=1
Then, 7 := > (du; + w;)v; is a closed Im(H)-valued 1-form. And
29
df NT = de/\ (dp; + w;)v; = 0.
i=1

Thus f is isothermal.
On the contrary, suppose there exists a closed Im(H)-valued 1-form 7 satisfying

df AT = 0. Define A; :== [ 7and B; := [, 7. Hence, 7—>"7 | Ajw; — Y7 | Biwgt
is an exact Im(H)-valued 1-form. It implies there exists p: M — ImH such that

g9 g
d,u =T — Z Aiwi — Z Biwg_,_i.
i=1 i=1
Then,
2g 29
D(p — Z A — Z Bipig+i)
i=1 =1

_ A A (= 0 A+ dp) = 352 Bilwgi + dpigei)
|df|?

=0.
Since dim(Ker D) = 4, there exist a constant ¢ € H such that

2g 29
p— Z Aipi — Z Bipg+i = c.
i=1 =1

It implies
2g 2g 29 29
Re(Y Aipi + Y Biptgi) = Re(d_ Aipti + Y Biptgri — 1) = Re(c).
=1 =1 =1 =1

Thus, the 6g+1 functions are linearly dependent over R. U
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Instead of p, we have more general exactness condition on A in terms of geo-
metric quantities, without assuming dim(Ker D) = 4. The following theorem has
its discrete counterpart in terms of discrete differential forms (Theorem and is
crucial for the discrete Dirac operator.

Theorem 2.22. (Vector Valued Schlifli Formula) Suppose an infinitesimal con-
formal deformation of f: M — R3 is given by A = %(u —w). Then the 1-form
N x (df o (A + A)) — diN
is exact, where A : TM — TM is the shape operator of f defined via dN = df o A.
PROOF. In the following, we use Cartan’s moving frames. Details for the tech-
niques can be found in |Ivey and Landsberg| (2003).
For any point 2o € M, there exists an adapted orthonormal frame (e1, 2, e3) on

a neighborhood U of xg, where e3 = N is the unit normal. We then lift f : U — R3
to F': U — ASO(3) locally by

F(x)z(} 601 602 603>€ASO(3).

Write Mauer Cartan form as

0 0 0 0
1 1 1
w=Flar=| ¥, Y @

w2 wi 0 w?
0 w} wi 0
From equations dF' = Fw and (e;, e;) = d;5, we get
df = wley +w?es,
de; = Z wf €j,
wf = —wj-.
Taking exterior derivative of the first two equations yields
0 = d(df) = (dw' + w? Awd)er + (dw? + w' Aw?)es,
0 =d(de;) = Z(dwﬁC + wa A w;-“)ek.
k J
It implies Cartan’s structure equations:
dw' = w% A w?,

dw? = w? Awh,

k_ k J
dw; = E wi Awj.
J

We now consider an infinitesimal conformal deformation given by A and write

: 1
Then,
P 0 0 0 0 .
f wxe wxe wXes
And

(0 0 0 0
T\ df dwxe+wxdes dwxey+wxdes dwxes+wxdes
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On the other hand,
dF =Fw + Fo

(0 0 0 0
T\ wxdf wxder wxdey wXdes

+ ( whey —?—@262 Wiey —?—@:‘1)’63 waeq —?—c’ug’eg wiep —?—c’ugeg ) '
Since df = udf + w x df, comparing two expression of dF gives
adf = d(w'e; +w?ey) = wlep + wies,
dw X e; = w$62 + (l)i))efj,
dw X ey = w%el +w§eg,
dw X ez = ob;el +w§e2.
Notice that the shape operator A : TM — T M is defined via
dN = df o A.

It implies locally,
wieg + wiey = (wleg +w?ey) o A.

Since é; = w X e;, differentiating both sides,
wiep 4+ wley = (Whey + w?ex) 0 A+ (wlep +wey) o A
= adf o A+ df o A.
Hence, the tangential part of dw can be expressed as
duw’ = e x (wiey + wles)
= ez x (df o (uA + A)).
We are left with the normal component of dw. From the structure equations,
dw' = w3 A w?.
Differentiating both sides,
di A w' 4 tdw' = dit = ) Aw? + wi A tw?
Since wi A w? = adw?,
dis A w' = @y ANw?
Similarly, differentiating the second structure equation dw? = w? A w' get
di A w? = Aw!
= —w; Awl.

Since dii, wi € span{w!,w?}, the above two equations imply

Wi = —xdi.
Hence,
(dw,e3) = (dwr, e3) = (dwb x e1,e3 x e1)
= (Wiey +Wies, en) = WP = —x*du.
Thus,

dw = N x (df o (WA + A)) — xduN

is an exact 1-form.
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Given an exact 1-form and a closed 1-form, we get an exact 2-form via their
wedge product. Its integration over the surface thus vanishes. So we have the
following corollaries. The first one is the smooth analog of scalar Schlafli Formula.

Corollary 2.23. Under an infinitesimal conformal deformation,

H + aH|df|* = 0.
M

PROOF. Suppose an infinitesimal conformal deformation is given by A= %(u —
w). Let X be a unit tangent vector.

df Adw(X,JX) =df N Adf o (uA+ A) — xduN)(X, JX)
= —df (JX)df (WATX + ATX) — df (X)df (GAX + AX)
+df (X)duN + df (JX)du(JX)N
=(uAJX + AJX,JX) + (WAX + AX, X) + ((tATXAJX, X)
— (WAX + AX, JX))N — df (JX)di(X) + df (X )du(JX)
=2uH + 2H + df A du(X,JX).

We recover the Dirac operator and the integrability condition.
\ 2 U w . . 2
D Adf|* = —df/\d(§ — 5) = (uH + H)|df|*.
Hence,

/MH +aH|df|* = /M —df A d(5 -

w
—)=0.
5)

O

Remark 2.24. It is an important observation that the quaternionic Dirac operator
and the integrability condition is recovered by wedging df with the exact 1-form in
vector valued Schldfli formula. This procedure will be taken to get the discrete Dirac
operator in Chapter 3.

Corollary 2.25. Under an infinitesimal conformal deformation,
/ K + 2uK|df)? =0,
M
which is the infinitesimal version of Gauss Bonnet theorem.

PRrROOF. Let X be a unit tangent vector.
Re(dw A dN(X,JX)) =Re ((Ndf (1AX + AX) — xdu(X)N)dN(JX)
— (Ndf (AT X + AJX) — *di(JX)N)dN (X))
= — (WJAX + JAX,AJX) + (aJAJX + JAJX, AX)
=—u((JAX, AJX) + (AJX,JAX))
—((JAX,AJX) + (AJX,JAX))
= —2uK — K.

Hence,

/ K + 2uK|df|? = —Re(/ dw A df) = 0.
M M
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6. Vector Analysis of the Quaternionic Dirac Operator

We decompose a given A : M — H into the form A\ = g + df (Y) + hN, where
g, h are real-valued functions, Y is a tangent vector field and N is the normal vector
field on M. We want to study D A under this decomposition.

Take a unit tangent vector X on M in the following. We first consider the
action of the Dirac operator on the scalar component.

—df Ndg(X,JX) = —df (X)dg(JX) + df (JX)dg(X)
= Ndf (dg(X)X + dg(JX)JX)
= Ndf (grad g).
Then we consider the normal component.
—df Nd(hRN)(X,JX) = ((—df Adh)N — hdf A dN)(X7 JX)
= Ndf (grad h) N — h(df(X)dN(JX) — df(JX)dN(X))
= df(grad h) — 2hHN.
Finally we look at the tangential component. Notice that for an immersed

surface in Euclidean space, the induced Levi-Civita connection is as follows: for
any tangent vector field Y and tangent vector Z,

A(V2Y) = d(df(Y)(Z) — {d(df (V))(2), N)N
— d(df(Y))(2) + ([dF(Y), df(AZ))N
= d(df(V))(2) + (Y, AZ)N

where A is the self-adjoint shape operator of the immersion f. And we recall the
definition of curl and divergent operator of a tangent vector field Y:

div(Y) : = (X, VxY) + (X,VxY),
curl(Y) : = (JX,VxY) — (X, V;xY)
=—(X,VxJY) - (JX,V;xJY)
= —div(JY).
Then,
—df Ad(df (Y))(X,TX) = — df(X)(df (VsxY) = (Y, AJX)N)
+df (JX)(df (VxY) — (Y, AX)N)
=(X,V;xY) - (JX,VxY) - (JX,V;xY)N
+ (=X, VxY)N — (AY, JX)df (JX) — (AY, X)df (X)
=—curlY — (divY)N — df(AY).
The above calculation is concluded with the following theorem.

Theorem 2.26. Given an immersion f : M — R3 and a H-valued function
A=g+df(Y)+ hN, where g,df(Y) and hN are its scalar, tangential and nor-
mal components. Then

D)X= —curlY +df(Jgradg — AY + grad h) — ((divY) + 2hH)N.

From the above formula, we can express Laplace operator in terms of the quater-
nion Dirac operator D. This expression has its analogue in the discrete theory

(Theorem [3.33).
Corollary 2.27. For any real valued function g : M — R,

Re(D? g) = —div(grad g) =: Ag.



6. VECTOR ANALYSIS OF THE QUATERNIONIC DIRAC OPERATOR

We can write the formula of the discrete Dirac operator into a matrix form.

g 0 —curl 0 g
D Y =| Jgrad —-A grad Y
hN 0 —div —-2H hN

And so we have formula for D?.
Corollary 2.28.
A curl o A 0

D= —AJgrad —Jgradocurl+A2 —gradodiv — A grad —2grad oH
0 divo A +2H div A +4H?
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CHAPTER 3

Conformal Deformations of Triangulated Surfaces

In the previous chapter, it was shown that two immersions related under a spin
transformation are conformally equivalent. In order to discuss the discretized case,
we need a notion of conformal equivalence of triangulated surfaces. In section 1,
conformal equivalence of triangular meshes is reviewed.

With this notation, we consider infinitesimal conformal deformations of trian-
gulated surfaces, by prescribing changes to triangles in sections 2 and 3. These
results are collected from the blog “Discrete Spin Geometry”.

In sections 4 and 5, the discrete analogues of the results from the previous
chapter are derived and shown to have nice properties. The discrete theory also
establishes a connection with the classical result—the Schlafli Formula.

1. Conformal Equivalence of Triangulated Surfaces

This section reviews the definition of the conformal equivalence of triangu-
lated surfaces introduced in [Luo| (2004) and applied to conformal parametrization
(Springborn et al.l |2008). It enjoys important properties as in the smooth case.
Given an immersion into Euclidean space, a conformal structure is induced on the
abstract triangulated surface. A Mobius transformation of a given immersion pro-
duces a new immersion conformally equivalent to the original one. Further study of
this conformal equivalence notion and its connection to complete hyperbolic metric
on punctured surfaces and circle packing theory are discussed in |Bobenko et al.
(2010).

Definition 3.1. A discrete metric on a triangulated surface M is a length function
l: E — Rsq such that the triangle inequality is satisfied for all triangles (ijk) € T.

Definition 3.2. An (almost) immersion of a triangulated surface M into R® is a
continuous map f : M — R3 such that

(1) f is piecewise linear on each triangle;
(2) the image of each triangle of M under f is a non-degenerate triangle in
Fuclidean space and
(3) the images of any two neighboring triangles intersect only at their common
edge.
Remark 3.3. From the definition, an immersion of a triangulated surface M is
uniquely determined by its values on vertices. And dihedral angles o € (—m, ) are
well defined on edges.

Given an immersion f of a triangulated surface M into R3, a discrete metric [
is induced on M by
Vei; € B, iy =|f; — fil-

Definition 3.4. (Luo, |2004) Two discrete metric I and [ on M are discretely
conformally equivalent if there exists u : V — R, assigning numbers u; to vertices

v;, such that
- witug

lij:e 2 l” (31)

25
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Two immersions [ and f are conformally equivalent if their induced discrete metrics
are conformally equivalent.

Remark 3.5. The defined notion indeed satisfies the conditions for being an equiv-
alence relation, i.e. reflexivity, symmetry and transitivity. It defines equivalence
class on discrete metric.

Theorem 3.6. Suppose f : M — R3 is an immersion of a triangulated surface M.
Then for any Mdébius transformation ¢ of R3, the two immersions f and ¢ o f are
discretely conformally equivalent.

PrROOF. Mobius transformations can be generated by translation, scaling and
inversion under the unit sphere S2. The conformal equivalence holds obviously
under scaling and translation. By transitivity of the equivalence relation, it suffices
to show the case where ¢ is the inversion under the unit sphere S?, which follows
from

fi f o 1 I 2 L
H‘f1|2 |fj‘2” ‘f1|2+|fj‘2 |fz|2|fj‘2<f“f]>
_ b e e
- ‘fl|2‘fj|2|‘fl f]” .

O

To prepare for the following sections, we make a remark.

Remark 3.7. Given an immersion of a triangulated surface into R®, we want to
find conformally equivalent surfaces with prescribed mean curvature half-density, as
analogous to the smooth theory. To avoid inputting more variables than the degree
of freedom of available immersions, we need a clue for the domain to define the
mean curvature half-density, by heuristic counting on the dimension of freedom.
For a triangulated surface in R3 of genus g with V vertices, the degree of freedom
is 3V — 7 up to rigid transformations and scaling. Each length function is in some
conformal class. By the definition of discrete conformal equivalence, the dimension
of conformal class is E—V = 2V —6+46g. The dimension of the space of immersed
triangulated surfaces in a given conformal class is (3V —7)—(E—-V) =V —1—6g.
In particular, for surfaces with genus g =0, we have 3V —7)—(E-V)=V —1.

2. Infinitesimal Conformal Deformations and the Discrete Dirac
Operator

We are going to look at infinitesimal conformal deformations of triangulated
surfaces and derive the discrete Dirac operator, as an analogue in the smooth case
given by A under the integrability condition: D) = p. In the smooth theory, by
considering Cartan’s moving frames, we get an exact 1-form (Theorem . By
wedging it with df, we again get the integrability condition and the quaternionic
Dirac operator (Remark. We proceed the same way for triangulated surfaces.
By prescribing changes to triangles, we get a co-exact discrete 1-form (Theorem
. And we have integrability condition in terms of the discrete Dirac operator
by wedging it with df (Lemma.

On a triangulated surface f, we have frames (T, N,T x N) on oriented edges.
Given a H-valued function A\ defined on oriented edges, new frames (T N, T x N )
can be obtained by multiplying with quaternions on oriented edges e C ¢ € F"

(T, Ny, Te x No) = A\, (T, Ny, To X Ng) e
For these frames coming from a new discrete surface f determined by

df = Mdf ),
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the quaternion function A necessarily satisfies three conditions:

(1) For any pair of oriented edges (e, —e), the stretch-rotations given by y —
AieyAre take df (e) to the same vector df(e).

(2) For all oriented edges in the same face ¢, the rotation y — A\ ty). takes
the face normal Ny to the same unit vector.

(3) For any face ¢ consists of oriented edges (e, e, e3), the closedness condi-
tion 0 = A, df (e1)Xe, + Aepdf (€2)Ae, + Aeydf (€3)Ae, is satisfied.

Now we consider the three conditions under infinitesimal conformal transfor-
mations. Suppose a 1-parameter family of spin transformations of f is given by A(t)
with A(0) = 1. We are going to differentiate the equations given in the conditions
with respect to t and evaluate them at ¢ = 0.

We first use an Ansatz to uniquely split Ae into scalar, tangential and normal
components

A 1= % - %N - % (3.2)
Consider the change of the normal vector Ny, where e C ¢ € F,
(Ae'NgAe) = (ATZTQAG>
= XNy + Nphe — (he + Ac) Ny
= Nyhe — AN,
= Ye X N¢,.

Thus, the condition implies for any face ¢ consists of oriented edges (eq, €2, €3),
Yo=Y, =Y, =Y.,
From condition , we have
Im (df (e1)Ae, + df (e2)Ae, + df (€3)Ae,) = 0.

Notice that

Re(df (e1)Ae, + df (e2) e, + df (e3)ey) = (df (1) + df (e2) + df (e3), %> = 0.
Hence, ) . .

df (e1)Ae, + df (e2)Ae, + df (€3)Aey = 0.

By substituting Ansatz (3.2),

df (e1)(0e; — we, Ng) + df (€2)(0¢, — wey, Ng) + df (€3)(0e; — we, Ng) = 0. (3.3)
Note that we have the following equalities for ey, ea, e3 C ¢,

0 = (Nydf (e:), df (e:)),
2 Area(¢) = (Nodf(e;), df (ei+1)),
(Ngdf (ei), Nodf (:)) = (df (e:), df (e:))-
Since df (e1) € span{Ngdf (e2), Nydf (e3)}, from the above equalities
df(er) = (df (1), df (es)) (df (e1), df (e2))
(Nydf (e2), df (e3)) (Nodf (e3), df (e2))
df (e1), df (e3 df (e1), df (e2

~ e )+ T ey
= cot(f3) Ngdf (e3) — cot(B2) Nydf (e2).

Similarly, by cyclic permutation, we also have
df (e2) = cot(f1)Ngdf (e1) — cot(B3)Nydf (e3),

N¢df(€2) +

Nydf (e3)

Nydf (e3)
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df (e3) = cot(B2) Nydf (e2) — cot(B1)Nydf (e1).

Substituting them into ,
0= o1(cot(B3)Nydf (e3) — cot(B2) Nydf (e2)) + wiNydf (e1)
+ 02 (cot(B1)Nydf (e1) — cot(B3) Nydf (e3)) + w2 Nydf (e2)
+ o3 (cot(B2) Nydf (e2) — cot(B1) Nydf (e1)) + w3 Nydf (e3)
= (wl + cot B1(og — 03))N¢df(el)
+ (w2 + cot Ba(o3 — 01)) Nydf (e2)
+ (w3 + cot B3(o1 — 02)) Nydf (e3).
Since Nydf (e1),Ngdf (e2) and Nydf (e3) span an affine plane and
Nydf(e1) + Nydf(e2) + Nydf (e5) = 0,
there exists unique wg such that
wg = w1 + cot f1(02 — 03) = wa + cot Ba(o3 — 01) = w3 + cot f3(01 — 02).
Rewriting the formula, we get
We, = Wy — cot B1(0e, — Tey),
We, = Wy — €Ot B2(Tec, — e, ),
Wey = Wy — €Ot B3(0ec, — Te,),

where §; is the angle of the triangle ¢ at the vertex ¢ opposite to the edge e;.

For a conformal deformation, by the definition of the conformal equivalence,
the scaling is the average of some real-valued function u defined on vertices, which
is uniquely determined by ¢ on edges,

Ug + U3
Uz + Uy
Uez = 2 I
U1 + s
Oey = 5
So,
cot 51 .
Wey, = Wy ) (U3 - u2)7
cot B )
Wey, = Wo 2 (U1 - U3),
cot B3 . )
Wey = Wy B) (UQ — ul).

Hence, the conditions and imply under a conformal deformation, there exist
a unique scalar function %; defined on vertices, wg on faces and a vector valued
function Y € R?® with Y, L Ny defined on faces such that

. w; +up 1 cot B; . . Y.
Ae, = = T Wem—5 (i, — 7)) Ny — 7@
We then define on each face and each vertex new variables
we N, Y. )
Z,= (2212 L 79y cR3
(Pete 4 22 emS,
U
Uy = —.

2
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Rewrite )\e as
Uj + Up z, co2 B

We now study the first condition. Differentiating the equation given in the
condition yields

Ae, =

(ur — uj)Ny.

Aedf(e) + df (€)he = A_cdf (€) + df(€)A_e
Im (df(e)/.\e) =1Im (df(e);\_e)
Re(Ae)df(e) + df (e) x Im(\.) = Re(A_.)df(e) + df (e) x Tm(A_.)

It implies

Re(Ae) = Re(A_,)

Im(Ac) —Tm(A_) //df (e)

Hence, on every oriented edge e, there exists unique real number a, with a, = &_,
such that

. . e
Ae =X — —T¢.
2

Lemma 3.8. If the immersed surface deforms according to A, then cve in the above
equation is the change of the dihedral angle at the edge e.

PROOF. Suppose ¢;; € E and (ijk), (jik) € F are neighboring triangles. De-
note « as the dihedral angle on e;;.

sina = (Nyji X Njp, Te,,)
Differentiating both sides,
& cos « :<Nijk; X Ny + Nijr X Nﬂ;;aTeij>

=((Nijr x Im(2Ac,)) ¥ Ny + Niji x (Ny x Im(2Ac,)), Te,,)
:< Im(2)'\5ij ) <Nji]}7 Nijk> - Nijk<Nji1}a Im(Q}\eij )>

+ Nijl~g<Njikv Im(2>‘671)> - Im(2)‘8ji)<Njifgv Nijk>a Teij>
=cosa(lm(2),,;) — Im(2),,), T¢,.).

Since we know

Re(Ae) = Re(A_),

Im(Ae) — Im(A—) //df (e),

we have
. . «
)\eij _ Aeji - ETeU.
O
The condition then becomes
cot B cot f3; Qe
Z@yg - ijk, = (uj - ui)(TNWi_jk + 9 kN@ju;) - 2; Teij' (34)

This formula is analogous to the vector-valued Schléfli formula in the smooth
theory (Theorem [2.22)). We first formulate it here as a theorem and study this
co-exact 1-form further in Section [l
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Theorem 3.9. Suppose an infinitesimal conformal deformation of an immersed
triangulated surface M is given by (u, Z) € RV¥3F . Then, the discrete 1-form on
each edge e;; given by

cot By, cot By, Qe
du(eij)(T Pijk 2 . vm) 2 T,

is co-exact, where (; is the interior angle of triangle (ijk) at vertex i and d,; is
the change of dihedral angle on edge (ij).

We proceed to derive the discrete Dirac operator by multiplying both sides
by df as in the smooth case (Remark [2.24)) . In the following, we write dZ (xe) :=
Z(left(e))—Z(right(e)) and df (xe) := (#Nw‘*‘ CO;“ﬁNg(g)df(e)7 which is the vector
from circumcenter of the right face of the edge e to that of the left face under the
immersion f. We rewrite Equation (3.4) as

cot By, €eij
TN%‘,J'I«, D) <Pji;;) 27 Teij'

cot f3;, &

—dZ(*eij) = du(ew)(

We multiply both sides by df (e;;) via an inner product and a cross product

Qe
(df (e), dZ(xe)) = —-ldf (e)l, (3.5)
—df (e) x dZ(xe) + df (xe)du(e) = 0. (3.6)
The following theorem concludes the above derivation.

Theorem 3.10. Denote RV T3E as the space of pairs (u, Z), where u is a real valued
function defined on vertices and Z is a R3-valued function on faces. Suppose an
infinitesimal conformal deformation of f : M — R? is given by f Then, there
exists unique (u, Z) € RVF3E such that for any face ¢ = (ijk)

: Uj +u cot b;
)\ejk = ]Tk + Z¢ + 261 (uk - Uj)N¢. (37)
and for any edge e € E
—df(e) x dZ(xe) + df (xe)du(e) = 0. (3.8)

It relates to f via
df(e) = 2Im(df (e)X.) = 2Im(df (e)A_.).
Motivated by Remark|[3.7, we define p:V — R as
pii= Y (df(eij), dZ(xeis)).

ijek:i

We then further have

pi= a;” df (e;)|-

ijEExi
Corollary 3.11. Suppose f : M — R3 is an immersion of a simply connected
closed triangulated surface. Given (u,Z) € RV satisfying and \ in the
form of , then there exists an infinitesimal conformal deformation of f, f :

M — R3 such that
df = 2Im(df (e)Xe)

PROOF. Note that since (u,Z) € RV3F satisfying (3.8) implies
Im (df (e)Ae) = Im (df (e)A_c).
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Hence, the change of edge vector df(e) is well defined by A. And ) is of the form
implies
Im (df (e1)Ae, + df (€2)Ae, + df (€3)Ae;) = 0.
So, 2Tm(df (e)X.) is a closed discrete 1-form. For genus 0 surface, a closed 1-form is
exact. Thus, there exists an infinitesimal conformal deformation of f, f ‘M - R3
such that
df = Zlm(df(e)/\.e)a

which is also conformal since

: u; +u
Re (e, ) = =5
0

Remark 3.12. In the above theorem, A gwen by the formula (3.7) should be re-
garded as having its real part u on vertices and its imaginary part Z on faces.

In order to define the discrete Dirac operator, we need some notations.

Definition 3.13. Denote RV+2E as the space of pairs (a, W), where « is a real
valued function defined on vertices and W is R®-valued function on (unoriented)
edges such that on every edge e, W, is perpendicular to df (e).

For a general pair (u, Z) € RV+3F | as before,
pii= Y (df(eij), dZ(xes))
ijeE
is a scalar valued discrete 2-form on vertices and
U, := —df(e) x dZ(xe) + df (xe)du(e)

is a vector valued function on edges, which are regarded as discrete 2-forms on
edges.

Given a 2 form,we can define a functional on functions by multiplying them
together and then take the integration over the surface.

Definition 3.14. (p,U) in above formula define a linear functional on RV T2E by
((pv U)7 (aa W))H = Z pitii + Z<Uija WZ]> V(O‘v W) € RY+2E,
i ij
Hence, (p,U) can be identified as an element in (RVF2E)*,

We now define the quaternion Dirac operator in the discrete analogue.
Definition 3.15. The discrete Dirac operator is a linear map D : RV3F
(RVF2E)*, (u, Z) v (p,U) where

pi= Y (df(e), dZ(xes;)),
ek
U, = —df (e) x dZ(xe) + df (xe)du(e).
In particular, the image of D is regarded as a H-valued function with its real part
Re(D) = p on vertices and imaginary part Im(D) = U on edges.

We rewrite the necessary condition (3.8)) for conformal deformations in terms
of D from Theorem ([3.10).

Lemma 3.16. If (u, Z) € RV*3E gives an infinitesimal conformal deformation of
f:M — R, it satisfies

ImD(u, Z) = 0.
Remark 3.17. The pairing (, )u is motivated by the formula

<>\1, )\2>H = Re()\l) Re()\g) + <Im(>\1), Im(>\2)>]R3 .
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Remark 3.18. The image of D should be identified as in (RVF2E)*. Given two
smooth real functions A1, Ao on M, an area 2-form dA is necessary in order to
define their inner product by fM AMA2dA. The same should hold on triangulated
surfaces. Area elements at vertices and edges are necessary to weight the products
in RV*T2E . Since the image of D is a discrete 2-form, it already incorporate area
elements. Hence it can be naturally paired up with elements in RV T2E without
weighted by area elements, thus defining an element in (RYV12F)*,

We look at a consequence of the above derivation.

Corollary 3.19. (Scalar Schiifli Formula) Suppose a conformal immersion f :
M — R3 is under an infinitesimal conformal deformation, then the changes of

dihedral angles satisfies
D hi=> dcldf(e)] = 0.
= e€E

PROOF. Since the infinitesimal conformal deformation is given by some A, its
corresponding (u, Z) satisfies

> %jaf(eyy)| = (ReD(w, 2)),

ijeE:i

> (df(ei5), dZ(xeiy)).

ijeE:

Hence,

> dyldf(e) => >

ijeE i ijeB:i

= Z (df (eij), dZ(xeijz)).

ijEE

Qij |df (eij)]

Notice that since the summand in the right hand side is an exact discrete 2-form,
the sum is zero. We get

S deldf(e)] = 0.
O

Remark 3.20. Scalar Schlifli Formula holds for general deformations. (See |Pak

(2010)) One can notice that the crucial point is déj df (e;;)| = (df (es5), dZ(xe;5)).

Observing the derivation of such condition, it does not involve any conformality
assumption.

As in the smooth theory, we are interested in the dimension of Ker(D). An
observation from the definition of D leads to the following.

Corollary 3.21. The kernel of D contains constant functions (u,Z) € RV+3F
where u is constant on all vertices and Z is constant on all faces. Hence,

dim (Ker(D)) > 4.

3. Adjoint of the Discrete Dirac Operator

The quaternionic Dirac operator in the smooth theory is self-adjoint. Although
the domain and the target space of the discrete Dirac operator D : RV*3F —
(RV+2EY* are different and so not self-adjoint, D and its adjoint still share nice
properties and consequences as in the smooth case. We are now going to derive the
adjoint of D, D* : RV+2E — (RV+3F)* with respect to (, )m
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In the following, let (u, Z) € RV*3F and (a, W) € RV*2E. By definition, D*
satisfies
((ua Z)7 D*(Oé, W))H = (D(ua Z)7 (Oé, W))H
In particular, consider the following,
((u7 2)7 D*(av 0))H :(D(uv Z)7 (av O))H
= i Y (df(eiy), dZ(xesy))
i ij€E
Z <Ozidf(€ij) + Oéjdf(ejk) + akdf(eki)) Zijk>
ijkEF
— Y aydf(eji) + andf (ex;) + adf (i), Zijr)
ijkEF
== D {udf(eji) + aydf (exs) + ardf (eig), Zijw),
ijkEF
((U, O)a D*(O7 W))H :(D(ua 0)7 (Oa W))]HI
= (df (veij)du(ei;), Wis)

ij€E

== wildf(xeis), Wij),

i€V ijEE:i
((07 Z), D*(07 W))H :(D(Ov Z), (07 W))H

= > (=df(esy) x dZ(xes;), W)

ijeE

= Z —(dZ (xeqj), Wi x df (eij))
ijEE

= > ~AZije, Wij < df (e5) + Wik x df (ejx) + Wi x df (exs))
ijkEF

By the linearity of D*, we have

Lemma 3.22. The adjoint D* of the discrete Dirac operator D is the map D* :
RV+2E—>(RV+3F)*

” i = erdf (xeiz), Wij)
( W ) — ij df(eij) X Wij + df(ejk) X ij + df(eki) X Wi
—(eudf (eji) + ajdf (ei) + andf (eif))
In the following, given any vector U on edge e, write U+ as the component of
U orthogonal to df (e).

Lemma 3.23. The kernel of D* contains constant functions in the sense of the
proof and
dim(Ker D*) > 4.

PROOF. Let o be a constant real valued function on vertices, W be a constant
R3-vector on edges. Then (a, W+) € RVT2F and

(ReD*(a, W), = — >~ (df (ves;), Wib)
ijeE
== D {df(xeij), Wiy)
ijEE
:O7

(ImD*(a, W), . =df (ei;) x Wis + df (ejr) x Wig + df (es) x Wi

ijk
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— (eudf (eji) + ajdf (eri) + ardf (ei;))
de(eij) X Wij + df(ejk) X ij + df(eki) X Wi
— (audf (eji) + ajdf (ex;) + andf (ei5))
=0.
Suppose given a constant vector W as above with W+ = 0, it implies W, is
parallel to df (e) for every edge e. Since {df(e)|e € E'} span at least two dimension

subspace of R3, it implies W = 0. Hence, the kernel of D* contains constant
functions in the above sense and its dimension is at least 4. O

Lemma 3.24. Denote KerD* C (RVF3F)* as the annihilator of KerD, i.e. the
set of linear functionals on RVF3F which vanish on KerD. Similarly, we have
(KerD*)®. Then

ImD* = (KerD)* , ImD = (KerD*)%,
and
dim(Ker D) = dim(Ker D*).
PROOF. Notice that
((u, 2), D*(a, W))u = (D(u, 2), (o, W) -

We have
ImD* C (KerD)* , ImD C (KerD")%.
It implies
dim(Im D*) < dim((Ker D)%) = V 4+ 3F — dim(Ker D)
=V +2E — dim(Ker D)
= dim(Im D)
and
dim(Im D) < dim((Ker D*)?) = V + 2F — dim(Ker D)
=V + 3F — dim(Ker D*)
= dim(Im D*).
Hence all the equalities hold and the claim is proved. O

Lemma 3.25. Suppose dim(Ker D*) = 4, then for all p € RV and U € R?7,

Y p=0and > U.=0 (p,U) € ImD.
eV ecE

PROOF. Suppose there exists (u,Z) € RV*3Y such that D(u,Z) = (p,U).
Since the image of D(u, Z) is exact 2-form, its summation over the surface is zero.

Hence
> p=0and > U.=0.

eV ecE

For another direction, the assumption dim(Ker D*) = 4 implies Ker D* consists
of exactly constants function. Therefore,

> p=0and Y U.=0
eV ecE
implies (p,U) € (KerD*)® = ImD. O
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Given (u, Z) € RV+3F with D(u, Z) = (p,0), we define W € R2F as

. :uj+Uk+Z<p+C0;ﬁi

ek 2 J7+7]'

2 2

(ur — u; )N, =:
Then,
We = W_e =2(Ae — A_c) [/ df (e).
Hence, WJ- WJ- and W+ € R2E is well defined.
Theorem 3.26. Given (u,Z) € RV*3E with D(u, Z) = (p,0), Then,
(’LL, Wl) c RV+2E
and
D*(u, W) = (p, 0).

The converse is also true. Given (u,W) € RYT2E with D*(u, W) = (p,0),
there exists unique (u, Z) € RV+3F such that for any edge e C ¢ € F,

W, cot 53;
5 — (Zy + 2ﬁ (g *UJ)NW)J_'
The element (u, Z) defined as above satisfies
D(u, Z) = (p,0).

Hence, the solutions of ImD(u, Z) = 0 correspond one-to-one to the solutions of
ImD(u, W) =0
PRrOOF. Given (u, Z) € RV3F with (D(u, Z)) = (p,0), from formula (3.7) we
define W on edges via
Uj + U

. cot f3;
>\e.7'k = D) + ng + B

The assumption Im(D(u, Z)) = 0 implies

(u, W+) e RV2E,

Uj + U n ij

(Uk _u])NS@ = 2 2

Recall that the construction of \ satisfies
0 =Im(df (eij)Ae,, + df (ejx)Ae,, + df (eri)Aey,)
—df (ei;) x TJ + df (e;1) x TJ + df (en;) % 2’*
U; + Uj
5 ~df (ei;) + df (eji) + df (ex:)

:df(elj) X 2J + df(ejk) X TJ + df(ekl) X 2k

uj—l—u;C uk—i—uz

+

e st ).
Hence,
D*((u, W) = 0.

We now want to compute Re D*((u, W+)). Notice that
Wi — Wiy = 2(Aji — Aij) = —ay,T,

€ij°
Also, in a triangle ijk € F,

Wi; Wi _ (COt,Bk (u; — ;) — cot 3;
= j i

2 2 2 2

(ur — Uj))Nijk-
So,
(Wij — Wi, df (¢4,451)) =0
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where df (qﬁi,ijk) denote the vector from vertex ¢ to the circumcenter of triangle
(ijk) under the image of f. Summing it around a vertex i,

0= Z (Wij — Whi, df (0iij1))

ijkEF:i
D Wiy df (d5)) — Wiy df (6, 157)
ek
= > (Wi df (diign) — df (6y.4;2)) + Wiy = Wi, df (8, ,,2))
ijeE:

= Z <W1j7df(*62])> + <dijT€ij7df(¢i,ijl~€)>'

ijeE:

Hence,

(ReD*((u, WH)))s = = Y (Wi, df (xeij))

ijel:i
) df (eij)  cotf;
= > (T, 5 T3 df(ei;) x Nyz)
1jeEE:
a
= > 5 ldf (ess)]
ijeE:i
= pi-

For the converse, since Im D* (u, W) = 0,the existence and uniqueness of (u, Z)
with ImD(u, Z) = 0 is ensured by Theorem (3.10). And from the first part of the
theorem, we have

ReD(u, Z) = ReD*(u, W™).
O

Remark 3.27. The above result should be expected since the quaternion Dirac
operator in the smooth theory is self adjoint.

Remark 3.28. With the theorem, one could calculate under an infinitesimal con-

formal deformation p; = 3 ;. cp., 5*|df (e)| directly by \ defined on edges, without
representing it as (u, Z) € RV+3F,

4. Infinitesimal Conformal Deformations of High Genus Surfaces

In Remark [3.7] we have heuristic argument that the dimension of immersed
triangulated surfaces in a given conformal class is (3V —7) —(E—-V) =V —1—6g.
The following shows its orthogonal complement in the space of R-valued functions
on vertices.

In the following, we implicitly use an identification between discrete 1-forms
and dual 1-forms in order to apply Hodge decomposition theorem . The result
turns out to be independent of the identification used.

Theorem 3.29. Suppose f : M — R3 is an immersion of a triangulated surface M
of genus g with dim(KerD) =4 and w1, ... ,wqy form a basis of harmonic 1-forms.
Let &, := (1,0,0),62 = (0,1,0),e5 = (0,0, 1).

Then for all k = 1,2,...,2g and | = 1,2,3, there ewists (up, Zr1) € RV 3F
such that

D(upt, Zt) = < 1 ZijeE:i<él7Wk(*eij)df(eij» > '

Zj — wk(*eij)él X df(eij)
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And given (u, Z) € RVT3E with D(u, Z) = (p,0), we have
2Im(df}\) is exact < Zpiukl,i =0 Vk=1,2,...,2g and 1 =1,2,3,
i€V
where \ is given by the formula (3.7)).
Hence, combined with Lemma the vector space
{(peRY|D p=0,> puy=0 Vk=12,...,2gandl=1,23}

is the space of all nontrivial infinitesimal conformal deformations of f, i.e. up to
Euclidean transformations.

PROOF. Since wy is a harmonic 1-form and hence co-closed,

D0 (G wrlxei)df (i) =2 (@, wilxes)df (e7)
i€V ijeE: ijEE
:22< Z wi(xei;)ér, fi)
JEV ijEE:j
=0.
On the other hand,
Z wi(xeij)é x df (eij) = Z ( Z wi(*e;;))é X f;)
ijEE JEV ijEE:j
=0.
By Lemma (3.25]), the sums being zero imply the existence of (ux;, Zx;) as claimed.
Given (u, Z) € RVT3F with D(u, Z) = (p,0), define (u, Wt) € RV+2E ag
previously via

. w; + U cot B; u; +ur Wik
Aej = = 5 T2+ —5—(ur — uj)Ny =: JT+TJ

The condition Im(D(u, Z)) = 0 implies 2Im(df)) is a closed discrete 1-form. By

Hodge decomposition theorem (1.19)), we have

2Tm(df \) is exact < Z 2Tm(df \wi(xe) =0 Vk=1,2,3,...,2¢
ecE

&> (@, 2Im(df Nwk(+e)) =0 Yk =1,2,3,...,29,1=1,2,3.
eel
Then, for all k =1,2,3,...,2¢,0=1,2,3
0="> (&, 2Im(df \)w (xe))

eckE

= > (@, wrlxei) (df (ei) X Wey, + (wi + uy)df (es5)))
ijeE

= Z Z (€1, wi(xeq;)df (€45))ui + Z (wi(xeij)ér x df (eij), Wij)
ieVijeE: ijerR

= (D(ugi; Zy1), (u, W))m

= ((ukt, Zi1), D™ (u, W)

= ((ukt, Z1), (p,0))m

= hiuni

eV
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These 6g equations and the constant function 1 are not always linearly inde-
pendent. As in the smooth theory (Theorem , their linearly dependence is
equivalent to the existence of some special closed 1-form. The proof for the discrete
case is the same as in the smooth case. The only difference is that the representation
of quaternion functions (u, Z) € RV*3F here is only R-linear instead of H-linear.
It makes the computation complicated.

Theorem 3.30. Suppose M is a closed triangulated surface with genus g and f is
an immersion with dim(Ker D) = 4. Then the 6g equations uy; in Theorem
and the constant function 1 defined on vertices are R-linearly dependent if and only
if there exist a R3-valued co-closed discrete 1-form T such that

df(eij) X T(*eij) =0 Veij c E,
> (df(eij), T(xei;)) =0 VieV.
ijER:
PROOF. Suppose there exists a R3-valued co-closed discrete 1-form 7 such that
df(eij) X T(*eij) =0 Veij € F,
Z <df(eij)77'<*eij)> =0 VieV.
ijeE:i
The co-closed 1-form can be integrated over dual graph of the triangulation. Denote
a1,b1,a2,ba,...,a4,by be closed cycles on the dual graph representing a canonical
basis of its homology and let wy,ws,...,ws4 be a basis of discrete harmonic 1-forms
such that Zaj w; = Zb Wgti = 045 and Y oas [, Woti = ij w; = 0. Define constant
R? vectors A; ==Y, T and Bi:=3%, T Then7

g9
T — E Akwk —Bkwg+k
k=1

is a R3-valued co-exact dual 1-form. And hence there exists a dual 0-form u such
that du = 7 — Zigzl Apwy, — Brwg. Then we have on any edge e;;

g
df(eij) X du(*eij) = — de(ew) X Akwk(*eij) + df(elj) X Bkwg_,_k(*eij)
k=1
and on any vertex

D (df(ei), du(xeiy)) Z Z df (€i5), Ar)wr(xei;) + (df (ei;), Bu)wgri(*eij)-

ijeE:i €Ei k=1
Hence, by writing Ay = (A,lc,Ai7 A3%) and By, = (B}, B, B}), we have

g

3 g 3
D ZZAk Ukt Zkl) — ZZB u(g+k)luZ(g+k) )) =0.

k=11=1
Since dim Ker D = 4, there exists (cg, ¢) € R!*3 such that

g 3
(O,U) — ZZA ukl,Zkl ZZB g+k le(ngk)l) = (CQ,C).

k=1 1=1 k=11=1
It implies

g 3 g 3
Z Z Afcukl + Z Z BIZCU(ngk)l = —

k=11=1 k=11=1
Hence, the 6g 4+ 1 equations are R-linearly dependent.
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We now prove another direction. Suppose there exists constants Afc, B,,l67 ceR

such that
g 3 g 3
S A+ 30 Bl = e
k=11=1 k=11=1
Without loss of generality, we assume ¢ = 0. Then we define

g 3

g 3
0,2) ZZAk Ukts Zi1) +ZZB Ugiyt> Zg+iy) € RYVTE

k=11=1 k=11=1

and a R3-valued dual 1-form

g
T=d7 — Z Akwk — Bkwg+k.
k=1

Since 7 is a linearly combination of co-closed dual 1-forms, 7 is also co-closed. In
addition, on any edge e;; and vertex ¢,

df(eij) X T(*eij) :df(eij) X dZ(*e”)

g
— de(e”) X Akwk(*eij) + df(ew) X Bkwngk(*eij)

k=1
g 3
= — Im(D(0, Z)) + Im ( OO0 Al(uw, Zi)
k=11=1
+2 D Biluny, Z(g+k>l)))
k=11=1
=0
and
D7 df(eig), m(xeiy)) = Y ((df(ei), dZ(xeij))
ijeE: ijeE:i
— > {df(eij), Ap)wi (xei) + (df (eij), Br)wgrk (xeiz))
k=1
g 3
=Re(D(0,2)) — Re (D (Z Z Al (upt, Zi)
k=11=1

£
Il
-
-
Il
-

O

Generally, similar to the smooth case, we have conditions on A to ensure the
closedness and exactness of the discrete 1-form 2 Im(df \). We start with the closed-
ness condition. It is a special case of vector-valued Schlafli formula in [Souam and
Schlenker| (2008)) by considering infinitesimal deformations of closed polygons.

Corollary 3.31. Suppose (u,Z) € RV 3 satisfies ImD(u, Z) = 0. Then,
0= Z BiijNijk — bre,, Te,,
ijkeF:i
where f; 5k is the face angle of triangle (ijk) at vertex i and o, is the dihedral
angle at the edge e;;.
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PRrooOF. For any vertex ¢, summing Zz — Z,, over all the edges starting at it,

cot B, ijk ot B, ;5 .
0= > (u;—u)( 5 Nigk + ——5 " Nij) = de; T,y
ijel:i
cot B.ijk cot B ik .
= Z ((U’J - ul) 2 = + (uk - ul) 2] = )Nijk - aeijTeij'
ijkeF:i
From previous calculation,
_ Uity
o 5
and
Bi = wyi — Wij
= —cot 5]'(0'1']' — O'jk) + Cotﬁk(O'jk — Uki)
cot 3, cot B
= (ug — u;) 5 Lt (uj —uy;) 5
Hence,

E BiijkNiji — Ce; Te,; = 0.
ijhe B
O

We now investigate the exactness condition. Suppose we have an oriented
triangulated surface. A closed discrete curve on the dual surface M* is called a
triangle strip.

Corollary 3.32. Suppose we have an oriented triangulated surface f : M — R3
with arbitrary genus. Given (u,Z) € RVF3E with ImD(u, Z) = 0, we have A on
oriented edges which describes changes of edge vector. Then, such a variation of
edge vectors gives rise to an infinitesimal deformation of the surface, i.e.

2Tm(df\) is exact
if and only if for any triangle strip (See Figure

2n
> T =Y 7 < ( > Bijh.iNijk — > i Tj)-
=1 i

ijk€F:(ijk) is ijeE:(ij) is
between T;_1,; and between left face of
T; i+1 in the strip Ti—1,s and T; ;41

in the strip

ProoF. Consider triangle strip S on M with 9S = Cy U Cy where C1, Cs are
closed discrete curves. Consider a zic-zac closed curve v with vertices v1,72, ..., V2n

as in Figure 3.0]
Notice that

Vi1 — Y =i iv115 41
(Vi1 — 1) = CiivaTiigr + i1 Tiirr ¥ Im(A7, ,,,)
= ii,iﬂﬂ,z‘ﬂ + (Yig1 —v) x Im(Ag, ) )-

The curve C remaining closed is equivalent to

n

0= Z (V2i41 - Yai-1)

i=1

(721'+1 — V2i + Y2i — ’721'—1)

I

i=1
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FI1cURE 3.1. A triangle strip

2n .
= Z (%‘H - %‘)
i=1
2n .
= Z Cii1T i1 + Z Vi X (Im(/\Tifl,i) - Im(ATi,i+1))
i=1 i

2n
= Zéi,i+1Ti,i+1 - Z%‘ x ( Z Bijk,iNijk - Z &4 T55)
i=1 i

ijkEF:(ijk) is ijeB:(ij) is
between T;_1,; and between left face of
T;,i+1 in the strip -1, and Ti 411
in the strip

5. Vector Analysis of the Discrete Dirac Operator

In the smooth theory, Re(DQ) on real valued functions is the Laplace operator
as shown in Corollary 2:27] The same form is considered for the discrete Dirac
operator. It coincides up to a positive constant with the cotangent Laplace operator,

which is a famous discretized Laplace operator on triangulated surfaces introduced
by [Pinkall and Polthier| (1993)).

Theorem 3.33. For any real-valued function defined on vertices a : V. — R, the
real part of D % D*(«,0) on vertices is given by

|-
(D4 D¥(a,0)); = ~2 > (cot Bi + cot B;) (e — )
ijel:
and the imaginary part on edges is given by

1,
(D = D*(@,0))i; = 2(a; — @) (Nije. = Nig),

where A+ F — R is the area of the corresponding triangle under the immersion
and (ijk), (ijk) € F' are faces sharing an edge (ij).
PROOF. We first consider the real part on vertices.

D*(Q,O)ijk = — (oz,df(ejk) + ajdf(eki) + akdf(eij))
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FIGURE 3.2. Two neighboring triangles containing edge e;;

L _ —df(e.). D Y a0
(D A D*(a,0)); —ij;:f df (ei;), Ajz‘l'c D (aao)jik Ao D*(ev, 0)ijk)
_ Z (df (es), agdf (eji) + ajjf(?ifg) + aydf ()
ijEE:i Jjik
audf(ejr) + ajdf (eri) + Ollcdf(eij)>
Aiji ’

where A;jj, is the area of triangle (ijk). Notice that
(df (eis) df(eiz)) | {df (eij), df (ei))

coefficient of o; =

Ak Aijk
(df(e;g) df (e;z))  (df (ear), df (eir))
Az‘jfc Aijk
_(df(eij) — df(eip), df (e)) — (df(eix), df (eij) — df (eir))
Aijlé Aijk
_ldf(ery) df(ei))  (df (e, df (exy))
B Ak Aijk

= — 2(cot Bz + cot f)

=Y (df (es5), df(ejk)jl;Wf(em), df (ejx))

and coefficient of «;
ijkeF:i

= Z 2(cot B + cot By)

ijkeF:i

= Z 2(cot By, + cot ;).

ijeEE:
Hence, the real part has formula
.
(D D*(@,0)); = =2 Y (cot i+ cot f) () — ).
ijEE:
Now we consider the imaginary part on edges.

B a;df (ejx) + odf (er:) + ardf (es5)

(D L D*(a,0))i; =df (ei;) x (

A Aiji
n a/}df(ejz‘) + ajdf(eiic) + O‘idf(efgj))
Aju}:
df(ein) + aqdf (en)+  aydf(e;z) + cudf(ej.)
= —df (ei;) X (a f(ejk)Ai;:J If (exi) + kAj“; kj )
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_ —aildf(eij)[|df (eju)| sin B; + ajldf (exs)||df (ess)| sin s

Aijk !
L% jdf (ei)|Idf (e,5) | sin Bi + auldf (ei)lldf (e;) sin B
A ikj
Jik

=2(aj — a;)(Nijk — Nyg5)-

7

O

Remark 3.34. The formula above should be compared with that in the smooth case.
That s, given an immersion f, for any real valued function g : M — R, we have
D?g = Ag — df (A J grad g), where A is the shape operator of f.

Remark 3.35. One may wonder if there is a formula of D % D* on the other
components. Instead, it is not clear since there is no natural choice for the tangential
and normal component of a vector living on an edge. On the other hand, the formula

of Re(D* % D(u,0)) is also not clear, since there is no natural choice for the area
A of an edge.






CHAPTER 4

Examples

This chapter considers various examples. Section 1-2 compares infinitesimal
conformal deformations of the unit sphere S? in the smooth case and the discrete
case. It shows that convex triangulated surfaces with vertices on the unit sphere
behave similar to the smooth unit sphere under infinitesimal conformal deforma-
tions. It serves a positive evidence that the definition of conformal equivalence
of triangulated surfaces makes sense. It is a result from the blog “Discrete Spin
Geometry”.

Section 3 considers double inversions in the smooth and the discrete case. The
explicit formula for p in two cases have very nice correspondence. It justifies the
definition of p in Theorem [3.10]

Section 4 is concerned with the kernel of the discrete Dirac operator. In the
smooth theory, those conformal immersions of a surface with the dimension of ker-
nel larger than 4 are singular points of the shape space under the parametrization
by mean curvature half-density. These immersions include constant mean curva-
ture immersions and constrained Willmore surfaces. Considering the kernel of the
discrete Dirac operator would give hints to their discrete analogue. Both examples
of surfaces with dim(Ker(D)) = 4 and dim(Ker(D)) > 4 are given.

1. Infinitesimal Conformal deformations of Smooth Spheres

In order to compare with conformal deformations of a discrete round sphere,
we need to know the case for a smooth round sphere. Let f : S? — R3 be the
standard smooth unit sphere.

Theorem 4.1. Up to infinitesimal rotations and translations, the infinitesimal con-
formal deformations of the unit sphere are infinitesimal normal deformations.

PRrROOF. We first consider an infinitesimal normal variation in the form

f=vN

where v is some arbitrary real-valued function on S2. For the unit sphere, the shape
operator A : T.5? — T'S? is an identity operator. Then for any vector X,Y € T.S2,

(df (X), df (V) =(df(X),df(Y)) + (df (X),df(Y))
=(vdN(X),df (Y)) + (dv(X)N, df (Y))
+ (df (X),vdN(Y)) + (df (X),dv(Y)N)
=(vdf (A X), df (Y)) + (df (X),vdf (AY))
=20(df (X), df (Y)).

Hence, all infinitesimal normal deformations are conformal. And there exist A such
that

duN +vdf = df = (NfN) = 2(gdf — df(Y) x df — hN x df),

45
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where A = g+ df(Y) + hN is decomposed into scalar, tangential and normal com-
ponents. Since for any tangent vector X € T'S?

dF(Y) x df (X) = (Y,—JX)N = (JY, X)N,

comparing the coefficients yields

Q
|

Y = —-Jgradv,

N~ NS

>
|
o

It is observed that given any function g, there exists an infinitesimal normal
variation with prescribed real part of A. It implies the infinitesimal deformations
with ¢ = 0 a complementary subspace to normal variations. Suppose an infinites-
imal conformal deformation is given by A= g+ df(Y)+ hN. Then there exists
p: 8% — R such that

D\ =p.

From Theorem [2.26] it is equivalent to

—curlY =p,
Y =Jgrad g 4+ grad h,
2h = —divY.

The condition g = 0 implies Y = grad h and hence
Ah = —2h.

So, h is a spherical harmonic function and is of the form
h={a, f)

for some constant vector a € R®. The equation Y = grad h implies Y is tangential
projection of the constant vector a. Hence,

A=a,
which gives a trivial infinitesimal conformal deformation. O

Remark 4.2. [t is known that Mébius transformations are conformal transforma-
tions of the ambient space. They are generated by translations, rotations, scalings
and the inversion under the unit sphere. The infinitesimal transformations of the
unit sphere generated by inversions should be included in the above lemma. Infini-
tesimal conformal deformations via double inversions (Section@ are in the forms

f=—faf =—allf|P" +2f{a. f)
where a is a constant vector. For the unit sphere, we have ||f|| = 1. And so we get
f=—faf = —a+2f(a,f).

Hence, the infinitesimal conformal deformations via double inversions are compo-
sition of a translation and a normal deformation.
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2. Conformal Deformations of Discrete Round Sphere

Let f: M — R3 be a triangulated surface circumscribed on the unit sphere S2.
Consider a "normal deformation”’ of the form

fi=uvifs.
Notice that
df (ei;) = fj — fi-
Differentiating both sides yields
df(eis) = f; = fi

=v;f; —vifi
vi + v i+ J
= SN o)+ g - ) L
Since |f;| = |fj] = 1, we have

[df (ei)| _ {ldf(eip)l,ldf (ei)l) _ vi+v;

\df (ei;)]  (ldf (eij)], |df (ei;)]) 2
Hence, the normal variation is always conformal. Denote f4 as the circumcenter of
the face ¢ = (ijk). Then,
fo = cospyNy
where
cos py = (fi, Ng) = (fj, No) = (fr; Ng)-
By elementary geometry,

it fj cot 3
Tj =fo+ B kdf(eij) X Ng.
Then,
. v, +U; cot 3
df(eis) = == —>df (ei) + (v — vi)(cos ps Ny + —5 L df (i) x Ny).
Note that
1
(N grad g)y = m(gidf(ejk) + g;df (exi) + grdf (eij)),
(N grad g)y x df (ei;) = (g5 — 9i)Ng.
So,
. v; +v; cot By
df(ei;) = — 5 Ldf(ei;) + (cos pyNg(gradv)y — (v; — 1) Ng) x df (es;).
On the other hand, since the deformation is conformal, there exists unique functions
g:V—=>R,
w:F —R,

Y:F —ImHand Yy LNy
such that on any oriented edge e;;, we have

A

‘i 9 2 2 2

and so
df(eij) = A, df (ei3) + df (€ij) Ae,
= (9: +95)df (eij) + ((wg — cot Br(g; — gi)) Ny + Y) x df (eij).
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Comparing the two expression of d f (ei;), we have

Vi

2

Yy = cos pg Ny x grad vy

9i =

OJ¢:O.

Notice that any conformal deformation is given by some (u, Z) € RV 3, Con-
sider the normal deformation given by u on vertices as above, we get (u,Y) €
RY+3F_ Then, the A induced by (0,Z —Y) is again an infinitesimal conformal
deformation of the surface, which is even an infinitesimal rigid deformation, since
it leaves edge lengths fixed. Here we recall a theorem which implies for convex
triangulated surfaces the only rigid deformations are Euclidean transformations. A
detailed discussion can be found in [Pak| (2010]).

Theorem 4.3. (Dehn’s Theorem on Infinitesimal Rigidity of Convex Polytopes)
Every simplicial convex polytope in R® is infinitesimally rigid.

Thus, as an analogue to the case of conformal deformations of the smooth
sphere, we have

Theorem 4.4. For a conver triangulated surface circumscribed in the unit sphere,
infinitesimal normal deformations are the only infinitesimal conformal deformations
up to infinitesimal rotations and translations.

3. Double Inversions

In this section, infinitesimal deformations of smooth surfaces and triangulated
surfaces under double inversions are compared. It demonstrates the nice relation
of p between smooth and triangulated surfaces. The example in the smooth case is
considered in |Crane| (2013)).

Suppose we have 1-parameter family of inversions given ¢; € R® with ¢y = 0
and ¢g =: a. A mapping f : M — R3 transforms under double inversion via

f
_ 1 —Ct
fo ey = BT
e — el
[£11

We differentiate both sides with respect to ¢ and set ¢t = 0 and get
i e —allP(-e) - (i — e)2(—a, e — )
I —ll® =
=—dal|f|* +2f(a, f).
We can write the result into products of H-valued functions.
f==allfl* +2f{a, f)

=a||fI1* — 2al|f|* + 2f(a, f)
=—(af+2f xa)f
=— faf.

Assume the mapping f : M — R3? is a smooth immersion. Then taking exterior
derivative of both sides yields

df = —dfaf — fadf.

Since for a 1-parameter family of spin transformations satisfying df, = A\¢df A\, with
Ao = 1, we have at ¢ = 0 the formula

df = \df + df ).
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Comparing it with the previous equation, we get
A= —af.
We decompose a into tangential and normal components by denoting a =: b +
(a, NYN. Then, for any tangent vector X,
—df NdNX,JX) =df Aadf(X,JX)

=df (X)aNdf(X) + df (X)Nadf (X)
=df(X)(bN + Nb — 2{(a, N))df (X)

—2(N, a)|df (X)[2.
Hence,

p=DA=2(N,a).

We compare it with the deformation of triangulated surfaces under double
inversions.
For the change of an edge,

fi = fi==alllf1P = Ifill?) +2(f5(a, ;) = fila, fi))

=(a, fj + fi)(f; = fi) = all£5112 = [1:l1?) + fila, £5) = fila, fi) + fila, f)
= fila, fi)

=(a, fj + fi)(f; — fi) + (fs + fi)la, 5 — fi) —alfj — fi, fj + fa)

=(a, fj + [i)(f = fi) + (f5 = £i) < ((fi + f;) x a).

Hence, the deformation is conformal with conformal factors on vertices u; := (a, f;).
Defining on unoriented edges W;; = (f; + f;) x a, we have (u, W1) € RV 2F and
the corresponding quaternionic function on oriented edges are given by
Ay = {a, fi) + {a, f;) n (fi + £3) < a
2 2
Then, we know Im(D*(u, W)) = 0 since the deformation is locally closed. We
calculate p = Re(D"(u, W)). We use the property that >, 5., df (xe;;) = 0.

pi=Y —(df(xei)), (fi+ ;) x a)

ijEE:i
= > —(df(veiy), (fj = fi) x a) +2 Y (df(xey;), fi X a)
ijeE: ijeE:
= > —(a,df (xei;) x df (ei)) + 0
ijEE:i
= 3 (P PN ) dfey)) x dif(en)
ijEE:i
_ Z (@ (cogﬂk Ny, + cogﬂ;; N¢i,;j)‘df(eij)|2>
ijEE:i
= 3 (0 (O e + O eI
ijkCF:i
=2 Y Ayrala Noy,)
ijkEF:5

where Ajjr,; = %ﬁﬂdf(eijﬂz + %ﬁﬂdf(eik)? is the shaded area of the triangle
(ijk) shown in Figure
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FIGURE 4.1. Ajji,; is the area of the shaded portion and O is the circumcenter.

Theorem 4.5. Consider the infinitesimal double inversions generated by

f
S S—— e Gt
fo(Fr—a) = —H—.
I — el
where cg = 0,¢ = a. Then, for an immersed smooth surface f: M — R3, we have
p=DA=2(N,a)

where p|df| is the change of mean curvature half density.
On the other hand, for an immersed triangulated surface f : M — R3, we have

p=2 Y Aijwila,No,).
ijkEF:i

4. Examples about the Kernel of the Discrete Dirac Operator

We further look at deformations of the unit sphere in order to find examples of
surfaces with dim(Ker D) = 4 and dim(Ker D) > 4.

We firstly consider the case p = 0 under a normal deformation. As in section 2,
a normal deformation is determined by v : V' — R and we have the corresponding
element (g, Z) € RV 3 where

Vi
i :55
wiikNijk | Yijk
Zijk 1=—(7J2 =+ 2j ),
1
= 5c0s pijkNijr x (gradv),
1 1
=3 cos pijkm(uidf(ejk) + v;df (ex;) + Z/kdf(eij)).

We can then calculate p under the "normal deformation”’.
pi :==Re (D(g, 2))
= Y (df(es), dZ(xeij))

ijeE:i
1 COS P4

=5 D (df(en), 2 (vdf(eg) + vydf (ens) + wudf (exy)) -
ijEE:i v

COS ;5

2Az’j1}

(vadf (e;7) + vydf (ef,) + vidf (eiy)))
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= > CRLIE (df (e45) — df (ear), vadf (e5) + vydf (ers) + vidf (es;)

ijkEF:i AAsji
COS P; 4
= Y TP df(en). vidf(eje) + vidf (ens) + vedf (i)
ijkEFi ijk
J
- )2
= Z €08 Pijk (—m'df(e]k” + vj cot Bk + vy, cot B;)
=2 2451, :
ijkEF:1
S COSPig (_y, |df (ej)|(|df (€ij)| cos B + |df (e:k)| cos Br)
2 ’ 2 A5k
ijk€F:1i

+ v; cot Bi, + v cot Bj)
COS Dii
= > %((Vj — i) cot B + (vk — v4) cot B;)
ijkeF:i

cos pijk cot B €OS p,j. cot By,
= Z (v —vi)( 1]2 + ”2 ).

ijEE;i

. Cos p; ik cot cos p, . cot B; .
Theorem 4.6. Suppose the coefficients p”; Be 4 e E are positive on

every edge. Then the only normal deformation with p = 0 is constant scaling, i.e.
v = constant.

PROOF. Suppose v is not constant, then exist some vertex ¢ € V' such that
vi>v; VjeVandijel

and the inequality is strict for at least one neighboring vertex. Hence,

. oS pjiji, cot B COS p.f cot B

pi=D (i = v) (—5 + )
ij

>0

which contradicts that p vanishes identically. Hence v is constant. (]

Now we calculate p under a rigid deformation.
Theorem 4.7. Given a triangulated surface circumscribed in the unit sphere f :
M — S%. Suppose a rigid deformation is given by (0,a;; Tj; X % + hij%) €
RY*2E Then, p vanishes identically, i.e. for all vertices i,
fi+ 1 fi+ 1 )

2 2

ﬁi = Re (D*(O,aijTij X = 0.

K2

PROOF. Suppose a rigid deformation is given by (0, a;; T;; % fLQfJ +hj %) €
RY+2E Notice that

ai;Tij fi;rfj +hijfi;fj P fi;rfj +hjifi;fj.
Thus,
a;; = —aj; , hy=hy.
Also, on a face ¢ = (ijk),
(D0, 2200,
cot By, 9
= hij(df(eij) x fo — —5—df (es3)|"No)
cot 3;

— hji(df (ejk) x fo — |df (e1)|*Ny)

2
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— hia(dfens) * fio — P (ex) PN
cot ﬁk cot BZ

= (i P i ()4 hs P ) P+ s 25 er) ) N
— cos pas(hz‘jdf(eij) + hjkdf(ejk) + hyidf (exi)) x Ny

and

ImD*(0, a;; T3; x / J; fj)qb

fi+ f;
2

= (—aijldf (ei;)| — aguldf (e 2 '|2‘fk - (e ;r 5
=(aijldf (eij)| + ajrldf (ejx)] + anildf (exi)]) cos ps Ny
+ aij\df(em)|COt i df (ei;) x Ny

cot 3;

+ ajkldf (ejr)|—5—df (ejr) X Ny

cot 3,
+ aaldf (er)| S

df(e]ﬂ‘) X N¢.

Since (0, a;; Tij % % + h”f;r—fJ) gives an infinitesimal conformal deformation,
we have

0 =ImD*(0, a;;Ti; X fi;fj+hijf”;fj) (4.1)
cot By,
= (aij|df(€ij)|T — hij cos pg ) df (i) X Ny
cot 3;
+ (ajkldf(ejk)\Tﬁ — hy cos pg)df (ejx) X Ny
cot 3;

+ (aki|df(eki)| 5~ I cosp(z,)df(ekl) x Ny
+ ((aijldf (ei)| + ajildf (ejx)] + arildf (exi)]) cos py
cot ﬂk 9 cot /32 9 cot /3’]
‘df( 2])' +hjk ‘df( Jk)| + i |df(ek2)| )N¢‘

Since df(eij),df(ejk) and df (ex;) span an affine plane and df(eij)—&-df(ejk)—i—df(eki) =
0, for each face ¢, there exists wgy € R such that

+ hz]

we :aij‘df(eij”% — hij cos pg
:ajk|df(ejk)\%ﬁi — hjk COS Py
:aki\df(ekiﬂmt B — hyi cos pg.
We now then calculate the real part of D*.
Re(D* (0, a;;Ti; x f“;fj + hiy f";fj))i
= Y Ty x T T )

ijeE:i

% i t t 05
:ij;:i<aijﬂj % f ;fj -I—h”f "Q_fj CO ﬁkdf( ) N¢+ Co2ﬂkdf(eij) % N¢)>

_ Z <a fl+f] COtﬁk
= ij

; A (ex) IV +

|df (e;)INg))

ijeE:i
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fi+ f; cotp cot
+ (hij 2Ja def(eij)XNqur 5

cot B cot 55
= > aildf(e)| (55 cos pige + o cos )
ijeE:

F hyldf(e) P (207 — (X Pkye)

cot By cot B;
D> aij|df (ei)|—— cos pijk — aji|df(eij)|Tk COS P, i,

1jeE:

Pk 4t (e:5) x N;))

+ hij\df(eij)p((cogﬂk)z _ (cotzﬂ;;)g)

2 2
= E me%mw+huwsmm%ﬂ%ﬂaﬁmﬂ+huwsmﬂ>
ijek:d

cot 3 cot B3
+ higldf (e) (5 ) = (—55)%)
fi+f; fi+ f;
= (wigh €08 pijk + hij| =) = (wyp cos pyg + hag| =—%)
ijek:1
=0.

In particular from theorem [3.26] we have on all vertices

Qi . . fit /i fi+ 1
Z 2J |df(6”)| = pPi =Re (D (O,aijTij X 9 J +h” B) J ))z
ijER:
=0.
O

Example 2. A regular octahedron can be circumscribed in a sphere and is con-
vex. By Theorem [[4), normal deformations are the only conformal deformations.
And constant scaling is the only normal deformations having p identically zero by
Theorem [{.6, Thus, it has dim(Ker D) = 4.

E
¢ ol "D
D I// b \‘
B 'a a,
\\ b /’
A \ y
F B\\\ P A

FIGURE 4.2. Biscard’s octahedron and its top view

Example 3. Bricard’s octahedron is a flexible almost immersed octahedron which
can be circumscribed in a sphere. Its infinitesimal rigid deformation gives p identi-
cally zero by Theorem . Hence, dim(KerD) > 4.

Remark 4.8. In general, p is not identically zero for rigid deformations. The
following flexible torus is discussed in |Pak (2010), which gives a counterexample
here.

Example 4. Consider an immersed torus, consisting of 4 identical rThombi and 4
identical tubes connecting the rhombi as in Figure [[.3,



54 4. EXAMPLES

FIGURE 4.3. Flexible Torus

We claim that the torus is flexible. By symmetry, we can focus on the defor-
mations of the tube ABCDA'B'C'D’ and have

COSAAA/BI _ <(_aa _b7 0)7 ($7072)> _ Tax

lll2 N l1l2 ’
COSLBB/C/ — <(_a’a b70)7(xaoaz)> — —Cl.T.
l1ls l1ls

In addition with symmetries, we get
B:=/AA'B = /BB'C' = /CC'D’' = /DD'D’
and so the four parallelograms are isometric. The configuration of the torus is

giwven by 4 parameters: x,z,a,b. And we have three constraints under isometric
deformations,

a2 + b2 — l12,
22422 = l22,
—ax
—— = cos
I B,

where the right hand sides are constants. We can then express z,a,b in terms of a
free variable x. Hence the torus is flexible. By adding diagonals AB',CB’, AD',CD’
on each tube, we get a flexible triangulated torus.

We now show that p is not identically zero under some rigid deformation.
Suppose x = z(t). We have

(=a,—b,0) x (2,0,—2) (bz,—az,bx)

Naparp = l1lysin 3 - l1lasin 8
Nabap = (a,—b,0) x (,0,—2) _ (bz,az,bx)
l1l2 Sinﬂ lllg sinﬂ ’
Noaparsr = (z,0,2) X (—a, —b,0) _ (bz, —az, —bx)
l1l2 Sinﬁ lllg sinﬁ ’
Noapar o = (—a,b,0) x (z,0,2) _ (bz,az, —bx)
l1lasin 8 l1lssin B

Notice that
(lilysin B)? = b?22 + a?2% + b2a.
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<V

FIGURE 4.4. A regular octahedron with a new vertex

We then have

(N N =1 20222
COS «x ;= 2sYs IRy = e —
AA ADA'D', INABA'B (il sin B2’
2abzly
1 5 = N 1 X N | = —
sinaaa INapa'p ABA'B| (ilasin B)2’
2222
= (N 'gry N, ngn)y =1— ——————
cosaap = (Napap, Naparpr) Uilpsn A2
2bxzly
i = N rpr X N np| = —-,
sinaap = [Napa'n ABar B | (hlpsin A2
Hence,
) (cosaan) —2(az+ a3)
QAA = — = )
SN (v p A/ blg
, (cosanp) —2(bx + bi)
QAB = —— = .
sinaap zl1

Differentiating the constants, we have identities
aa + bb = 0,
zxr + 2z =0,

ax + xa = 0.

Thus,
) :dABll daarly  aapli | daarls
PA =" 2 2 2
br +bi  az+a
=2
( T )
-2z

:%(fxllQ — CLlQQ),

which is not zero generally.

One may wonder if there is any relation between infinitesimal rigidity and

dim(Ker D).
Example 5. Consider choosing a triangle of a reqular octahedron and adding new
edges connecting its circumcenter with the three vertices of the triangle. This gives
a new triangulated surface as shown in Figure [{.J], which is continuously rigid but
not infinitesimal rigid. This surface has dim(KerD) = 4, which is explained as
follows:

The new vertex can only moves orthogonal to the triangle. p > 0 if the vertex
moving outward and p < 0 if the vertex moving inward. So to have p = 0 on the
vertex, it has to stay on the triangle. Hence, to consider the conformal deformation
with p = 0, one can ignore the new vertex. Thus, the dimension of Ker D is same
as without the new vertex.
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FIGURE 4.5. Jessen’s orthogonal icosahedron

Example 6. Jessen’s orthogonal icosahedron is obtained from a reqular icosahedron
by flipping 6 edges symmetrically (Goldberg, |1978; |Jessen|, |1967). Its vertices are
the same as the reqular icosahedron and hence can be circumscribed in a sphere. It
is continuously rigid but not infinitesimal rigid. Its infinitesimal rigid deformation
gives p identically zero by Theorem . Hence, dim(Ker D) > 4.




APPENDIX A

Zusammenfassung

Diese Arbeit behandelt eine diskretisierte Version von Quaternischer Analysis.
Wir beschreiben die Beziehung zwischen infinitesimalem konformen Verformungen
der triangulierten Flachen im euklidischen Raum und ihrer extrinsische Geometrie.
Die Arbeit folgt dem Ziel der diskreten Differentialgeometrie (Bobenko and Suris,
2008), um mathematische Strukturen von triangulierten Flachen &hnlich wie in der
glatten Theorie zu suchen.

Diese Arbeit ist in 4 Kapitel unterteilt. Kapitel 1 enthalt Hintergrundwissen
iiber quaternionische lineare Algebra und diskrete Differentialformen. Die Hodge
Zerlegung fiir diskrete Differentialformen wird hergeleitet. Dieses Kapitel endet mit
einer eindimensionalen Darstellung der infinitesimalem konformen Verformungen
von Oberflichen. Wir vergleichen den Raum der ebenen Kurven mit fester Lange,
im glatten wie im diskreten Fall parametrisiert durch Kriimmungfunktionen.

Kapitel 2 behandelt konforme Deformationen von glatten Oberflichen mithilfe
quaternionischer Analysis. Wir fassen die grundlegenden Ergebnisse zusammen
und konzentrieren uns auf infinitesimale konforme Verformungen. Bedingungen fiir
infinitesimale konforme Deformationen fiir Oberflichen von héherem Geschlecht
abgeleitet werden. Die meisten Sitze haben hier ein diskretes Analogen im folgen-
den Kapitel.

Kapitel 3 ist der wichtigste Teil der Arbeit und konzentriert sich auf infinites-
imale konforme Deformationen von triangulierten Flachen. Wir untersuchen den
Begriff konformer Aquivalenz von triangulierte Flachen und seine Eigenschaften im
Vergleich zu der glatten Theorie. Dann leiten wir den diskreten Dirac-Operator. Be-
dingungen fiir infinitesimale konforme Deformationen fiir Oberflachen von hoherem
Geschlecht werden gezeigt. Es endet mit der Herleitung des diskreten Laplace-
Operators bzw. der Kotangens Laplace Formel.

Kapitel 4 gibt explizite Beispiele zum Vergleich. Die Wahl des Begriffs der
konformen Aquivalenz und diskreten Definition in Kapitel 3 wird durch den Ver-
gleich von glatten und diskretes Theorie gerechtfertigt. Die Dimension des Kerns
des diskreten Dirac Operators wird auch fiir einige Triangulierte Flachen berechnet.
Wir présentieren Beispiele mit dim(Ker D) = 4 und dim(KerD) > 4. Sie werden
aus dem Studium der Steifigkeit der polyedrischen Flichen motiviert.
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