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ZUSAMMENFASSUNG

Diese kumulative Dissertation behandelt praktische und theoretische Aspekte diskreter Vektor-
biindel iiber Simplizialkomplexen. Dabei stehen hier vor allem hermitesche Linienbiindel im
Vordergrund, welche in den letzten Jahren eine Reihe bemerkenswerter Anwendungen in der Com-
putergrafik fanden. Zwei dieser Anwendungen sind dabei Teil dieser Dissertation: die Berechnung
von optimalen n-Richtungsfeldern auf Flichen (Kapitel 1) und die Berechnung von Streifen-
mustern auf Flachen (Kapitel 2). Die entwickelten Algorithmen liefern im Vergleich mit anderen
modernen Methoden Resultate von gleicher Qualitét, sind aber um eine Gréfenordnung schneller.
Motiviert durch ihre Anwendungen werden dann im letzten Kapitel diskrete Vektorbiindel aus
dem Blickwinkel der diskreten Differentialgeometrie betrachtet (Kapitel 3). Dies beinhaltet eine
vollstandige Klassifikation der diskreten Vektorbiindel mit Zusammenhang und die Klassifika-
tion der hermiteschen Linienbiindel mit Kriimmung. Weiter wird jedem diskreten hermiteschen
Linienbiindel mit Kriimmung ein eindeutiges stiickweise glattes Biindel mit Zusammenhang zu-
geordnet. Dies fiihrt zu einer Verallgemeinerung des bekannten Kotangens-Laplace-Operators
auf beliebige diskrete hermitesche Linienbiindel mit Kriimmung iiber endlichen Euklidischen
Simplizialkomplexen.
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ABSTRACT

This cumulative dissertation treats practical and theoretical aspects of discrete vector bundles
over simplicial complexes. Here the main focus is on discrete hermitian line bundles which, in
recent years, found a number of remarkable applications in computer graphics. Two of these
applications are part of this thesis: The computation of optimal n-direction fields on surfaces
(Chapter 1) and the computation of stripe patterns on surfaces (Chapter 2). The developed
algorithms yield, in comparison with state-of-the-art methods, results of same quality but are an
order of magnitude faster. In the last chapter, motivated by their applications, discrete vector
bundles are investigated from the viewpoint of discrete differential geometry (Chapter 3). This
includes a complete classification of discrete vector bundles with connection and the classification
of discrete hermitian line bundles with curvature. Moreover, to each discrete hermitian line
bundle with curvature we assign a unique piecewise-smooth hermitian line bundle with connection.
This leads to a generalization of the well-known cotangent-Laplace operator to arbitrary discrete
hermitian line bundles with curvature over finite Euclidean simplicial complexes.
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INTRODUCTION

Vector bundles are fundamental objects in Differential Geometry. The tangent bundle, the
cotangent bundle and other bundles associated to the tangent bundle are omnipresent.

At the beginning of the 20th century Tullio Levi-Civita introduced in context of Riemannian
geometry the notion of parallel transport. He also found its relation to curvature [41]. Shortly
thereafter, inspired by physical considerations, Hermann Weyl put bundles on a more abstract
level. By introduction of the "scale" bundle — a real line bundle with connection — he generalized
Riemannian geometry to what nowadays is known as Weyl geometry. Moreover, this led to one
of the first examples of a unified field theory [73].

After the rise of quantum mechanics Weyl realized that electromagnetism should instead be
encoded by a connection on a U(1)-bundle — the "phase" bundle. This led to a quantum
mechanical description and allowed to give a gauge-theoretical explanation of the conservation of
electric charge [74]. In contrast to the "scale" bundle, the "phase" bundle can be topologically
non-trivial. This causes certain topological effects, considered e.g. by Dirac in his theory of
magnetic monopoles [21], and led to the prediction and verification of the Aharonov-Bohm effect
1, 8].

In [77] Yang and Mills then generalized these ideas to SU(2)-bundles. This was the beginning of
non-abelian gauge-theories whose predictions are verified today in large supercolliders.

Thus bundle theory is motivated to a large extend by Physics. As bundles play such an important
role, the Physics literature is also the main place where discretizations of vector bundles and
discrete Laplace operators appear [12, 13, 25, 37, 64].

Recently discrete line bundles also found a number of remarkable applications in computer graphics
[11, 33, 34, 72|. Two of these articles are contained in this thesis.

The first application, described in Chapter 1, is the computation of optimally n-RoSy fields on
surfaces. Here an n-RoSy field is just a pointwise normalized n-vector field. Since the tangent
bundle of an oriented Riemannian surface is a hermitian line bundle, an n-RoSy field can be
regarded as a pointwise normalized section of the n-th tensor power of the tangent bundle.
This turns the problem into the search for certain direction fields, i.e. pointwise normalized
sections in a hermitian line bundle over the surface (defined up to a set of isolated singularities).
The term ’optimal’ suggests that there is an underlying variational energy. A natural measure
for the smoothness of a vector field is its Dirichlet energy. Unfortunately, in the presence of
singularities, the Dirichlet energy of a direction field is infinite. Since, in general, direction fields
have singularities, we define the energy of a given field ¢ instead to be the ground state energy of
a certain Schrédinger operator associated to ¢. As a consequence we obtain a remarkable simple
algorithm for the computation of an optimal direction field:

The optimal direction fields are exactly the pointwise normalized eigenvectors of the Laplace
operator corresponding to the smallest eigenvalue.

From the algorithm it is evident that singularities are placed automatically. By inclusion of an
additional linear energy meas the deviance from a given section, a specific alignment can be
obtained.
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Furthermore, a finite element method for discrete hermitian line bundles with curvature over
surface is developed. This finally allows a discretization of the problem and hence the computation
of optimal direction fields in arbitrary discrete hermitian line bundles.

In order to compute optimal n-RoSy fields we then assign to each oriented Euclidean simplicial
surface a discrete tangent bundle. Therefore we equip the surface with its canonical Riemann
surface structure and restrict its tangent bundle to the vertex set. Though the original metric
has conical singularities the parallel transport of directions is well-defined and yields a discrete
connection turning the discrete bundle into a discrete hermitian line bundle with curvature — the
discrete tangent bundle of the Euclidean simplicial surface. In particular, we obtain an efficient
method for the computation of optimal n-RoSy fields on discrete surface.

Moreover, we use a formula of Weitzenbdck-type to include a parameter which can be used to
bias the placement of singularities.

Chapter 2 deals with stripe patterns on surfaces. Here one is interested in a function ¢ taking its
values in the unit circle, which ’spirals’ along given directions, i.e.

dp = wo

for some given 1-form w on the surface M - possibly with isolated singularities. The stripes then
arise as the level lines of ¢ and hence are perpendicular to w. Of course, such ¢ can only exist
for special forms w. Taking a different point of view, one possibility to relax the problem seems
to be obvious: If one considers the bundle M x C with connection V = d — ww, then ¢ satisfying
the equation above is a non-vanishing parallel section - which does not exist in general. Instead
we ask for an optimal direction field in the sence of Chapter 1. Such field always exists and
yields, in case the bundle was trivial, the desired solution. The stripe patterns generated by this
method show in general, besides the singularities of w, a characteristic kind of singularities (edge
dislocations). These appear in nature on several scales.

If one considers instead of a 1-form w a quadratic differential ¢, a corresponding unoriented stripe
pattern can be generated by switching to a double cover of M. Though a double cover is now
involved, the size of problem stays the same. Moreover we provide a non-linear interpolation
scheme to extract an (up to isolated singularities) continuous stripe pattern out of the discrete
data.

In comparison with state-of-the-art methods, the developed algorithms yield results of same quality,
but are an order of magnitude faster.

Motivated by their applications, Chapter 3 treats discrete vector bundles from the viewpoint
of discrete differential geometry. This includes a complete classification of the discrete vector
bundles over finite simplicial complexes by their monodromy, which can be regarded as a discrete
analogue of a theorem of Shoshichi Kobayashi, as well as a discrete analogue of a theorem of
André Weil on the classification of hermitian line bundles with connection by their curvature.
Moreover, for each section of a discrete hermitian line bundle with curvature a discrete index
form is defined in such a way that a discrete version of the famous Poincaré-Hopf index theorem
is valid. Finally, it is shown that each discrete hermitian line bundle with curvature over the
simplicial complex extends uniquely to a piecewise-smooth hermitian line bundle with connection
- its associated bundle. Each discrete section is then identified with a section of the associated
bundle, which is used to define a discrete Dirichlet energy for arbitrary discrete hermitian line
bundles with curvature over Euclidean simplicial manifolds. The corresponding Laplace operator
is a generalization of the well-known cotangent-Laplace operator.
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Felix Knoppel, Keenan Crane, Ulrich Pinkall, Peter Schroder
ACM Trans. Graph. 32, 4 (July), 59:1-59:10, 2013.

ABsTRACT. We present a method for constructing smooth n-direction fields (line fields, cross
fields, etc.) on surfaces that is an order of magnitude faster than state-of-the-art methods, while
still producing fields of equal or better quality. Fields produced by the method are globally
optimal in the sense that they minimize a simple, well-defined quadratic smoothness energy
over all possible configurations of singularities (number, location, and index). The method
is fully automatic and can optionally produce fields aligned with a given guidance field such
as principal curvature directions. Computationally the smoothest field is found via a sparse
eigenvalue problem involving a matrix similar to the cotan-Laplacian. When a guidance field is
present, finding the optimal field amounts to solving a single linear system.

1 INTRODUCTION

A direction field ¢ of degree n € N associates a collection of n evenly spaced unit tangent vectors
to each point of a surface. For instance, n = 1,2 and 4 correspond to direction, line, and cross
fields, respectively (Figure 2). In general such fields must have singularities, i.e., isolated points
where the field fails to vary smoothly.

At first glance, computing the smoothest n-direction field appears to be a difficult combinatorial
optimization problem for two reasons. First, we must determine the optimal number, placement,
and indices of singularities. Second, we must identify directions that differ in angle by integer
multiples of 27 /n. For a fized configuration of singularities, Crane et al. [16] demonstrate that
an optimal solution can be found by solving a pair of sparse linear systems. In many situations,
however, it is desirable to place singularities automatically. Historically this task has been
formulated in terms of difficult nonconvex optimization problems where little can be said about
global optimality (Section 1.1). In this paper we describe a simple quadratic smoothness energy
that easily admits a global minimum with respect to all possible configurations of singularities.
Fig. 1 shows one example.

Our method has two key ingredients. First, we represent n-direction fields by storing the nt" power
of a complex number at each vertex, together with an arbitrary (but fixed) tangent basis direction.
Optimizing the smoothness of such a field does not require period jumps or trigonometric functions
as in previous methods (Section 1.1). Second, we measure the smoothness of an n-direction field
using the ground state energy of an appropriate Schridinger operator. Unlike many methods,
this formulation does not require a nonconvex unit-norm constraint on each vector, and is well-
defined even for singular n-direction fields (Section 3). In addition, we introduce a continuum of
“geometry-aware” smoothness energies that provide a tradeoff between the straightness of field
lines and the total number of singularities. Finally, we allow a tradeoff between smoothness and
alignment with a guidance field, which in the case of principal curvature alignment leads to a
simple, automatic scheme without the need for careful tuning of parameters.

For triangle meshes our algorithm requires the setup of a matrix similar to the cotan-Laplacian,
but with complex instead of real variables. To build this system we need a connection, i.e., a
prescription for mapping tangent vectors between tangent spaces, expressed via unit complex
numbers (rotations) associated with edges. Finding an eigenvector corresponding to the smallest
eigenvalue of this matrix gives a global minimizer of the smoothness energy. If alignment with

1
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Figure 1. Smoothest unit vector field on the Stanford bunny over all possible
configurations of singularities, computed by solving a single eigenvector problem.
Red and blue spheres indicate positive and negative singularities, respectively.
(471ms, |T| = 28k)

a given field is desired, solving a single linear system yields a global minimizer of a weighted
smoothness and alignment energy. An outline of these algorithms is given at the end of Section 6.

Throughout we will distinguish between directions which have unit length, and vectors which can
have any length.

1.1 RELATED WORK

Computation of smooth n-direction fields on surfaces, in particular the case n = 4, is an essential
component in applications ranging from nonphotorealistic rendering [27] to texture synthesis [39],
parameterization [59], and remeshing [29, 5, 53], to name a few. In these applications one is
often interested in smooth fields which approximate directions of principal curvature, i.e., the most
extreme directions of bending. While it is relatively straightforward to formulate energies which
encode the desired effects, they are typically nonconvex and often NP-hard to solve. Finding a
simple convex formulation that yields the globally smoothest n-direction fields — in any well-defined
sense — has so far eluded researchers in this area.

A principal difficulty is the need to identify directions modulo 27 /n. One possible approach is to
simply multiply angles by n. For example, Hertzmann and Zorin [27] work with 4-direction fields

N AT 02X
N X
G [ | hapres ey
N NN S| oA
SN \\“Q‘ gé//. + -+ -

Figure 2. Left to right: examples of n-direction fields for n = 1 (direction), n = 2
(line), and n = 4 (cross), near singularities of index +1, —l—%, and —&—%, respectively.
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Mixed Integer Globally Optimal  Globally Optimal
(s=0) (s=1)

Figure 3. Smoothness energies involving integer variables are easy to formulate
but difficult to minimize. Left: solution produced by the mixed-integer method
of Bommes et al. [5]. Center: solution produced by our method with s = 0.
Right: solution produced by our method with s = 1. Both solutions are global
minimizers; the parameter s offers a tradeoff between smoothness and number of
singularities.

and use an energy
E(¢) = — Z cos (4(¢i — ¢j + 0i5))
ijeE
where angles ¢; specify directions at vertices and 8;; is the angle between neighboring tangent
frames. A variant of this “cosine” energy was later adopted by Kélberer et al. [29]. Owing to

nonconvexity, little can be said about optimality of solutions found via local descent; moreover,
results depend on initialization.

Another possibility is to use the representation vectors (u;,v;) := (cos(ng;),sin(n¢;)) themselves
as variables [59, 54, 60]. Now however an additional unit constraint u? + v? = 1 enters, leading
to an NP-hard nonconvex problem [43]. In practice the unit constraint is included as a penalty
term or relaxed through iterative renormalization. As before, little can be said about global
optimality.

A different route was taken by Ray et al. [61] who work with angles directly and use so-called
period jumps p;; € Z to compare angles across a given edge e;;, leading to a smoothness energy

(1.1) E(¢,p) = Z (¢j — ¢ + 05 + QL:Lﬂ)Qy

e ;€E

which is quadratic in ¢ and p. Since the period jumps are integer variables, the feasible set
of solutions is nonconvex. In general, mixed-integer optimization problems are NP-hard and a
relaxation must be applied. Ray et al. apply a direct rounding procedure after first treating
the p;; as real valued, while Bommes et al. [5] use a greedy rounding procedure which tends to
produce solutions with lower energy. Again, global optimality of the resulting solutions cannot
be asserted.

In all these approaches the user need not provide locations for the singularities (which must be
present on surfaces of arbitrary topology). If singularities are prescribed ahead of time, very
simple quadratic formulations are possible as demonstrated by Fisher et al. [22] for vector fields
and by Crane et al. [16] for n-direction fields.

Our representation is perhaps closest to that of Kass and Witkin [32] who used squared complex
numbers to extract unoriented line fields (i.e., n = 2) from images. Palacios and Zhang [54]
propose a similar idea for arbitrary n but use real representation vectors (R cos(n¢), Rsin(ng))
and encode transformations between tangent spaces via matrices. These representations are
attractive, but neither work addresses the question of finding optimally smooth fields on surfaces.



4 1. GLOBALLY OPTIMAL DIRECTION FIELDS

E =46.37

Figure 4. Dirichlet energy of a unit n-direction field is not a reliable measure
of quality, since under refinement the energy contributed by a singularity grows
without bound. Top: uniform tessellation yields the expected result: antipodal
singularities have lower energy than the configuration on the right. Bottom:
refining around the poles increases the energy of the antipodal pair, reversing
this relationship. This phenomenon is a consequence of the smooth formulation
and is not fixed by, e.g., more accurate area weighting.

2 n-VECTOR FIELDS ON SURFACES

We begin with a description of our representation of n-vector fields on surfaces in the continuous
setting; in Section 6 we discuss discretization on triangle meshes. Here and throughout 2 denotes
the imaginary unit. We use |- | to denote the magnitude of a complex number and “arg” to denote
the angle it makes with the real axis. Recall that a vector z € C rotated by an angle § € R can
be expressed as €'/ 2.

R> Real Planes and Complex Lines. Traditionally, a tangent space T, M over a

point p of a surface M is viewed as a copy of the real Euclidean plane R2. In

" this case, any tangent vector can be expressed as a real linear combination of two

basis vectors ey, es, i.e., zey + yes for some pair of coefficients x,y € R. A useful

alternative is to think of 7, M as a copy of the complex numbers C, in which case

€ any vector can be written as a complez multiple of a single basis vector e;. (For

‘ instance, any point in C can be expressed as some complex number z times the

777777 /_e: real unit vector 1.) In this sense, C is a one-dimensional complex vector space, also
ze, known as the complex line.

xeﬁ-iyez

n-Vector Fields. When viewed as a collection of complex lines, the tangent bundle TM is
referred to as a complex line bundle, and a choice of unit basis vector X, € T, M at each point
p € M is called a basis section. The complezx structure J represents a 90-degree rotation in each
tangent space. For surfaces in R?, J is induced by a quarter turn around the unit normal N, i.e.,
for any tangent vector field Z we let (JZ), :== N, X Z,.

As suggested above, a vector field Z can be expressed as Z = zX for some coefficient function
z : M — C relative to a basis section X. Likewise, any n-vector field 1 can be expressed as a
collection of complex functions

{e?km/ny k=0,...,n—1}
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o = eL(9+2kn/n)

Figure 5. We represent tangent vectors as complex numbers; directions that differ
in angle by some multiple of 27/n become indistinguishable when raised to the
nt" power.

which describes n copies of Z, each rotated by some integer multiple of 27 /n. Alternatively, we
can raise any of these functions to the n'" power yielding the single complex function

u:i=z",

as depicted in Figure 5. This function provides a concise representation of an n-vector field via
= uX. Moreover if b = |u| and ¢ = arg(u), we can then recover individual vector fields by
g
computing the n' roots
{pt/mer@/nt2kn/n) b — o . p—1}.

Note that these functions carry meaning only with respect to the chosen basis section. In particular,
we cannot treat them as ordinary scalar functions, but instead have to consider parallel transport,
as discussed below. Formally, an n-vector field is a section of the n'® order tensor product
L := TM®" and the basis section X is naturally identified with a basis section of L.

Parallel Transport. The main benefit of this representation is that, at least within a given
tangent space 1, M, we can measure the difference between two n-vectors via the simple quadratic
expression |u1(p) — ua(p)|?. When comparing vectors from different tangent spaces, however, we
must be more careful — in particular, we must first map both vectors into a common tangent
space via parallel transport. More explicitly, let X,, and X, be basis vectors for the two tangent
spaces T, M and T, M, respectively, and let v be a geodesic from p to g, as depicted in Figure 6.
If 6,0, are the angles made by v with the two basis vectors and 0,4 := 8, — 0, is the difference
between these angles, then the parallel transport map P,q: Tp,M — T, M is given by

(2.1) Ppy(2p X)) i= €712, X,.

In other words, the coefficient 2z, with respect to X, gets mapped to the coefficient e'fra zp With
respect to X,. Geometrically, the parallel transport map translates vectors from one tangent

Figure 6. To transport a vector from one tangent space to another it is sufficient
to measure the angle it makes against a geodesic connecting the two tangent
spaces.
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space to another without any in-plane rotation (Levi-Civita). The difference between two vectors
is then defined as
20 2
|€7P9 2 — 24|,
and more generally we can write the difference between two n-vectors as
20 n n|2 _ | wnb n ni2 __ 2
(22) |(€ pqu) - zq' - |€ pqu - Zq| - |quup - uq| )

where for convenience we define the angle

(2.3) Ppq = Nbpq
and the corresponding transport coefficient

-— p'Ppa
Tpg =€ .

Importantly, Equation (2.2) remains quadratic in z since the coefficient r is constant, depending
only on the geometry of M, the choice of basis section X, and the degree n of the field. Note that
by introducing the Levi-Civita connection, we also introduce a dependence on the Riemannian
metric.

3 SMOOTH n-DIRECTION FIELDS

We now focus on n-direction fields, i.e., unit n-vector fields. The smoothness of a function is
often measured via its Dirichlet energy; this energy can also be used for n-vector fields ¢ = uX:

(3.1 Eo(w) =} [ Ve

Here V denotes the covariant derivative, i.e., the Levi-Civita connection on M. For n-direction
fields there are two main problems with this measure of smoothness. First, we must enforce the
pointwise constraint |u| = 1, resulting in hard optimization problems as discussed in Section 1.1.
Second, the Dirichlet energy of a singular n-direction field is not in general well-defined. In
particular, consider that any vector field Z can be expressed as the product of a unit vector field
Z and a real nonnegative scale factor a, i.e., Z = aZ. Since the change in a unit vector field is
orthogonal to the field itself, we get VZ = (Va)Z + awJZ, where w is the rotation speed of Z.
The Dirichlet energy of Z is then

%/M |VZ|?dA = %/M IVal? + a®|w|?dA = L (A + |w|?)a, a))

where A is the positive semidefinite Laplace-Beltrami operator on M and ((.,.)) denotes the Lo
inner product. For a direction field the scale factor is a = 1, hence the Dirichlet energy is simply
J3s lw[?. The rotation speed w at a distance r from a singularity is proportional to 1/r (as r — 0)

Figure 7. Our algorithm can produce fields of any degree — here n = 3 (left) and
n =5 (right) using the holomorphic energy (Section 4).
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Figure 8. Smoothest direction fields for varying n, as measured by the holomor-
phic energy. For higher n singularities arise in groups, as if splitting from those
for smaller n. (382ms, |T'| = 25k)

since the total angle of rotation 2k is divided by the circumference 27r for a circle of radius 7.
Consequently, the Dirichlet energy of a direction field with singularities is undefined (infinite).

On a mesh, Dirichlet energy is finite but blows up under refinement. For instance, even if we
add area weights to the energy F(¢,p) (Equation (1.1)), refinement around singularities increases
energy so much that visibly inferior solutions yield lower energy (Figure 4). This observation
motivates a different treatment of smoothness. In particular, we define the energy E of an
n-direction field ¢ as the lowest Dirichlet energy among all n-vector fields ¢ = ay parallel to .
In other words, to evaluate the energy of a fixed unit field ¢ we look for an optimal scaling a > 0:

3.2 E(¢):= min / V(ag)|?dA,
(32 (0= min_ [ V(@)
where the constraint ||a|| = 1 prevents the trivial solution a = 0.

At first glance this energy seems ill-defined, since the potential |w|? is unbounded for singular
n-direction fields. However, minimizing the quadratic form ((A + |w|?)a,a)) over unit-norm
functions a is equivalent to solving the eigenvalue problem

(A + |w])a = Xa

for the smallest eigenvalue A\ and corresponding eigenfunction a. In physics, this equation is known
as a time-independent Schridinger equation, where the scalar function |w|? can be interpreted
as the potential energy of a particle moving on the surface. The eigenfunction a with smallest
eigenvalue is equivalent to the wave function of a free particle with lowest energy, which is always
well-defined. From here, the globally optimal n-direction field is obtained by minimizing E(¢)
over all unit fields ¢:

min F = min / (a dA)
lol=1 (%) le|=1 a>0 HaH 1 Viav)l

But since the set of rescaled n-direction fields is no different from the set of all n-vector fields, we

can instead solve
V|2 dA,
lel— / IVl

which amounts to a smallest eigenvalue problem A1) = A, and recover the solution to our original
problem via a + |¢|, ¢ < ¢ /a. In the end, we obtain a smoothest n-direction field (among all
possible configurations of singularities) via a surprisingly simple procedure: find the smoothest n-
vector field and normalize the resulting vectors. The physical interpretation of E(go) also provides
some insight into why the globally smoothest n-direction field has a small (though not necessarily
minimal) number of singularities: adding too many poles to w increases the potential energy |w|?,
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hence it also increases the ground-state energy of the corresponding wave function. We emphasize,
however, that we never explicitly build the Schrédinger operator A + |w|? or minimize the energy
E — these objects are introduced simply to analyze the intermediate variational problem. In
practice we need only build the Laplacian A used in the final eigenvalue problem.

Fig. 8 visualizes the fields we obtain by varying n on the same shape; Figure 7 shows more exotic
examples.

4 QUADRATIC SMOOTHNESS ENERGIES

The most commonly used smoothness energy is the Dirichlet energy Fp. However, we can
obtain a richer family of energies by orthogonally splitting the covariant derivative into a sum of
Cauchy-Riemann derivatives, i.e., Vi) = Oy + 01 where

Iz =5 (Vg + IV z0), 979 := 5 (Vg — IV z¢),

and Z is an arbitrary vector field (see [75] and [2, p. 27]). We call an n-vector field holomorphic

if 9z = 0 for all vector fields Z, and anti-holomorphic if 9z = 0 [52, Ch. 2.4]. These

definitions mirror the standard notion that a function f : C — C is holomorphic (i.e., angle- and
)

orientation-preserving) if it satisfies the Cauchy-Riemann equation 0 = 0f = %(7 + la%) f=0.

Using the orthogonal splitting described above, the Dirichlet energy decomposes into holomorphic
and anti-holomorphic terms Er and F 4, respectively:

Ep() = B () + Ba() = 1 /N 10vPdA+ /M 0 2dA.

We therefore define our smoothness energy as
(4.1) E;,:=(14+s)Eg+(1—s)Ex=Ep —s(Es — Ep),

providing a continuum from anti-holomorphic (s = —1) to Dirichlet (s = 0) to holomorphic (s = 1)
energy. Equivalently, the parameter s controls the deviation of F, from the standard Dirichlet
energy by the difference

Ba() - Bn() = %/

nk[vPdd—} [ tm(ve.v)

M oM

where K denotes Gaussian curvature (Appendix C). The potential in the Schrodinger operator
now becomes |w|> — $nK, biasing singularities towards areas of high (s < 0) or low (s > 0)
Gaussian curvature — this is the sense in which our smoothness energy is “geometry aware.” More
precisely, direction fields obtained for s = +1 depend only on the conformal structure; for all other
s, results depend on the metric. As shown in Fig. 9, the parameter s provides a useful tradeoff

between number of singularities and “straightness” (i.e., geodesic curvature) of integral curves.

Equation to Solve. Let A be the positive semidefinite quadratic form given by E(¢) =
%«A’g/],’g/]» We find a global minimizer ¥ of E; among fields with unit norm by solving the
problem

(4.2) A = M
for the smallest eigenvalue A € R.

Discussion. The solution ¥ to Equation (4.2) is unique up to a complex constant with unit
norm — this constant determines the global “phase,” i.e., it rotates every tangent vector by the
same angle. In the case where ) is a repeated eigenvalue we obtain one of many possible solutions;
note that all such solutions are global minimizers of our smoothness energy. Alignment constraints
(Section 5) can be used to specify additional criteria.

A 1-vector field Y on M is anti-holomorphic if and only if the associated real-valued 1-form
X — (Y, X) is harmonic, where (-, ) denotes the Riemannian metric. Likewise, since vector fields
on any open set U C C can be naturally identified with complex functions, we can say that Y
is holomorphic whenever it can be expressed as a holomorphic function in each local coordinate
chart. These relationships help us make the connection with existing methods from computer
graphics. For instance, holomorphic 1-forms (corresponding to anti-holomorphic 1-vector fields)
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s=0

Figure 9. When seeking a smooth vector field, one often faces a choice: fewer
singularities, or straighter field lines? Our method offers a tradeoff between the
two, determined by a continuously varying parameter s. As seen above, s = 1
(holomorphic energy) typically yields fewer singularities, whereas s = 0 (Dirichlet
energy) gives straighter lines; s = —1 (anti-holomorphic energy) provides a
compromise between the two. (405ms, |T'| = 25k)

appear in [24] in the context of parameterization, while the holomorphic energy for functions was
first used in the context of parameterization by Lévy et al. [42] and Desbrun et al. [19], where it
was referred to as the conformal energy. Anti-holomorphic energy was used by Fisher et al. [22]
in a DEC [18] context to find smoothest 1-vector fields as minimizers of the Hodge-Laplacian
5 IV xZ2+ V- Z> = [,,10Z]* = 2E4(Z). The holomorphic energy of 1-vector fields also
appeared in the work of Ben-Chen et al. [4, Eq. 8], where the Killing energy of a 1-vector field is
defined as Ex(Z) =4 [,, 3|V - Z|* + |0Z|?, encoding the fact that a Killing 1-vector field is both
holomorphic and divergence free.

5 ALIGNMENT ENERGIES

It is often desirable to balance smoothness and alignment with a given field ¢. Alignment is
accomplished via the functional

Bi(w) = [ Re((0.0))d4 = Re((0.4)).

where ¢ is normalized so that ||¢|| = 1. We then let

(5.1) Eqt(¢) = (1 = t)Es(¥) — tE(¢)
where ¢ € [0, 1] controls the strength of alignment. Just as before we minimize E; ; over all fields
with ||¢|| = 1. The pointwise magnitude |¢| determines the local weighting between alignment and

smoothness terms. For example, setting ¢ = 0 on regions with missing or unreliable information
will smoothly interpolate data from regions where |¢| > 0.

Equation to Solve. Let A be the quadratic form corresponding to E, ;. We find the global
minimizer of E,; by solving

(5.2) (A= AD)P = ¢,

and normalizing the result, i.e., 1 < ¢/||¢|| (Appendix A). Letting A; be the smallest eigenvalue
of A, the parameter A\; € (—oo, A1) controls the tradeoff between alignment (A; — —oo for ¢ — 1)
and smoothness (A — A for t — 0), as illustrated in Figure 10. See Appendix A for further
discussion.
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Ale

Figure 10. Adding an alignment term, we can interpolate between a curvature
aligned field (upper left) and a smooth field (lower right). Here s = 0 and Ay is
the smallest eigenvalue; we use principal curvature as a guidance field. (498ms,
|T| = 65k)

6 COMPUTATION ON TRIANGLE MESHES

So far we have described our approach in the smooth setting. In this section we collect all
details needed for numerical computation on triangle meshes, which are based on a finite element
discretization using piecewise linear (PL) basis sections.

Triangle Meshes. We assume that our input is an oriented 2-manifold triangle mesh of
arbitrary topology with or without boundary. We use V', E, and T to denote the set of vertices
v;, edges e;; and triangles t;;1, respectively. Vertices have coordinates p; € R3, with the rest of
the surface defined via linear interpolation.

Vertex Tangent Spaces and Parallel Transport. Each vertex v; carries a unit basis
vector X; (for convenience we use one of the incident edge directions) and a coefficient u; € C
representing the associated n-vector with respect to this basis. To measure angles in tangent
spaces, we rescale Euclidean angles at each vertex to sum to 27 [57, 79]. This rescaling effectively
“flattens” the vertices, pushing their curvature into the incident triangles ¢;;, > ¢. Let

27
= —jk}’
Ztijkai ai

where afk denotes the Euclidean angle at v; in ¢;;,, opposite ej. (On the boundary, s; := 1.)
For parallel transport from v; to v; let

(6.2) pij = n(0;(Xj, ei) — 0:(Xs, €i5))

(cf. Equation (2.3)), with 6,(X;,e;;) denoting the rescaled Euclidean angle from X; to e;; in
T;M (and similarly for ;). Each oriented edge of the mesh is assigned the transport coefficient
rij = €74, which is needed for matrix assembly.

(6.1) 8t

Curvature. Transporting an n-vector around the boundary of ¢;;, computes the holonomy
Qi € (—, w], which represents the curvature of our line bundle L over Lijh:

(6.3) e IR = TR
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For each triangle we compute this value as €, = arg(r;;7;x"ki), which is needed for matrix
assembly (Section 6.1.1). Note that this definition implicitly assumes that curvature is constant
in each triangle, and thus proportional to area — conceptually

(6.4) Qijr = / nKdA = nKijkltijkl
tijk
where |¢;%| and K, ;) are the area and Gaussian curvature in triangle ¢;;.

PL Finite Elements. For purposes of the finite element method the unit basis vectors
at vertices are parallel transported into the incident triangles and attenuated linearly with the
standard hat function. This gives PL basis sections ¥; supported on the triangles ¢;;; incident to
V;.

From now on all fields ¢ are piecewise linear, given as complex linear combinations of basis

sections (Appendix D.1)
= Z u; Wy,

v, EV
with u now denoting the length |V'| vector of coefficients of .

6.1 ALGORITHMS

Smoothest Field. The continuous problem of Equation (4.2) turns into the generalized
matrix eigenvector problem

(6.5) Au = AMu.

Here A is now a |V| x |V| Hermitian matrix representing the energy F, with respect to the PL
basis sections ¥,
while M is the Hermitian mass matrix

Mij = (i, ¥5).

Since we care about an eigenvector belonging to the smallest eigenvalue, we use an inverse power
iteration to solve Equation (6.5) — see Section 7 for further details.

Aligned Field. The continuous problem of Equation (5.2) turns into the matrix problem
(6.6) (A—XNM)a= Mg,

with A and M as above, while ¢ is the coefficient vector for the PL version of the guidance
field ¢. The unit vector v minimizing the discretized version of E;; is given by u = a/||4|| for
t = (1+]al)~t. While \; depends on ¢ monotonically, we have no closed form expression for
the relationship. In practice we find that A\; = 0 is often a good (starting) value. To solve this
problem we use Cholesky factorization followed by back substitution.

6.1.1 Matrix Entries

Because the entries of A and M are given as integrals we can assemble them via a loop over
all triangles, i.e., a sum of integrals over t;;;. The entries of these local 3 x 3 matrices can be
computed in closed form (see Appendix D for their derivation). Writing ((.,.));;x the subscript
reflects the integration over ¢;;, only. Assembly into the global matrices through summation is
assumed.

Mass Matrix. On triangle ¢;;; the local mass matrix induced by the L, inner product is
given by (Appendix D.2)

My = (W5, Wi)ijie = gltijul
Geznijk'767629ijk+3§2?jk+19?.]»k

(6.7) M = (Y5, UiNijk = Tjkltijel 307,

The right hand side fraction has a removable singularity in the limit of no curvature (€;;, — 0)
where it takes on the value 1/12 as expected.
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Energy Matrix. We begin with the Laplacian, i.e., the Dirichlet energy terms (Appen-
dix D.3)

Ay = <<V‘I/iav\1/i>>ijk _ 4\t}jk\ [|pjk|2 + Q?jk [pisl +<pij97(l)7ik>+|pki| }
Aji = (VV;, VU )ije
= 2 (i) + [P ?) 1 (k) + (g pir) f2(Qige)]

[tijrl

where p;; := p; — p; is the edge vector along e;; and

fi(s): S%(3—1—28—{—;—:—%—{-(—3—4—2154—%)6”)

fa(s) == s%(4—|—zs—%—%4—%4—(—44—3154—82)6”).

As before the singularities in f; and f5 are removable and

Tjk(Pij,Pi = jk
((V\I/j,VlIJk»Z—jk — —%.ijp'w = —Tjk% cot ag for Qijk — 0,

recovering the standard cotan-Laplacian in the flat setting [45].

With this, the per triangle energy matrix as a function of the parameter s € [—1,1] follows as
(Appendix D.4)

Q.
Aii = Aij — sp25 My,
[tijil

(6.8) Aje = ADji — s ( T My, — EjkWTjk) ’

[tijm

where €5, = +1 according to the orientation (positive or negative) of e;;, with respect to t;;y.

Boundaries. Assembling the energy matrix triangle by triangle we automatically account
for the boundary of the mesh (Figure 11). In the case of the Dirichlet energy (s = 0) this amounts
to zero Neumann conditions, while for s # 0 we have the boundary terms due to F4 — Ey
(Appendix C).

Figure 11. Assembly of local matrices per triangle into the global matrix auto-
matically accounts for boundary conditions. Here an example using the anti-
holomorphic energy and curvature alignment (A = 0) to the minimum (left; n = 2)
and both (right; n = 4) principal curvature directions. (976ms, |T'| = 106k)
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Numerical Evaluation. The expressions given above for the off-diagonal entries of the mass
and Dirichlet matrices have removable singularities as €2;;; — 0. To avoid numerical difficulties
and ensure efficient, reliable, and accurate (to machine precision) evaluation of these expressions,
we employ Chebyshev expansions [23]. Due to the equiripple property of Chebyshev polynomials,
these can guarantee an error on the order of the least significant bit in double precision over an
entire interval. Since the expressions for M, and Ajj are only evaluated for €2, € (—m, 7] and
due to the symmetry resp. anti-symmetry of their real resp. imaginary parts, it is sufficient to
find Chebyshev expansions for arguments in [0, 7]. We computed these expansions with the aid
of Mathematica and include ready to use code in the ancillary material.

6.1.2 Curvature Alignment

An important practical example for the alignment energy Ej ;, seeks to compute smoothed versions
of curvature lines (n = 2) and crosses (n = 4). In this case the alignment field

6=> a¥
v €V
is a PL approximation of the Hopf differential, i.e., the trace-free part of the shape operator. In
the discrete setting it is only accessible as a distribution ¢° concentrated along edges [14]. Pairing
it with our basis sections ¥; we compute coefficients (Appendix D.5)

G = / PV, dA = -3 Zﬁeﬂe\?eL
tijkai

edi

where . denotes the dihedral angle at e and the transport coefficients r;, = €*2%(Xi-¢) depend on

the rescaled Euclidean angle between X; and e. The coefficients ¢ of ¢ are the solution of
Mq=q.
Note that |q| is proportional to the squared difference of principal curvatures (k; — k2)?. In
umbilic regions, where principal directions are ill-defined, smoothness is therefore automatically
favored over alignment (at least for ¢t < 1 — see Equation (5.1)).
An example of this behavior is demonstrated in the inset image,
where ¢ is extremely noisy due to irregular tessellation. Due to
the smoothing term we still obtain good results, reliably producing
principal curvature directions and the four expected umbilics. In this f
example we used —¢ to align with minimum curvature directions;
for 4-direction fields we can use ¢?. Figure 10 shows an example of
the global trade off between smoothness and alignment and how it
controls spurious singularities. Several results in Fig. 12 demonstrate
further examples of alignment.

6.1.3 Index Computation

Given an n-direction field 1) we want to label each triangle ¢ by an integer index; ¢ (an index of
+1 indicating the presence of a singularity). Let ¢ be given by complex numbers u; of norm one
for each vertex. Then for each edge e;; we define the rotation angle of ¢ as the unique number
w;j € (—m, ) such that u; = € r;;u;, and define

(6.9) index; ¢ 1= i(wij + wjk + Wi + Qijk) S {—1, 0, 1}.

See Appendix B for more details on this definition and a proof of the associated discrete Poincaré-
Hopf theorem. Singularities of index +1 and —1 are plotted as red and blue spheres, respectively,
in all images.

7 EVALUATION

To evaluate our algorithm, we compared it to the state-of-the-art mized integer method of Bommes
et al. [5]. We implemented both algorithms in a common C++ framework, using CoMISo [6] for
the mixed integer problem, and CHOLMOD [10] for linear systems required in our method. To
avoid factorization issues in case A is rank deficient we add a small multiple (¢ = 1078) of M to
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Algorithm 1 Setup

Input: {V,E,T},s€(-1,1),n€N)
Output: (M, A)

Compute s; at each vertex. > Equation (6.1)
Pick arbitrary unit vector X; at each vertex. > Section 2
Compute transport at edges ri; < €. > Equation (6.2)
Compute curvatures Qj;i <— arg(rijrjurei)- > Equation (6.3)
Assemble M. > Equation (6.7)
Assemble A. > Equation (6.8)
A+—A+eM > Section 7

Algorithm 2 Smoothest Field (Section 6.1)

Input: (M, A)
Output: u
LLT + Cholesky(A)
u < UniformRand(—1,1) € C!V!
for i = 1 to nPowerlterations do
x < BackSubstitute(LLT, Mu) > Equation (6.5)
u <+ x/VT Mz

end for

A prior to factorization; this shift does not change the eigenvectors. All timings were taken on
the same 2.4GHz Intel Core 2 Duo machine. For our eigenvector problem (Equation (6.5)) we

Figure 12. A gallery of examples. The bunny with a 4-direction field aligned
(A = 0) with (¢?) using s = 1. The two-holed torus aligning with (¢?) using
s = —1. The frog shows a smoothest (s = 1) 4-direction field. The Elephant uses
s = —1 and alignment (A = 0) with the minimum curvature direction —q.
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Algorithm 3 Aligned Field (Section 6.1)
Input: (g, ¢ € (=00, o))

Output: u
LLT + Cholesky(A — \;M)
x + BackSubstitute(LLT, Mq) > Equation (6.6)
u <+ z/ViT Mz

factorized A and applied a fixed number of power iterations (20 for all examples shown in this
paper). Note that since we need only the smallest eigenvalue, we do not require a sophisticated
eigensolver like ARPACK, making our method particularly easy to implement. To minimize
alignment energy we performed factorization and a single back-substitution. On a mesh of over
350k triangles, total time for our method was 11s for smoothing, 7s for alignment; the mixed
integer method required more than three minutes for smoothing and just under three minutes for
alignment. Figure 13 gives more detailed timing information; overall speedup was approx. 19x on
average.

time (s)
100.0
50.0
10.0 _T_
[ ]
50 . . -I.i- o
o .. ®eo + +
10 o o [ ] + +
05 N + + + Mixed Integer
+
Globally Optimal
0.1
‘ 5x10° 1x10° 2x10° triangles

Figure 13. Log-log plot of computation time for a variety of common models. Dots
and crosses correspond to smoothest and curvature-aligned fields, respectively.
Overall, we observe an average speedup of 19.3x relative to the method of Bommes
et al.

To assess the quality of our results we compared fields produced by both methods using the energy
described in Equation (1.1), i.e., the same energy minimized by Bommes et al.Note that our
method produces smoother fields, even though we do not explicitly minimize this energy — in
these examples we minimize our Dirichlet energy (s = 0), which is most similar to Equation (1.1).
For curvature-aligned fields, we do not attempt a direct comparison of energies due to the large
number of parameters involved in the method of Bommes et al.; we report only the number of
singularities S and the time ¢.

Fig. 14 shows a rounded cube — here we achieve a lower energy than the mixed integer method
both when optimizing smoothness (Dirichlet) and alignment. Even with no guidance field present
(top row), our method places the expected 8 singularities at cube corners. A final set of examples
is shown in Figure 15. On these more complex shapes the two methods find similar configurations
of singularities, yet we achieve our results in significantly shorter time.

Robustness. Inspired by [5, Fig. 8], Fig. 16 shows the results of our curvature-aligned
smoothing algorithm applied to an extremely poor triangulation (left) of an object with sharp
features (here we use s = 0). Our method places singularities in the expected locations; adding
noise (middle) or regularization (right) only slightly perturbs singularity locations in otherwise
flat regions.
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Mixed Integer Globally Optimal

Curvature Aligned

Figure 14. A comparison of results on the rounded cube. Smoothest fields (top
row) and curvature aligned fields (bottom row) by method. Optimization of
Equation (1.1) (left column) versus our Dirichlet energy (right column). In each
case the energy according to Equation (1.1) is reported.

S=72 S=48
Gr=14.89s P t=12.9s

Mixed Integer

Globally Optimal

Figure 15. Comparison of results using optimization of Equation (1.1) (top) with
minimization of our Dirichlet energy (bottom). Note in particular the difference
in timings.
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Figure 16. Our method is robust to ill-conditioned, noisy, and over-regularized meshes.

8 CONCLUSION

We have presented a principled formulation of n-direction fields on surfaces that naturally leads
to efficient numerical algorithms. Although we have focused primarily on automatic singularity
placement, our formulation provides a useful theory that can be applied in a variety of applications,
especially in light of well-established connections with existing work (Section 4). These connections
open up a number of interesting avenues for future investigation. For example, in some applications
it is still desirable to edit fields manually in order to accommodate other (e.g.sesthetic) criteria.
Editing could easily be achieved in our framework via a dualized version of the trivial connections
algorithm of Crane et al. [16]. One might also use holomorphic and/or anti-holomorphic n-vector
fields as the basis for surface parameterization, creating a direct path to quad meshing (e.g., [29]).
Different weighting schemes for the magnitude of the field ¢ may also permit the incorporation of
other interesting criteria via the alignment term Ej.

Acknowledgments. This research was supported by a Google PhD Fellowship, the Hausdorff
Research Institute for Mathematics, BMBF Research Project GEOMEC, SFB / Transregio 109
“Discretization in Geometry and Dynamics,” and the TU Miinchen Institute for Advanced Study,
funded by the German Excellence Initiative. Meshes provided by the Stanford Computer Graphics
Laboratory and the AIM@QSHAPE Shape Repository.

A MINIMUM OF ALIGNMENT ENERGY

In Section 5 we claimed that the normalized solution ©» = t/||¢]| of

(A=A = ¢
for A(t) € (—o0, A1) yields a global minimum of E (¢) over all ||| = 1. Here we prove this fact

and show the relationship between A and ¢. For simplicity we assume throughout that ||¢|| = 1.
Furthermore, we will only use the real part of the product ((.,.) in this section.

At a constrained minimum the constraint must be fulfilled and the gradients of energy and
constraint must be parallel, i.e., there exists a Lagrange multiplier \/2 such that

(A1) A~ 6= A(O)Y.
Substituting ¥ = 1/||¢|| we find it to solve this equation for ¢ = (1 4 ||2)||)~".
Notice now how for ¢ — 0, 1 approaches the eigenvector belonging to the smallest eigenvalue
A1 (we are working with a positive semidefinite Hermitian operator), since we are looking for a
minimum of the energy. To see the behavior for t — 1 consider the inner product of Equation (A.1)
with

(A, ) = A1) + 75 (6, ¥)-
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Together with
(Ay, ) < (A, ),
which we will show in a moment, we get
A(t) < (A9, ) — 5 (6, ¥)-
As t — 1 the scalar product {(¢,1)) — 1 and so A(t) — —oc.

To see that
(Av, ¥) < (A, 9)
we consider that for a minimizer v
(A, ) — 15 (8, 9) < (A, o) — 51011
With ||¢]| =1 we get

(A, ¥) < (A, o) — 51— (o, 9))
and since (¢, ) < 1 the desired bound.

Together we see that as ¢ — 0, A(t) — Ay and for t — 1, A(¢t) = —o0.
Finally we show that there exists a strictly monotone analytic function ¢(\) : (—oo, A1) — (0, 1).
Since the resolvent
R\ =(A—-)"!
is a bounded self-adjoint operator which is an analytic function of A so is
R(A
o) = [l
and t(A) = (1 +[[R(\)¢l| ).

Now assume by contradiction that ¢(\) is not strictly monotone. Then there exists a A\g € (—00, A1)
for which ¢'(A9) = 0. Taking the derivative at A\¢ of Equation (A.1) we find

(A=Y (Xo) — ¥(Xo) = 0.
Taking the inner product of this equation with ¢’(Ag) the second term vanishes (since |[¢]] = 1)
leading to {((A — MoI)¥'(Mo), %' (X)) = 0, which contradicts the positive definiteness of A — Agl.

Together these results show that solving

(A=A =9
for a choice of A € (—o0, A1) finds a global minimizer of E () for ¢t(\), a strictly monotone
function with range (0,1). For A(t) — A1, t = 0 (i.e., no alignment) while for A(¢f) - —o0, t — 1
(i.e., no smoothing).

B PoOINCARE-HOPF

In this Section we assign to every n-direction field ¥ an index index; 1 € {—1,0,1} on each
triangle ¢. This is how we locate the singularities and label them as positive or negative. Under
some smoothness assumption on the surface we will prove a discrete version of the Poincaré-Hopf
theorem. A proof in the smooth case can be found in [61].

Recall that we describe the parallel transport of n-vectors by transport coeflicients r;; defined
for each oriented edge e;;. They can be thought of as an angle valued 1-form, i.e., they satisfy

rj; = 7‘”1. For each face t;;, there is a unique real number {);;;, € (—m, ) such that
rigikTr = €.
We call Q2 the curvature 2-form of the transport.

For a face t = t;;; we call the total curvature pushed into the triangle from its three vertices the
geometric curvature

o= sl + sja;?Z +spag! —m
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of t. A triangle mesh is called n-smooth if for each face we have
log| < 7.
On an n-smooth mesh we have )y = no; and therefore a Gauf-Bonnet type theorem:
Z Qp = 2nmy.
teT

Here x is the Euler characteristic of the mesh.

Let now v be an n-direction field given by complex numbers u; of norm one for each vertex. Then
for each edge e;; we define the rotation angle of ¢ as the unique number w;; € (—m, ) such that

Uj; = e“"“rijui.
Then for each face t = t;;;, we have w;; +w;i +wii+Qijr € (—4m,47) and erwijtwjntwritQie) —
This means that for every face we have an integer
index; ¢ 1= %(wij + Wik + Wk + Qijk:) IS {—170, 1}.
In the language of Discrete Exterior Calculus this could be expressed as
index 1) = 5= (dw + )
If we sum this equation over all faces, the rotation angles cancel and we are left with the

Discrete Poincaré-Hopf theorem: On an n-smooth closed triangle mesh the index sum of
every n-direction field equals 2ny where x is the Euler characteristic of the mesh.

C DIFFERENCE OF ANTI-HOLOMORPHIC AND HOLOMORPHIC ENERGY

Here we show that for any smooth n-vector field 1 we have Ea(v) — Eg(¢) = & [}, nK|y|?dA —
% J. oar IM(V,9). First we spell out all the requirements, each of which is fulfilled in our setting,
of the theorem and a few facts that we will use during the derivation.

Let M be an oriented surface with Riemannian metric. Denote by J the complex structure on M.
Suppose we have a complex line bundle L over M, i.e., L is a 2-dimensional real vector bundle
with a complex structure J. Our v are sections of such a line bundle. Assume that L comes with
a complex connection V, meaning V is compatible with J: Vx(Jy) = JV x for all sections ¢
of L and all vector fields X. Then a section v is called holomorphic resp. anti-holomorphic if

0=0x:=(Vxv¥+JVxi)
0=0x1¢ :=3(Vx¥—JVxv).

If 4 is a section of L, at each point p € M the linear map Vi from the 2-dimensional real vector
space T, M into the 2-dimensional real vector space L, can be decomposed into a complex linear
part (0¢), and an anti-linear part (0v), and we can write

V =09+2.

Now suppose in addition that each Lp comes with a Hermitian scalar product (.,.), that is
invariant under J and that V is a metric connection, t.e.,

X, ) = (Vxv,9) + (¥, Vxo).
Replacing here X by some Lie bracket [X,Y] we obtain
(Vix,y1,0) + (¥, Vixy)e) = [X,Y](¥, )
= X((Vyd,0) + (8, Vy o) =Y ((Vxv,0) + (¢, Vx¢))
= (VxVyv,9) + (¥, VxVyp) = (VyVxv, ) — (¥, Vy Vxo)
Thus the curvature tensor R of L defined by

R(X,Y )Y =VxVyy = VyVxth — Vix y¢

I= ol

satisfies
(R(X,Y), ) + (¢, R(X,Y)p) = 0.
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In particular this implies that (R(X,Y ), ) is always imaginary. Thus there is a real-valued
2-form Q on M such that

R(X, V)¢ = Q(X,Y)Jy.

In case L is the tangent bundle TM, the Gaussian curvature K of M at a point p is defined in
terms of a unit vector X € T,M as

K = (R(X,JX)JX,X) = -Q(X, JX).

Thus, if o denotes the volume form, the curvature 2-form of the tangent bundle is Q = — Ko. We
are mostly interested in the case L = TM®™, in which case we have Q) = —nK dA and therefore

R(X,Y ) = —nK dA(X,Y)Jip.

The Dirichlet energy of a section ¢ of L is defined as

Ep@) =} /M Vyl2dA,

where we view Vi as a 1-form with values in L and the squared norm of such a 1-form w at a
point p € M is defined as

Jwp|? = [w(X)* + [w(¥)]?
where {X,Y} form an orthonormal basis for T,,M.

Similarly, we define the holomorphic resp. anti-holomorphic energy of v as

En() = 1 /M GUPdA Ba() =L /M 00 2dA.

THEOREM 1. The holomorphic and anti-holomorphic energies of a section i are related as

Ea($) - En() = L /M nI|p2dA — § /8 In(V.0)

PRrROOF. Because of
Re(Vi, v) = 3d {4, )
we can define a real-valued 1-form 1 on M via
(Vip, ) = 5d {3, ) +m(X).
Then for a locally defined unit vector field X we have
wn(X, JX) = X{(Vyx,¥) = (JX)N(Vx¥,¥) = (Vix,sx)%, )

= (R(X,JX)Y, ) +1((JVix¥, Vx) + (Vx, IV ixv))
= 1(nK[¢* + |0y]* — [0v[*)dA(X, JX).

Thus
dn = (nK > + 09[> — |0y [*)dA

and our claim follows by Stokes theorem. ]

D INTEGRALS

In this section we give a derivation of all the integrals needed in the finite element discretization
of the smooth theory, and begin with the construction of the basis sections.
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D.1 PL BAsSIs SECTIONS

The PL basis sections ¥; are defined by extending the basis X; from each vertex into the incident
triangles through parallel transport along radii, giving us a unit basis section ®; supported on all
incident triangles. ®; is then linearly attenuated with the standard PL hat function at v; to give
us ¥;. On a single incident triangle, say ¢;;z, this amounts to

U; =b;®;,
where b; is the standard barycentric coordinate function for v; in ;4.

While this procedure, together with the fact that the curvature is defined everywhere, uniquely
defines the PL basis sections ¥; we do not have a closed form expression for them. Yet we can
work out all required integrals in closed form due of our earlier assumption that the curvature is
constant in each triangle (Equation (6.4)). Specifically, the constancy of curvature over t;;;, gives
us the holonomy angle Qs (Equation (6.3)) along the boundary of any sub-triangle ¢ C t;;; as a
fraction of the area:

Qp = / nKdA = nKijk|t/\,
t/
where |t'| denotes the area of t' (see Equation (6.4)).

This brings us to the starting position.

D.2 MAss MATRIX

Consider the Hermitian product (complex anti-linear resp. linear in the left resp. right factor) of
basis sections restricted to the triangle ¢,

(5, ¥ Dije := / (U, Ug)dA
tijk
These determine the Lo metric on the space of PL sections over a triangle and define the local
mass matrix.

Let v be inside t;;;, with barycentric coordinates b;, b;, by,
v = bjv; + bjv; + by,
and consider the integrand of the mass matrix as a function of v
(D.1) (0 (0), Wk (0) = bybi (@, (v), Du(v).
We know that ®; is parallel along e;;, implying
®;(vi) = rjiPr(vr)
(cf. Equation (2.1); Figure 17). Moreover ®; is parallel along the ray from vy, to v and ®; along

Figure 17. The angle between two basis sections at some point v in ;5 can be
deduced from the holonomy €/ of the sub-triangle ¢’ = {vy, v, v;} and the known
transport along e;y.
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the ray from v to v;. Since parallel transport around ¢’ = {vi, v, v;}, i.e., from vi to v on to v,
and finally back to vy recovers the holonomy angle of t' we get

(D.2) (@ (v), By (v))rj = e = e uarbi.

(using Egs. (6.3) and (6.4). Putting Egs. (D.1) and (D.2) together and integrating symbolically
we get
_ 6e"Viik —6—6182;5 4302, +103
€5, Uik = Tikltijel— 1393;'_1 L
ijk
For the product of a basis section with itself the curvature does not play a role and one obtains
W37, = [tijel/6.

This completely determines the metric on the space of basis n-vector fields.

D.3 DIRICHLET ENERGY

To compute the Dirichlet energy we need the covariant derivatives of ®; and ®;. To this end
we will employ a particular (linear) parameterization f(z,y) of the embedding p;;x of t;;, with
£(0,0) =p;, f(1,0) = p; and f(0,1) = px, and will treat ® and ¥ as defined on the image of f in
this section. Denote by 0, and J, the tangent coordinate frame corresponding to the coordinates
x,y (Figure 18).

pr=£(0,1)

(0,1)

®;(q)=¢(q)

(0,0) (x,0) (1,00 pi=r(0,0)

Figure 18. Using the parameterization f we compute the covariant derivative of
a basis n-vector field ®; using the local section §.

To compute Vg, ®; at some point p in the interior of the triangle, let £ be a section on the
triangle t;;; that agrees with ®; for y = 0 and is parallel along the lines {x = const}, giving
Vo,§ = 0. For p = f(x,y) let g := f(x,0), then the holonomy around ,,; is Qpe; = (1 — )y
and consequently
= DWig (p) = @ (p).
This gives us
Vo, &) = (9,019 = o(1 - )10,
The derivative Vy, &, follows immediately through interchange of = and y. Taking account of the
orientation, we obtain
Vamék = —Z(]. - y)QijkCI)k~
Since by construction ®; is parallel along rays from v; and ®; along rays from v;, we get a linear
relationship between the covariant derivative of ®; with respect to 0, and 0, (and similarly for
®y)
0= (1 — .’L‘)Vawq)j — ng)y(I)j 0=2Vy, & + (y — 1>V8yq)k

which give us all the covariant derivatives for ®; and ®;. For ¥; = z®; and ¥, = y®; this
results in

VC')I\IIJ' = (]. + zQijkxy)q)j, Vay\Ifj = ZQiC(]. - (E)(I)j,

Vo, Vi = —1Qy(1 — y) Py, Vo, Vi = (1 — 1Qp2y) .
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To simplify the computation of the integrals we now switch from the basis {9, 9, } to an orthogonal
basis {F1, F»}. Letting

g11 = |pj —p11|2, gi2 = <pj — Di, Pk _Pi> = g21, G222 = |pk —Pi|27

the orthogonal basis follows as

Er = \/;Tlam By = m(guay — 91205).
With respect to this basis we get
Vg, ¥, = \/;T(l +1,7Y) P,
Vi, ¥ = srdio=(=g12 + Qi (gnz(l — 2) — gizzy));,
Ve, Vi = \/ﬁ( 1xy(1 — y)) Py,

VE, ¥y = W(gn + 1k (91291 — ) — g112y)) .

With this we have all the necessary components to compute the Dirichlet products and integrate
them to yield

(VT VO Nk = 4“ — [g22 + Q2 2on=30iaten]

(VT VULYik W[(?)gn +4g12 + 3922)

+ Q41 (911 + 912 + g22) — ijk e

4  g11—2g12+g22 g11—2g12+9g22
+ Qi 24 ZQljk 60

+ (= (3911 + 4912 + 3922)

+ 255 (2911 + 3912 + 2922)
+ QO utRgaten )ik

D.4 BOUNDARY TERMS

The proof in Appendix C applies to a single triangle ¢ and we only need to compute the boundary
term, since the nK ||\Il||12jk term is the curvature weighted mass matrix (Appendix D.2).

We begin by observing that the 1-form (V¥;, Uy) is nonzero only on ej;. Moreover, since
(VW,;,0;) = d|¥,|?, it is real for matching indices giving us

/ Im(VU, ¥) = Im/ (@a; (V8 9;) + @ (VT;, T;)).
ot

€eij Eat

Note also that d(U;, ¥;) = (V¥,;, ¥,;) + (V¥;, ¥;). Since ¥;(v;) = 0 = ¥,;(v;) Stokes’ theorem
(W3, ¥5) = / (V;, 05) +/ (V;, w3),

yields
-/
881‘]‘ €ij €ij

which we use to simplify the boundary edge sum

/Bt1m<v\11,\11>= > 2Im <aiaj/e_

e,:,-eat ©J

(VT qzj>> .

We now turn to an individual edge term. Parameterize ej; with a constant speed v: [0,1] — M,
e., || = |pjx|. Due to d;(y') = —1 for b; the barycentric coordinate function of v;, and the
parallelity of ®; along e, we get
Vy W =db;(y)®; +b;Vy @ = —P;,
and hence

1
/ <V\I/j,\l’k-> =/ <V /\I/j,\I/k Ydt = / bi( CI)J7CI)]€
0

€k

This finally yields
/ Im(V¥, ¥) Z Im (7jp& 00)
ot

ejr €0
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Notice that for an edge e;j; with two incident triangles (not on the boundary) the corresponding
terms from each triangle cancel out, leaving us with only a sum over the boundary of the triangle
mesh.

In the flat case (£2;5 = 0) these boundary terms are simply the areas of the range of ¢ seen as
a complex function, i.e., 2Eg(¢) = Ep(v¥) — A(¥(M)) (compare with [48, Eq. 2], resp. [56, Eq.
2.1)).

D.5 CURVATURE ALIGNMENT

To perform alignment with principal curvature directions we need to find a 2-vector corresponding
to these directions (2-vector since principal curvature directions are indistinguishable under
rotations by 7). In the smooth setting, the principal curvature directions are the eigendirections
of the shape operator S, given by the derivative of the Gauss map

dN =df o S.
The Hopf differential @) is the trace-free part of the shape operator
S=H -1+Q,

where H = (k1 + k2)/2 is the mean curvature and I the identity. @ has the principal curvature
directions as eigendirections with eigenvalues (k1 — k2)/2 and (k2 — k1)/2. Thus the information
provided by @ contains the (unoriented) direction of maximal curvature together with a positive
“intensity.” Thus @) can be viewed as a 2-vector field.

Using a local complex coordinate z we can write any tangent vector as aa% where x is the real
part of z and a € C. @ is anti-linear as an endomorphism of the tangent space (it anti-commutes

with J) and therefore we have

QlaZ) =qal.

So with respect to a complex coordinate @ is described by a complex function q.

In the discrete setting the shape operator survives in a distributional sense concentrated along
edges [14]. Consider an edge e and its two incident triangles and map them isometrically to the
plane with e along the z-axis, then
_ o) _ 5 Be O Be 0 3%

Se = 5yBerdy = 5y7%d2 — 5?,,7%(12
Here 6, is the delta distribution along across e, . the dihedral angle at e, dz = dz + «dy, and
dz = dx —1dy. Hence

qe = _6y%
Since ¢ exists only as a distribution, we treat it as a functional on the space of smooth sections.
In particular we can pair it with each of our PL 2-vector basis sections
Gi=q(U:) = (W) = =5 ) rieBelpe-
ed1 edi

where the transport coefficient r;. = ¢2%/(X::¢) depends on the rescaled Euclidean angle between
X; and e. Hence the coefficients ¢ of the PL Hopf differential solve the matrix problem

Mq=q.
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ABSTRACT. Stripe patterns are ubiquitous in nature, describing macroscopic phenomena such
as stripes on plants and animals, down to material impurities on the atomic scale. We propose
a method for synthesizing stripe patterns on triangulated surfaces, where singularities are
automatically inserted in order to achieve user-specified orientation and line spacing. Patterns
are characterized as global minimizers of a convex-quadratic energy which is well-defined in
the smooth setting. Computation amounts to finding the principal eigenvector of a symmetric
positive-definite matrix with the same sparsity as the standard graph Laplacian. The resulting
patterns are globally continuous, and can be applied to a variety of tasks in design and texture
synthesis.

1 INTRODUCTION

A diverse collection of natural phenomena exhibit the same characteristic pattern: unoriented
stripes of uniform width that bifurcate at isolated points called edge dislocations [31, pp. 44-46].
Why does this bifurcation occur? Surfaces of revolution (Fig. 3) provide an instructive example:
for any given stripe width there is a maximum integer number of stripes that can fit around
the circumference at each height h. As the radius r grows or shrinks this number can suddenly
jump—stripes must therefore branch or coalesce in order to maintain a continuous transition
between neighboring regions.

(Photo courtesy Joshua Hill)

Figure 1. Natural phenomena like cacti (left) exhibit characteristic branching
patterns in an effort to maintain evenly-spaced features. Right: Our algorithm
allows one to quickly and automatically synthesize similar patterns that seamlessly
cover arbitrary surfaces.

25
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Figure 2. In general, patterns without singularities exhibit uneven spacing, and
patterns with even spacing must have singularities.

Our approach to stripe pattern synthesis is closely related to existing methods for field-aligned
parameterization (Sec. 1.1). The main point of departure is that existing algorithms try to
prevent singularities that were not specified as part of the input, whereas we intentionally allow
new singularities, which are essential to modeling natural phenomena. In particular, we use a
formulation akin to Ray et al. [59], but omit both the curl correction step and the unit-norm
constraint. As a result, we can formulate our problem via a simple convex quadratic energy; the
practical payoff is an algorithm about an order of magnitude faster than those based on nonconvex
constraints or mixed integer programming (Sec. 5.1). The final algorithm is simple to implement
(App. C) requiring no global cutting or integer jumps, is robust to errors in the input (Fig. 16),
and requires little work beyond factoring a single sparse matrix. The output is an angle « at each
triangle corner which can be used to drive a periodic texture or shader. We also introduce a novel
interpolation scheme (Sec. 4.3) that ensures the pattern is globally continuous (C°) away from a
finite collection of isolated singular points.

1.1 RELATED WORK

Synthesis of stripe patterns has a long history due to the prevalence of these patterns in nature
(Figs. 1, 5, 7, 8, and 20). Placement of evenly-spaced stripes is also essential in vector field
visualization [28, 46, 66] and nonphotorealistic rendering [27]. Methods based on reaction-
diffusion equations can generate stripe patterns aligned with nonorientable features [68, 76],
but must solve the full time evolution of a nonlinear parabolic PDE whose parameters can be
difficult to control; moreover, these methods solve directly for the color function rather than
a parameterization, precluding more complex shaders like Fig. 1, right. Image-based texture
synthesis can also produce patterns aligned with orientable [58, 40] and nonorientable vector
fields [78, 70, 69], but features in such patterns result from, e.g., statistical similarity of image

Figure 3. To maintain constant stripe width, each “level” of this surface of
revolution must exhibit a different number of stripes. Judiciously placed branch
points are therefore essential to keeping the pattern continuous. Inset: each pair
of stripes from the second level perfectly branches into three.
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Figure 4. An arbitrary vector field (left) drives stripe orientation and spacing
(right); there are no special conditions on the input.

features rather than geometric phenomena. Input to these methods can be generated using a
variety of techniques [27, 54, 22, 62, 5, 16, 33, 20|.

Field-aligned parameterization is also a key component of global remeshing algorithms, where there
are two popular representations: either angle-valued coordinate functions with discrete period
Jumps [5], or vector-valued functions whose angular components provide the final coordinates [59,
80]. Both choices traditionally lead to difficult nonconvex problems: the former due to integer
variables; the latter due to a quartic unit-norm constraint at each point. The unit constraint
implicit in both representations also leads to energies that do not converge under refinement
and are therefore unstable with respect to tessellation [33, Fig. 4]. Nonorientable features
are handled using either matchings [59, 67, 5|, or a branched covering [29, 30|, though in
retrospect these two approaches are essentially equivalent: matchings determine a covering
space, and optimization on a covering is no more costly than on the original domain, as long
as one respects conjugate symmetry (Sec. A). The advantage of the covering space perspective
is that it allows for a meaningful formulation in the smooth setting (Sec. 2.3), helps to simplify
implementation (Sec. 4.1), and clarifies interpolation—especially near branch points (Sec. 4.3).
Finally, several quadrangulation methods automatically insert singularities, but cannot be used
for stripe patterns since they do not align to a given field [44] or do not generalize to arbitrary
n-direction fields [50, 51]; moreover, these methods do not guarantee anything about global
optimality.

Photo courtesy Richard Wheeler)

Figure 5. We can mimic real fingerprints (left) by using a field with prescribed
singularities (center) to guide our stripe pattern (right).
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R ——————————————
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Figure 6. Our method handles line spacing that varies spatially (left), even if the
target spacing function is discontinuous (Tight).

Our method adopts the same energy as Ray et al. [59], but differs in several important ways:
(i) dropping quartic (unit-norm) constraints improves performance by about 10x (Sec. 5.1); (ii)
permitting new singularities during parameterization allows us to directly handle nonintegrable
input (Sec. 2.2); (iii) a new sub-triangle interpolation scheme (Sec. 4.3) means that pattern
frequency is not limited by mesh resolution. We also provide an interpretation of the energy in
the smooth setting (Sec. 2) and show new applications to texture synthesis and design (Sec. 5.3).

2 SMOOTH FORMULATION

Given a surface M, we seek a scalar function a that varies along a given unit vector field X at
a given rate v. There are two principal challenges having to do with (i) the integrability of the
vector field Z := vX and (ii) the representation of « itself. Roughly speaking, Z is integrable if it
is locally expressible as the gradient of a scalar potential, but if we simply adopt a real-valued
representation then we may not be able to find a potential that is globally continuous. Later, we
also address nonorientable patterns by formulating the same problem on a double cover of M

(Inset photo courtesy Lauren Edgar)

Figure 7. Randomly perturbing a constant vector field yields a pattern reminis-
cent of real aeolian wind ripples (inset), here rendered as a displacement map
over a flat plane.
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(Sec. 2.3). Throughout we use (-,-) and | - | to denote the real inner product and norm on vectors,
|| - || for the L? norm on functions, dA for the usual area measure, and 2 for the imaginary unit.
We also make occasional use of (discrete) differential forms—see Crane et al. [15, Chapter 3| for
a brief introduction.

2.1 PERIODIC FUNCTIONS

A key challenge in computing globally continuous parameterizations is choosing
a suitable representation for the coordinate functions. As a motivating example,
consider a smooth unit tangent field X on the circle o — (cos «, sin ). Locally
we can think of X as the derivative of the angle «, but globally it cannot be
expressed as the derivative of a smooth function since any such function would
have to increase indefinitely as we walk multiple times around the circle. We
therefore adopt an alternative representation: rather than a real function «, we work with a

complex function ¥ whose argument arg 1 := atan2(Im 1, Re 1/1? € ][fw, ) serves as a proxy for a.
Although arg 1 is not globally continuous when viewed as a real-valued function, it still has a well-

defined rate of change when viewed as a map to the unit circle, namely darg ) := (di, i) /|¢|>.
Hence, we obtain a representation of angle that is globally continuous and differentiable away
from zeros (in the case of the circle, we have just ¥ = cosa + 1sin«). For surfaces, nothing
changes except that the domain of v is now a surface rather than a curve. Importantly, we do
not need to cut the surface into a topological disk since coordinates are globally continuous by
construction.

2.2 INTEGRABILITY

Vector fields with nonzero curl are nonintegrable, i.e., even on small, simply-
connected patches they cannot be expressed as the gradient of any scalar func-
tion. A common technique is to reduce or eliminate curl prior to parameteri-
zation via curl correction [59] or Helmholtz-Hodge decomposition [29]. We in-
stead work directly with nonintegrable input by allowing new singularities during
parameterization—empirically, these singularities tend to appear in regions where
there is significant curl, or where stripe spacing changes quickly (see Figs. 2, 3, 4, and 6). More
explicitly, consider the complex function 9 (Sec. 2.1)—since we care only about its argument
« := arg (and not its magnitude), we initially consider optimization over functions ¢ := e*® with
unit norm at each point. Conceptually, we want the angle o to change at rate v along the direction
X, and remain constant along the orthogonal direction. In other words, we want du(Y) = v(X,Y)
for all vector fields Y, or equivalently, dv = w for w := (vX,-) = (Z,-). Differentiating ¢ we get
dy = wdovp, which means we can achieve the desired angular velocity dx by solving

(2.1) dp = wp.

Unless Z is exactly integrable, this equation admits only the trivial solution ¢ = 0. We therefore
consider its L? residual

(2.2) (p) (d - w)pl®.

M |
Since the operator V :=d — w defines a connection on M, € can be viewed as a Dirichlet energy
on complex functions. However, this energy is not well-defined for unit functions ¢ that encode the
type of features we observe in natural stripe patterns (e.g., Fig. 1, left), since the angular velocity
do approaches infinity as we approach an edge dislocation. Following the approach advocated in
Knoppel et al. [33, Sec. 3], we therefore define the energy of a unit function ¢ as the minimum
Dirichlet energy among all possible rescalings by a real-valued function a > 0:

E(p) == min |fVV(a<p)|2 dA.
a20,|lal|=1/ps
The constraint ||a|| = 1 prevents the solution ¢ = 0. Minimizing this energy over unit functions ¢
is then equivalent to minimizing Dirichlet energy over all complex functions :
(2.3) min & = min &(ap) = min E(Y).
lel=1 le|=1,a>0,||a||=1 [l9l]=1
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(Photos courtesy Trisha Shears and André Karwath)

Figure 8. Naturally-occurring stripe patterns (top) often include nonorientable

singularities, i.e., features that do not follow any continuously varying vector
field (bottom,).

In the case of parameterization, it is precisely the ability to scale ¥ down to zero that allows us
to form new singularities, thereby improving alignment in nonintegrable regions. Just as with
standard Dirichlet energy, minimizers of this energy among functions ¥ with unit L?-norm are
eigenfunctions associated with the smallest eigenvalue of the corresponding Laplace operator [48]—
discretization of this operator is discussed in Sec. 3.

2.3 NONORIENTABLE PATTERNS

The formulation above is suitable in the orientable case, but in general we want to produce stripe
patterns with nonorientable features, which often appear in nature (Fig 8). Another common
geometric example is a principal direction field—see for instance Fig. 17, left. In general, such
features can be encoded as a line field, i.e., a choice of unoriented line in each tangent plane. A
useful way to work with such fields, pioneered in geometry processing by Kélberer et al. 29, 30],
is as a vector field on a branched double cover of the original surface. Consider for instance Fig. 9
(top left)—here it is impossible to give the innermost stripe an orientation that is consistent across
the dashed line. Yet by gluing together two oppositely-oriented copies of the surface, we obtain
a consistently-oriented vector field Z on a new surface M called the double cover. Away from
singularities, a double cover looks like two identical copies of the original surface M (Fig. 10). In
practice we never explicitly construct the cover, but will use this mental image to turn algorithms
which are naturally expressed on M into algorithms that can be implemented using standard
data structures on the original surface M.

The key idea behind this construction is that features in a given line field determine the topology
of a corresponding covering space. In particular, suppose that lines vary continuously except at a
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”

Figure 9. To deal with a nonorientable singularity (top left), one can make two
oppositely oriented copies (top right), and cut and glue along opposite edges
to obtain a branched double cover (bottorn right). Untwisting this figure into
the plane reveals that the new vector field has a globally consistent orientation
(bottom left).

collection of isolated branch points {p1,...,pr} around which the field is nonorientable (Fig. 8).
At each such point the “trick” demonstrated in Fig. 9 can be used to produce an orientable vector
field Z on the double cover M of M := M \ {p1,...,pr}. Away from these points the double
cover has two points z1, 29 € M “above” each point z € M which are mapped back “down” to the
base by the projection map 7(x1) = w(x2) = x; the sheet interchange function 7(x1) = x2 swaps
these two points (Fig. 10).

Conjugate Symmetry. We now have an oriented vector field Z on a surface M which—at
least conceptually—could be parameterized precisely as described in Sec. 2.3, since we can simply
forget that this data comes from a double cover. However, we ultimately need texture coordinates
on the base surface M. Suppose for a moment that the minimizer ¥ on M is conjugate symmetric,

Figure 10. Away from singularities, an unoriented line field on a patch of M can
be expressed as a pair of oppositely and consistently-oriented vector fields on two
identical copies of this patch in M. The map 7 switches between the two copies,
and the map 7 takes us back down to the original surface.
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meaning that it gets conjugated under sheet interchange:

(2.4) YorT =1
The coordinate function o = arg is then antisymmetric with respect to sheet interchange, i.e.,
aoT = —a, and plugging it into any even 2m-periodic function (like cosine) hence yields the

same color value whether we use arg(1,,) or arg(y,,). An arbitrary minimizer ¢ will not in
general satisfy Eq. 2.4, but as shown in App. A, one of the energy minimizers will always be
conjugate-symmetric. We can therefore always obtain a stripe pattern that is globally continuous
away from isolated branch points. Moreover, the algorithm can be implemented on the base mesh
without doubling the memory or computation cost, since we need only store a single value to
represent both v and .

3 DISCRETIZATION

As in the smooth setting we begin with oriented vector fields, then use a double cover to reduce
the nonorientable case to the orientable one. The ultimate goal is to compute a value of a € R at
each triangle corner—plugging interpolated values of « into any even periodic function will then
produce a pattern of oscillating stripes orthogonal to X. The input to our algorithm is a manifold
simplicial 2-complex K and positive edge lengths /;; satisfying the triangle inequality on each
face, along with a unit tangent vector X; and target line frequency v; € R which together define
a (not necessarily unit) vector Z; := v; X; at each vertex i € V. Overall, the algorithm consists of
four basic steps:

(1) Project Z onto each edge to get angular displacements w.
(2) Build a Laplace-like matrix A with entries determined by w.
(3) Find an eigenvector ¢ of A with smallest eigenvalue.

(4) In each face, compute texture coordinates a from ¢ and w.

Notation. For any simplicial complex K, we use V, E, F' to denote its vertices, edges, and
faces, respectively. Individual simplices are expressed as a list of incident vertices, e.g., ijk € F
denotes the face with vertices i,j,k € V. The orientation of a simplex is determined by the
order of its indices, and an edge ij € F is canonically oriented if i < j. An expression of the
form z; = )", ;c g yi; indicates that a value z; associated with vertex 7 is obtained by summing
the quantity y; over all edges incident on . Likewise, x; = Y ;i cp ijr denotes a sum over all
incident faces.

3.1 DISCRETE TANGENT SPACES

i Rather than thinking of tangent vectors X; as elements of R3, we view
,a\\ them as angles ¢; € [—m, ) relative to a reference edge ijo € E chosen at
N ~ each vertex i € V, effectively adopting polar coordinates. This intrinsic
ei] " Jo setup simplifies the rest of our algorithm, and does not require us to define
normals at vertices. Moreover, let éf ¥ denote the angle at corner ¢ of triangle
ijk, and let ©; := 3%, cp éfk be the sum of all angles incident on vertex

i. For each oriented edge ¢j, incident on ¢, we store the angle

a—1
. 2w HIpJp+1
0ij, = 5. E o; ,
p=0

where the j, are indexed counter-clockwise around vertex ¢, and p+ 1 is taken modulo the degree
of the vertex. These rescaled angles are effectively the polar coordinates of the edges, starting at
0ij, = 0 (see Knéppel et al. [33, Sec. 6] for further interpretation). Hence, given any unit vector
X, encoded by an angle ¢;, the parallel vector at a neighboring vertex j can be computed via

(3.1) ¢i = i =05 + (05 + ),
N—_— —

=ipij
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i.e., by using the shared edge ij as a common frame of reference (see inset below). For convenience,
we store the values p;;, noting that pj; = —p;;.

Complex Representation. In many cases, we will instead encode
tangent vectors as complex numbers to avoid the difficulty of comparing
angles modulo 27. An expression like Eq. 3.1 can then be written as
X; — €' X;, which in complex arithmetic expresses a counter-clockwise
rotation of X; by the angle p;;. It is important to note, however, that
these complex values still only carry meaning relative to the reference
edge chosen at each vertex, which we identify with the real axis 1+ 02 € C.

3.2 DISCRETE ENERGY

As discussed in Sec. 2.2, we ideally want an angle-valued function «
such that dx = w, i.e., such that the angular velocity dx matches our
input field. To discretize this relationship, we linearly interpolate Z and
integrate along each edge ij € FE, yielding

(3.2) 0y —ai= [ dr= [ w= e 2+ (e 23)) =
ij ij

The resulting quantity w;; = —w;; € R determines a discrete 1-form [15, Sec. 3.6] that describes
the target angular displacement as we move from i to j; we will use

P(X) =X

to denote the transport of a vector X from i to j via w. If extrinsic data is available (i.e., vectors
and edges in R?) then this quantity can be computed as above. If only intrinsic data is available
(i.e., lengths and angles), one can just as easily write w as

(33) Wij = %gl](l/z COS((bi — 013) -+ Vj COS(gf)j — 932))

Recalling that arg is used as a proxy for a (Sec. 2.1), we therefore ask that the rotated value of
1; agrees exactly with 1;, providing a discrete version of Equation (2.1):

€lwijwi = ¢j VZ] c F.

As in the smooth setting we cannot expect to satisfy this relationship exactly, since not every
discrete vector field is integrable. Hence, we instead minimize the L? residual

(3.4) E(W) =Y wilyy — ey,

ijEE
where w;; := (cot 3;; + cot 8j;)/2 and f,;, 5;; are the two angles opposite edge ij;
these cotangent weights account for the shape of mesh elements [45, Sec. 3.2]. For
boundary edges we set the unknown cotan to zero, corresponding to zero-Neumann
boundary conditions. Likewise, we effectively omit branch triangles (Sec. 3.3) by
simply setting their weights to zero.

3.3 DISCRETE DoUBLE COVER

To handle nonorientable input, we now define the double cover K = (V,E, 3 ) induced by
vectors Z; at the vertices of our original mesh K, as well as an orientable vector field Z on K
(Fig. 11). Note that at no point do we actually build K—this description merely serves to clarify
implementation.

Vertices: For each vertex i € V, V contains a pair of vertices 41,42, which we associate with
vectors Z; and —Z;, respectively.

Edges: For each edge ij € E, let the quantity

D B (¢i + pij) € [=7/2,7/2),
777 1 =1 otherwise

encode the relative orientation of Z; and Z;. If s;; = +1 then E contains edges 1171 and ig7j9;
otherwise, it contains 47 jo and isj;.
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Faces: For each face ijk € I, let s, 1= s4;8;x5k:. If 855 = +1 then ijk is regular, and the six
corresponding edges in £ form two distinct triangles which we include in F'. Otherwise, ijk is a
branch triangle and these edges form a hexagon which we omit from F. We will use B C F to
denote the set of branch triangles.

We also define a 1-form & on K corresponding to Z , given by

Biyjy = ~Winjy = 5({€1j, Zi) — (eijs Z;))  if s35 = —1, and
Biygy = ~Wizjo = 5((€35, Zi) +(eij, Z5))  if 855 = +1,
along with a corresponding parallel transport map qu(Z ) = ¢*ra 7. Notice that & o1 = -0,

i.e., switching sheets flips the sign of w. For convenience, we define

. Wiyjo, i sij = —1,
Wij =

wiljl, lf Sij = +1,

and use I:’ij(Z) = e"ii Z to denote parallel transport by @.

3.4 CONJUGATE SYMMETRIC ENERGY

We now formulate an expression for the discrete energy (Eq. 3.4) on K , restricted to conjugate-
symmetric functions ¢ (Sec. 2.3). To do so, we store a single value ¢; € C at each vertex i € V
of our original mesh, and define (but do not explicitly store)

i, = i, Yiy 1= ;.

For a given edge ij € E, one then observes that the two corresponding edges on the double cover
malke identical contributions to the energy. For example, when s;; = +1, we have terms

wijlj — e“ungy?  and wig|th; — e |2,

which are identical in magnitude since e*¥i272 = ¢~ "“i1i1 = ¢*¥ii1 and conjugation does not affect
the norm (likewise for s;; = —1). The energy associated with a given edge ij € E is therefore

z Qi [0 — e 0% s = —1,
(35) 8” = ”‘ij Z:J\”d]z|2 K

2wy — e iuil?, sy = +1,
yielding a total energy &= YijeR éw Notice that this energy is defined entirely in terms of a

single value 1 per vertex and a single value @ per edge of our original mesh K: we do not need
to double the degrees of freedom.

singular
Figure 11. The double cover of a triangle is determined by the relative orientation
of vectors Z along each edge. Left: If the vector field can be locally oriented,
we simply make two copies of the original triangle. Right: Otherwise we have

a branch triangle, and use the six corresponding edges to form a hexagonal
boundary cycle.
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4 IMPLEMENTATION

We now describe essential aspects of implementation; detailed pseudocode can be found in App. C.

4.1 MATRIX REPRESENTATION

Although & is expressed using complex variables, it must be encoded as a real matrix in order
to represent conjugation of the stored values of v, which is not a complex-linear operation. In
particular, for complex numbers © = a + br, v = ¢+ dv and z = x + y2 the following relations are
easily verified:

(zu,v) = (a b)[2](c d)",  (2u,7) = (a b) [z] (¢ d)T,

=05 0 wa H=(G )

Expanding Eq. 3.5 and applying these expressions then allow us to express £ as a matrix
A € R2VIX2VI with diagonal blocks
Aii = Z [wij]

ijEE

where

for each vertex ¢ € V, and off-diagonal blocks

— ) 1Wij L=

A, = JTwiless ] sy = -1 Aj; = AT

ij = i — 11’ gi = P
—wi[e"], i =+

for each canonically oriented edge ij € E. The resulting matrix is symmetric positive-definite
with the same structure as the usual cotan-Laplace matrix. Finally, letting A;;, denote the area
of triangle ijk, we encode the usual L? norm on functions via the block diagonal lumped mass
matrix B € R2VI*2IVI with entries

Bi =3 Z Aijk,

ijkeF

i.e., one-third the total area of triangles incident on vertex i.

4.2 GLOBAL OPTIMIZATION

We now seek values v; = a; + b;2z that minimize é, which we encode as a vector x € RV of
interleaved values a;,b; € R. To avoid the trivial solution ¢ = 0, we ask that 1 have unit L?
norm—using the matrices above, this problem can be stated as

(4.1) min x'Ax s.t. x'Bx=1.

xER2IVI

Differentiating the Lagrangian of this problem yields the generalized eigenvalue problem Ax = ABx
for an eigenvector x associated with the smallest eigenvalue A, which we solve by factoring A and
applying the inverse power method (Alg. 9). Hence, the total cost of our algorithm is dominated
by a single matrix factorization.

4.3 TEXTURE COORDINATES

After computing 1, we still need to extract our final texture coordinates ov. However, simply using
the values arg(v);) is less than ideal since (i) we will experience aliasing if the target frequency v
is greater than the mesh spacing (Fig. 12) and (ii) linear interpolation will produce discontinuities
along the boundaries of triangles containing zeros or branch points (Fig. 13, 14). We therefore
adjust a as described below. On K these coordinates are antisymmetric with respect to sheet
interchange and encode a globally continuous map to the unit circle, as shown in App. B. Hence,
for any given base triangle we can use coordinates from either of the two covering triangles to
obtain a globally continuous stripe pattern. Note that for sufficiently fine meshes one can often
ignore singular triangles and simply use linear interpolation everywhere, as done in Figs. 1, 5, 19,
20, 21, and 7.
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The Spinning Form. Along each edge pg € E we had a target angular
displacement w,q, which in general we cannot achieve due to nonintegrability.
The spinning form ¢ is the angular displacement closest_to w that agrees
with the obtained minimizer of &, i.e., for which arg(e'7re1),) = arg(,).
These values will be used to adjust our texture coordinates. In particular,
let

Opq = arg(Ppq(¥p)/vq)
be the smallest angular distance from the obtained vector Jq at vertex ¢ to the desired vector
Ppq(1p). Then
Opg = Wpq — Opq-

Note that, like w, o is a discrete 1-form on f(': i.€., Opg = —Ogp-

Frequency Adjustment. We first adjust the texture coordinates locally in each triangle to
properly account for the target frequency v. More explicitly, let & denote the coordinate at
corner p of a triangle pgr € F. We let al" := arg(v,) at the first corner, and use the spinning
form to define coordinates at the other two corners: ay? := af" + 7pq and a7 := &f" + 7,,. To
render a given base triangle ijk € F' we need only extract the coordinates from one of its two
covering triangles, which we can do using the values 1 and & stored on our original mesh K. In
particular, if we let

5iy = {arg(lf’ij(l/)i)/%)’ sij = —1,
arg(Pi; (Vi) /¥5),  sij = +1,
and ¢ :=w + 5, then our local coordinates are just
o = arg 1),
okt = arg(vy) + 645,
o) = arg(Y;) + Gik.
In nonsingular regions, o can then be interpolated linearly over each triangle. In general, however,

we must account for singularities due to either (i) zeros of the function ¢ or (ii) branch points
arising from the field Z; each of these cases is treated below.

Zeros. As we walk around the boundary of any regular triangle ijk € F'\ B covered by a
triangle i1qr € F, the spinning form describes a net change in angle of
a/ilq + 5q7‘ + aril = 27777,1]]@
for some integer n;;; € Z which we refer to as the index of v. If n;;, # 0, this means that the

angle o on the base domain must “jump” somewhere and hence cannot be interpolated by any
continuous function (including a linear one). We instead use an interpolant that mimics the

arg(y)

Figure 12. Left: for coarse meshes or high frequency stripes, naive interpolation
of angles leads to severe aliasing. Right: by augmenting the angles according to
the target frequency, we can render stripes far above the resolution of the mesh.
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Figure 13. In triangles containing zeros, piecewise linear interpolation (left) can
be substantially improved (middle) by using a closed-form, nonlinear interpolant

(right).

behavior of the complex function z — arg(z), but remains linear along the boundary so that it
agrees with interpolants in adjacent triangles. Explicitly, let

(Lt i), te < tand t <t
(4.2) IArg,, (tis b, te) = 5 (34 15t ), b <ty and & < t,
%(5_’_ il_?,ttlz)’ t; <t and t; <ty

where ¢;,t;,t; € R are barycentric coordinates (Fig. 13, right). One can easily check that the
function 1Arg is piecewise linear along the boundary, and describes a continuous map to the unit
circle away from an isolated singularity at the barycenter m. To get our final interpolant, we
first subtract the value of lArgni]_ . from our texture coordinates o] " at all three triangle corners
(Alg. 10, lines 22-24). Texture coordinates are then computed by evaluating Eq. 4.2 in a fragment
shader and adding the result to the usual linearly interpolated values of «.

Branch Points. Finally, we extend our texture coordinates to any branch triangle ijk € B,
which on the double cover K corresponds to a hexagonal boundary cycle (p, q,r, s,t,u) starting
at p =1y (Fig. 11, right). Conceptually, we imagine triangulating the hexagon by inserting a new
vertex m at the middle and extending coordinates linearly over each face. In practice, we simply
draw the barycentric subdivision of the base triangle ijk (Fig. 14, right) using texture coordinates

Bi := arg(¢;) Bj =i+ 0pq
ﬁm = ﬁz + (5pq + a'qr + 57"5)/2 Bk = B] + 5qr
ﬁl = Bk + airs

with linear interpolation in each sub-triangle. (See App. B for further discussion; an explicit
implementation is given in Alg. 10.)

Figure 14. Left: stripe pattern on a coarse mesh of 708 vertices. Center: tip
of the nose with a branch point in the middle and nearby triangles containing
zeros of index 1 and 3. Right: piecewise linear texture coordinates used to draw
branch points.
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Figure 15. Our method (blue) produces results of comparable quality to expensive,
nonlinear optimization (yellow), yet is on average 10.54 times faster across a
broad collection of examples.

5 RESULTS

5.1 PERFORMANCE

We implemented our method in C++ using SuiteSparse [9]; performance was measured on a
single core of a 2.6 GHz Intel Core i7. Typical run times were less than a second; for example,
we required 591ms, 14ms, 804ms, and 386ms to generate patterns in Figs. 1, 12, 18, and 21 on
meshes with 28k, 1k, 44k, and 39k faces (resp.). This level of performance makes it possible to
interactively edit or even animate patterns. We also compared the performance of our eigenvector
scheme to the quartic penalty scheme suggested by Ray et al. [59, Sec. 2.5] using the same matrix
for the quadratic term and their suggested solver parameters. Across a broad range of examples
our eigenvector method performed over an order of magnitude faster (Fig. 15); moreover, the
penalty scheme sometimes gets trapped in local minima, yielding unwanted distortion.

5.2 ROBUSTNESS

In Fig. 16 we severely distort the input mesh, yet still obtain a well-behaved stripe pattern; this
type of behavior is a hallmark of elliptic variational problems based on Laplace-like operators.
The method also has no trouble handling sharp discontinuities in the input vector field Z (Fig. 6,
right); likewise, outliers and noise in Z are handled gracefully (Fig. 7.)

Figure 16. Due to the elliptic nature of our problem, the method is robust to
noise, holes, and other severe errors in the input.
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Figure 17. Minimum principal curvature directions with either nonuniform (left)
or uniform spacing (center) provide a natural pattern orientation. Right: this
kind of pattern can be used to automatically drive a real-time hatching shader,
requiring no user input apart from a single global scale parameter.

5.3 APPLICATIONS

Figures throughout show applications of stripe patterns to design and texture synthesis. For
real-time hatching [63], a precomputed stripe pattern pattern circumvents the need to trace
integral curves, ete.(Fig. 17). In Fig. 21 we used marching triangles to generate geometric stripes.
In Figs. 1 and 18, we combined two orthogonal stripe patterns to drive a 2D displacement map
with bilateral symmetry across each axis. In Fig. 19 we mimic the artistic style of a ceramic mug.
All of the preceding examples used optimally smooth or curvature-aligned fields as input [33],
but in principle any technique can be applied—Fig. 4 shows an example where Z is described by
artist-driven input; Fig. 5 uses the smoothest field with prescribed singularities [16] to emulate
fingerprints.

6 CONCLUSION

Remarkably, many disparate natural phenomena are well-captured by one simple energy (Eq. 2.2),
making stripe patterns a versatile tool for design. More broadly, stripe patterns contribute to a
growing collection of tasks in geometry processing and simulation where singular features and
sparse approximations are efficiently obtained by minimizing Dirichlet energy on a particular
Hermitian line bundle—other recent examples include the design of smooth vector fields [33],
extraction of smoke rings [72], and conformal volume deformation [11]. A better understanding
of this phenomenon will no doubt lead to valuable future developments.

Acknowledgments. This work was supported by the DFG Collaborative Research Center
TRR 109, “Discretization in Geometry and Dynamics,” an NSF Mathematical Sciences Postdoc-
toral Research Fellowship (Award #1304254), and Intel. Meshes in Figs. 1, 14, 18, 22 are courtesy
the Stanford Computer Graphics Lab; in Figs. 5, 15, 16, 17 courtesy AIM@Shape; and in Fig. 21
courtesy Martin Newell.

A CONJUGATE SYMMETRY

Here we show that the energy € on M always has a global minimizer v that is conjugate symmetric,
i.e., such that

Y=Ty:=7or.
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Figure 18. Two orthogonal stripe patterns (red and blue) are computed separately
and combined to drive a displacement map with bilateral symmetry across both
axes.

(Photo courtesy DJ Crane)

Figure 19. Left: Photograph of a real mug with uniform, branching stripes. Right:
Virtual mug synthesized using our method.

(Photo courtesy Carl Clifford)

Figure 20. Stripe patterns are ubiquitous in nature—here we caricature a real
angelfish (left) using a stripe pattern (right).

Figure 21. Stripe patterns can also be used to achieve a variety of artistic effects,
here inspired by the work of M.C. Escher.
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Notice that T'(tt)) = —(T%, in other words, T is complex anti-linear. Hence, we can decompose ¢
as

¢ =3(1d+T)p+5(1d =Ty = 1+ (5(Id + T)(—ep)),
—_——
=) =12
i.e., ¥ = 1)1 + 1)9. Since T? = Id, one easily checks that both 1; and v, are conjugate symmetric
and T = ¢ — ). Moreover, since 11 and iy are orthogonal ((Id — T)(Id + T') = 0) we get

111 = llall® + llw2l*.

Further, E(¢) = E(T), i.e., conjugation does not change the energy. Applying the polarization
identity then yields

E(Y) = F(E(W) + E(TY))
= S(EWr + o) + E(r — 1952))
= &(¢1) + E(¢ha).

Suppose now that 1 with ||¢)||? = 1 solves (Equation (2.3)). Then for any other nonzero function
¢ we have €(¢)/||¢||> > €(v), which when applied to 1, (resp. ¥2) implies

E(r) = E()||vn? E(1ha) > E(1)||ha .

But these inequalities must actually be equalities, otherwise summing them would yield a contradic-
tion. Hence, there will always be some unit, conjugate symmetric function ¢y /||11|| or ¥a/||92||
with the same energy as v¥. In other words, restricting optimization to conjugate symmetric
functions will still yield a global minimizer.

B TEXTURE COORDINATES

We now show that the coordinate function & : M — R /27Z on the double cover is (i) antisymmetric
with respect to sheet interchange, i.e.,

(B.1) aoT=—qa,

and (ii) encodes a globally continuous map to the unit circle, away from isolated singularities.
Together, these properties guarantee that & can be used to draw a continuous stripe pattern.
More formally, they ensure that for any even 2m-periodic function u : R — R, there exists a
function ¢ : K\ B — R such that away from branch triangles B,

UOQ=COoT,

i.e., u(&) descends to some function ¢ on the base. We will first define & on edges, and then
extend it to triangle interiors.

To begin, let {/}v be a minimizer of our discrete energy (Eq. 3.5), which is conjugate-symmetric by
construction, and let ¢ := 1 /|¢|. If 7 is the corresponding spinning form (Sec. 4.3), one easily
checks that e*?rip, = ¢, along any edge pg € . Hence, for any path ¥ from p to ¢ along edges
of K, we have

(B.2) e 5% 0, = g,

where the integral is just the sum of & over all the oriented edges of 4. From Equation (B.2)
it follows that the integral of o over any closed path (p = ¢) has a value in 27Z. Thus, if we
integrate & over the whole domain (starting at an arbitrary vertex), we obtain a piecewise-linear
function & on edges such that

(B.3) €' = @,

at each vertex p. By conjugate symmetry of J, and since w changes sign under 7, we see that &
also changes sign under 7. Together with Equation (B.3) this yields Equation (B.1).

We now extend & to triangle interiors. For triangles pgr € F where the index Tipgr = (Opq +
Gqr + Orp)/2m equals zero (i.e., where ¢ is regular), we can simply extend & linearly—clearly
Equation (B.1) stays valid in this case. When 7,4, is nonzero, we interpolate boundary values
using the nonlinear function 1Arg described in Sec. 4.3. Here Eq. B.1 follows from the behavior of
¢ under 7: changing sheets flips the sign of 7,4 and thus of lArgﬁW‘.
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Finally, consider any branch triangle ijk € B, which corresponds to a hexagonal boundary cycle
on the double cover K (Sec. 3.3). We will extend & over a triangulation connecting each boundary
vertex to a “middle” vertex m. In particular, consider a path ¥ = (p, ¢, r, s) on K between vertices
7(p) = s that projects to the path v = (i, 4, k,i) on K. Let  := [. &, and assume 7 is oriented

5
such that &; = &, + ¢. From Equation (B.2) we have
[T _
€ f;’ Pp = Ps = Pp>
which implies that £ + &5 = —as + 2ar for some a € Z, or equivalently that the texture coordinate

G = @5 + §/2 equals ar. Hence, u(&,) = u(am — §/2) = u(ar + £/2) = u(és), which means
that the piecewise linear extension of & satisfies Eq. B.1.

u(a) &,= /2 d=a,+E/2 s=1(p)

‘ 3'71: 4'71 57r 6'77: 7ﬁ r

& J

C PSEUDOCODE

The input to the main algorithm STRIPEPATTERN is a simplicial surface K = (V,E, F), a
collection of edge lengths ¢ € RIZ! satisfying the triangle inequality in each face, unit vectors
X e CIVI describing the desired pattern orientation, and positive values v € RIV! giving the target
line frequency. The output is a collection of coordinates a € R3IFI+2I5 (one for each triangle
corner, and two more for the midpoint m and duplicate vertex [ of each branch triangle), along
with indices 1, Sijr € ZIF| for each triangle indicating whether one should apply nonlinear
interpolation or draw the barycentric subdivision (resp.).

Algorithm 4 The main stripe pattern algorithm (Sec. 2).

1: procedure STRIPEPATTERN(K, ¢, X, v) > K= (V,E,F)
2: 0 + VERTEXANGLES(K, {)

3 w, s < EDGEDATA(K, {,0, X, v)

4: A < ENERGYMATRIX(K, £, w, 5)

5: B «+ MassMATRIX(K, ()
6.
7
8
9:

1 < PRINCIPALEIGENVECTOR(A, B)
a,n, S < TEXTURECOORDINATES(K, ¥, w, s)
return o, n, S

end procedure

Algorithm 5 Computes polar coordinates of outgoing halfedges around each vertex (Sec. 3.1).

1: procedure VERTEXANGLES(K, ()

2 for each i € V do

3 ;0 > cumulative angle
4 for p < {0,...,DECREE(K, i) — 1} do

5: Gijp — O;

6 0; <+ 0, + TIPANGLE(K, £, 1, jp, jp+1) > returns 7%
7 end for

8 for p + {0,...,DEGREE(K, %) — 1} do

9: Qijp < 27T197;]'p/97;
10: end for

11: end for
12: return 6

13: end procedure
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Algorithm 6 Initializes basic edge data (Sec. 3.1).

1:
2
3
4:
5:
6.
7
8

9:

procedure EpDGEDATA(K, (,0, X, v)
for each ij € E do > canonically oriented (i < j)

pij — —0ij + 05 +7

sij + sgn((e*fii X;, X))

¢i < arg(X;)

¢; < arg(si; X;)

wij 4 G (vi cos(gi — 055) + v; cos(d; — 0;))

end for
return w, s
10: end procedure

Algorithm 7 Builds the matrix defining the energy (Sec. 4.1).

1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:

procedure ENERGYMATRIX(K, ¢, w, )
A« 0 e RAVIX2IVI > start with all zeros
for each ij € FE do > canonically oriented (i < j)

Bi, Bj + OPPOSITEANGLES(K, £, 1j)
wij 4 3 (cot Bs; + cot Bj;)
Aii = Agi + [wig]
Ajj < Ajj + [wij]
if s;; > 0 then
Aij — —Wij [elwij]
else
Aij < —wi;[eri]
end if

end for
return A
16: end procedure

Algorithm 8 Builds the mass matrix associated with vertices (Sec. 4.1).

1:
2
3
4:
5:
6
7
8

9:

procedure MAssMATRIX(K, ()
B « 0 € RAVIX2IVI > start with all zeros
for each ijk € F' do

Aijr < TRIANGLEAREA(K, ¢, ijk)
Bii < Bii + Aiji/3

Bjj < Bjj +Aijr/3

Brr < Brx + Aiji/3

end for
return A
10: end procedure

Algorithm 9 Computes an eigenvector corresponding to the smallest eigenvalue via the inverse
power method (Sec. 4.2).

1
2
3
4
5:
6
7
8
9

: procedure PRINCIPALEIGENVECTOR(A, B)

L + CHOLESKYFACTOR(A)
x <~ UNIFORMRAND(S1ZE(A))
fori=1,...,N do

x < BackSowve(L, Bx)

X x/VxTBx
end for
return x

: end procedure

The remaining routines are standard, but are defined here for completeness:

DecRrEE(K, ) - returns the degree of vertex i € V.

e TIPANGLE(K, Y, 1,7, k) - returns the angle at vertex ¢ € V' in triangle ijk € F.

OprproSITEANGLES(K, £,1j) - returns the two angles opposite edge ij € F (Sec. 3.2).
TRIANGLEAREA(K, ¢, ijk) - returns area of triangle ijk € F.

CHOLESKYFACTOR(A) - returns Cholesky factor of matrix A.

UNIFORMRAND(n) - returns a vector of n numbers in the interval [—1, 1], picked uniformly at random.
Size(A) - returns the dimension of a square matrix A.

BackSowve(L, b) - if L is a Cholesky factor of A, solves the linear system Ax = b.
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Algorithm 10 Computes final texture coordinates. (Sec. 4.3).

1: procedure TEXTURECOORDINATES(K, 1, w, )
2 for each ijk € F do
3 cij «—i<j?1l:-1 > is each edge canonical?
4: cir+—j<k?1l:-1
5: ci — k<i?71:-1
6: Ziy Zjy 2k 4 Vi, V5, Yk > get local copies of edge data
7 Vij, Ujk, Uki $— CijWij, CjkWjk, CkiWki
8 Sijk < SijSjkSki > compute branch index
9: if Sijr <0 then > branch triangle
10: Uki ¢ —Uki > want transport to 7(i1), not i1
11: end if
12: if s;; < 0 then > make values at j consistent w/ 4
13: 25 < Zj
14: Vij ¢ CijUi
15: Vjk < —CjkVjk
16: end if
17: if Sijksk < 0 then > make values at k consistent w/ i
18: 2k — Zk
19: Vki < —CkiUki
20: Vjk < CjkUjk
21: end if
22: aZ b arg(z;) > compute angles at triangle corners
23: okt od¥ 4 vy — arg(e™i 2,/ 25)
24: al ol + v, — arg(e™ik z; ) z1,)
25: a?* ol + up — arg(e"rizy ) 2;)
26: aF  odF 4 (aF —alF) /2 > midpoint coordinate
27: Nijk %(a?k — ) > compute zero index
28: okt ol —2mn/3 > adjust zeros
29: o) o) —4mn/3
30: end for
31: return a,n, S

32: end procedure

Figure 22. Two independent stripe patterns (left, center left) oriented along
orthogonal fields are combined (center right) to drive the periodic texture and
displacement maps (right) used in Fig. 1.
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ABSTRACT. Discrete vector bundles are important in Physics and recently found remarkable
applications in Computer Graphics. This article approaches discrete bundles from the viewpoint
of Discrete Differential Geometry, including a complete classification of discrete vector bundles
over finite simplicial complexes. In particular, we obtain a discrete analogue of a theorem of
André Weil on the classification of hermitian line bundles. Moreover, we associate to each
discrete hermitian line bundle with curvature a unique piecewise-smooth hermitian line bundle
of piecewise constant curvature. This is then used to define a discrete Dirichlet energy which
generalizes the well-known cotangent Laplace operator to discrete hermitian line bundles over
Euclidean simplicial manifolds of arbitrary dimension.

1 INTRODUCTION

Vector bundles are fundamental objects in Differential Geometry and play an important role in
Physics [7]. The Physics literature is also the main place where discrete versions of vector bundles
were studied: First, there is a whole field called Lattice Gauge Theory where numerical experiments
concerning connections in bundles over discrete spaces (lattices or simplicial complexes) are the
main focus. Some of the work that has been done in this context is quite close to the kind of
problems we are going to investigate here {12, 13, 25].

Vector bundles make their most fundamental appearance in Physics in the form of the complex
line bundle whose sections are the wave functions of a charged particle in a magnetic field. Here
the bundle comes with a connection whose curvature is given by the magnetic field [7]. There
are situations where the problem itself suggests a natural discretization: The charged particle
(electron) may be bound to a certain arrangement of atoms. Modelling this situation in such a
way that the electron can only occupy a discrete set of locations then leads to the “tight binding
approximation” [37, 3, 64].

Recently vector bundles over discrete spaces also have found striking applications in Geometry
Processing and Computer Graphics. We will describe these in detail in Section 2.

In order to motivate the basic definitions concerning vector bundles over simplicial complexes let
us consider a smooth manifold M that comes with smooth triangulation (Figure 1).

Let E be a smooth vector bundle over M of rank &. Then we can define a discrete version E of
E by restricting E to the vertex set V of the triangulation. Thus E assigns to each vertex i € V
the R-dimensional real vector space E; := E;. This is the way vector bundles over simplicial
complexes are defined in general: Such a bundle E assigns to each vertex ¢ a R-dimensional real
vector space E; in such a way that E;NE; = ) for i # j.

So far the notion of a discrete vector bundle is completely uninteresting mathematically: The
obvious definition of an isomorphism between two such bundles E and E just would require vector
space isomorphism f;: E; — E, for each vertex i. Thus, unless we put more structure on our
bundles, any two vector bundles of the same rank over a simplicial complex are isomorphic.
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Figure 1. A smooth triangulation of a manifold.

Suppose now that E comes with a connection V. Then we can use the parallel transport along
edges ij of the triangulation to define vector space isomorphisms

This leads to the standard definition of a connection on a vector bundle over a simplicial complex:
Such a connection is given by a collection of isomorphisms 7;;: E; — E; defined for each edge ij
such that

nji = 15"
Now the classification problem becomes non-trivial because for an isomorphism f between two
bundles E and E with connection we have to require compatibility with the transport maps 7;;:

fiomni; = Mnijo fi

Given a connection 7 and a closed edge path v = ey ---e; (compare Section 4) of the simplicial
complex we can define the monodromy P, € Aut(E;) around v as

P, =mn¢,0...00,.

In particular the monodromies around triangular faces of the simplicial complex provide an analog
for the smooth curvature in the discrete setting. In Section 4 we will classify vector bundles with
connection in terms of their monodromies.

Let us look at the special case of a rank 2 bundle E that is oriented and comes with a Euclidean
scalar product. Then the 90°-rotation in each fiber makes it into 1-dimensional complex vector
space, so we effectively are dealing with a hermitian complex line bundle. If ijk is an oriented face
of our simplicial complex, the monodromy Pp ;1 : E; — E; around the triangle 45k is multiplication
by a complex number h;;;, of norm one. Writing h;j, = e**¥* with —m < a;;, < 7 we see that
this monodromy can also be interpreted as a real curvature oy;, € (—m,n]. It thus becomes
apparent that the information provided by the connection 7 cannot encode any curvature that
integrated over a single face is larger than 7. This can be a serious restriction for applications:
We effectively see a cutoff for the curvature that can be contained in a single face.

Remember however our starting point: We asked for structure that can be naturally transferred
from the smooth setting to the discrete one. If we think again about a triangulated smooth
manifold it is clear that we can associate to each two-dimensional face ijk the integral €;;; of
the curvature 2-form over this face. This is just a discrete 2-form in the sense of discrete exterior
calculus [17]. Including this discrete curvature 2-form with the parallel transport 1 brings discrete
complex line bundles much closer to their smooth counterparts:

DEFINITION. A hermitian line bundle with curvature over a simplicial complex X is a triple
(E,n,Q). Here E is complex hermitian line bundle over X, for each edge ij the maps n;;: E; — E;
are unitary and the closed real-valued 2-form 0 on each face ijk satisfies

2
Mii © Njik © Nij = e 7* idg,.
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In Section 7 we will prove for hermitian line bundles with curvature the discrete analog of a
well-known theorem by André Weil on the classification of hermitian line bundles.

In Section 8 we will define for hermitian line bundles with curvature a degree (which can be
an arbitrary integer) and we will prove a discrete version of the Poincaré-Hopf index theorem
concerning the number of zeros of a section (counted with sign and multiplicity).

Finally we will construct in Section 10 for each hermitian line bundle with curvature a piecewise-
smooth bundle with a curvature 2-form that is constant on each face. Sections of the discrete
bundle can be canonically extended to sections of the piecewise-smooth bundle. This construction
will provide us with finite elements for bundle sections and thus will allow us to compute the
Dirichlet energy on the space of sections.

2 APPLICATIONS OF VECTOR BUNDLES IN (GEOMETRY PROCESSING

Several important tasks in Geometry Processing (see the examples below) lead to the problem
of coming up with an optimal normalized section ¢ of some Euclidean vector bundle E over a
compact manifold with boundary M. Here “normalized section” means that ¢ is defined away
from a certain singular set and where defined it satisfies |¢| = 1.

In all the mentioned situations E comes with a natural metric connection V and it turns out that
the following method for finding ¢ yields surprisingly good results:

Amonyg all sections 1 of E find one which minimizes [, |Vi|* under the constraint [, [¢p|* = 1.
Then away from the zero set of ¥ use ¢ = /|].

The term "optimal" suggests that there is a variational functional which is minimized by ¢ and
this is in fact the case. Moreover, in each of the applications there are heuristic arguments
indicating that ¢ is indeed a good choice for the problem at hand. For the details we refer to the
original papers. Here we are only concerned with the Discrete Differential Geometry involved in
the discretization of the above variational problem.

2.1 DIRECTION FIELDS ON SURFACES

Here M is a surface with a Riemannian metric, E = TM is the tangent bundle and V is the
Levi-Civita connection. Figure 2 shows the resulting unit vector field ¢. If we consider TM as a

Figure 2. An optimal direction field on a surface.

complex line bundle, normalized sections of the tensor square L = TM ® TM describe unoriented
direction fields on M. Similarly, “higher order direction fields” like cross fields are related to higher
tensor powers of TM. Higher order direction fields also have important applications in Computer
Graphics.
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2.2 STRIPE PATTERNS ON SURFACES

A stripe pattern on a surface M is a map which away from a certain singular set assigns to each
point p € M an element ¢(p) € S = {z € C||z| = 1}. Such a map ¢ can be used to color M in a
periodic fashion according to a color map that assigns a color to each point on the unit circle
S. Suppose we are given a 1-form w on M that specifies a desired direction and spacing of the
stripes, which means that ideally we would wish for something like ¢ = €!* with da = w. Then
the algorithm in [34] says that we should use a ¢ that comes from taking E as the trivial bundle
E =M x C and V¢ = dip — iw1. Sometimes the original data come from an unoriented direction
field and (in order to obtain the 1-form w) we first have to move from M to a double branched
cover M of M. This is for example the case in Figure 3.

Figure 3. An optimal stripe pattern aligned to an unoriented direction field.

2.3 DEcCOMPOSING VELOCITY FIELDS INTO FIELDS GENERATED BY VORTEX
FILAMENTS

The velocity fields that arise in fluid simulations quite often can be understood as a superposition
of interacting vortex rings. It is therefore desirable to have an algorithm that reconstructs the
underlying vortex filaments from a given velocity field. Let the velocity field v on a domain
M C R3 be given as a 1-form w = (v,-). Then the algorithm proposed in [72] uses the function
¢: M — C that results from taking the trivial bundle E = M x C endowed with the connection
Vi = dip —iwtp. Note that so far this is just a three-dimensional version of the situation in
Section 2.2. This time however we even forget ¢ in the end and only retain the zero set of ¥ as
the filament configuration we are looking for.

Figure 4. A knotted vortex filament defined as the zero set of a complex valued
function . It is shown as the intersection of the zero set of Re with the zero
set of Im ).
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2.4 CLOSE-T0o-CONFORMAL DEFORMATIONS OF VOLUMES

Here the data are a domain M C R? and a function u: M — R. The task is to find a map
f: M — R? which is approximately conformal with conformal factor e, i.e. for all tangent vectors
X € TM we want

|df (X)] ~ €| X].
The only exact solutions of this equations are the Md&bius transformations. For these we find
df (X) = e"p X
for some map ¢: M — H with [¢)| = 1 which in addition satisfies
dip(X) = —1(gradu x X) .

Note that here we have identified R? with the space of purely imaginary quaternions. Let us
define a connection V on the trivial rank 4 vector bundle M x H by

Vxtp = dip(X) + (gradu x X)y.

Then we can apply the usual method and find a section ¢: M — H with |¢| = 1. In general there
will not be any f: M — R? that satisfies

(2.1) df (X) = e"pX ¢

exactly but we can always look for an f that satisfies (2.1) in the least squares sense. See Figure 5
for an example.

Figure 5. Close-to-conformal deformation of a sphere based on a desired conformal
factor specified as the potential of a collection of point charges.

3 DISCRETE VECTOR BUNDLES WITH CONNECTION

An (abstract) simplicial complex is a collection X of finite non-empty sets such that if o is an
element of X so is every non-empty subset of o [49].

An element of a simplicial complex X is called a simplex and each non-empty subset of a simplex
o is called a face of 0. The elements of a simplex are called vertices and the dimension of a
simplex is defined to be one less than the number of its vertices: dimo := |o| — 1. A simplex of
dimension k is also called a k-simplex. The dimension of a simplicial complex is defined as the
maximal dimension of its simplices.

To avoid technical difficulties, we will restrict our attention to finite simplicial complexes only.
The main concepts are already present in the finite case. Though, the definitions carry over
verbatim to infinite simplicial complexes and several statements remain true in this case.
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DEFINITION 1. Let F be a field and let X be a simplicial complex with vertex set V. A discrete
F-vector bundle E of rank R € N over X is a map w: E = 'V such that for each vertex i € V the
fiber over i

E; := 7 '({i})
has the structure of a K-dimensional F-vector space. We slightly abuse notation and denote a
discrete vector bundle over a simplicial complex schematically by E — X.

Clearly, the fibers can be equipped with additional structures. In particular, a real vector bundle
whose fibers are Euclidean vector spaces is called a discrete Fuclidean vector bundle. Similarly,
a complex vector bundle whose fibers are hermitian vector spaces is called a discrete hermitian
vector bundle.

Now, let o = {ip,...,ix} be a k-simplex. We define two orderings of its vertices to be equivalent
if they differ by an even permutation. Such an equivalence class is then called an orientation of
o and a simplex together with an orientation is called an oriented simplexr. We will denote the
oriented k-simplex just by the word g - - - ix. Further, an oriented 1-simplex is simply called an
edge.
DEFINITION 2. Let E — X be a discrete vector bundle over a simplicial complex. A discrete
connection on E is a map n which assigns to each edge ij an isomorphism n;;: E; — E; of vector
spaces such that

i = Mg -
Here and in the following a morphism of vector spaces is a linear map that also preserves all
additional structures - if any present. E.g., if we are dealing with hermitian vector spaces, then a
morphism is a complex-linear map that preserves the hermitian metric, i.e. it is a complex linear
isometric immersion. Now let us define morphisms of discrete vector bundles with connection.

DEFINITION 3. A morphism of discrete vector bundles with connection is a map f: E — F
between discrete vector bundles E — X and F — X with connections n and 0 (resp.) such that

i) for each vertex i we have that f(E;) C ¥; and the map fi = flg : E; — Fi is a morphism of
vector spaces,
ii) for each edge ij the following diagram commutes:

F—20
fzI = Ifj

i.e. eij o fz = fj O Nij-

Clearly, an isomorphism is a morphism which has an inverse map, which is also a morphism. Two
discrete vector bundles with connection are called isomorphic, if there exists an isomorphism
between them. Again let V denote the vertex set of X. A discrete vector bundle E — X with
connection 7 is called trivial, if it is isomorphic to the product bundle

F® =V x F*?
over X equipped with the connection which assigns to each edge the identity idps.

Let E — X be a discrete vector bundle with connection and let V denote the vertex set of X. A
section of a discrete vector bundle E — X is a map ¢: V — E such that the following diagram
commutes

E
wlﬁ

V———V
i

i.e. o1 =id. As usual, the space of sections of E will be denoted by I'(E).

DEFINITION 4. Let E — X be a discrete vector bundle with connection . A section ® € T'(E) is
called parallel, if n;;(¢;) = ¢; for each edge ij of X.
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PROPOSITION 1. A discrete vector bundle E — X with connection of rank R is trivial if and
only if it has K linearly independent parallel sections.

PROOF. Let E be trivial. Then there is an isomorphism f: E — F£. Parallel sections of
the trivial bundle are just constant maps V — F2. For j = 1,..., R, we define sections ¢’
by ¢! := f~'((i,€;)), where €; denotes the j-th canonical basis vector of F&. Since f is an
isomorphism the ¢’ is parallel. Clearly, these sections are linearly independent. Conversely, given
R linearly independent parallel sections, these form at each vertex i a basis of the fiber E;. The
corresponding coordinates establish an isomorphism with the trivial bundle. ]

Clearly, each vector space operation gives rise to an operation on discrete vector bundles with
connection. E.g. if E -+ X and F — X are discrete vector bundles with connection, then the
tensor product E® F — X is the discrete vector bundle with fiber (E® F); = E; ® F; over the
vertex i. If 7 and 6 denote the connections of E and F (resp.), then the connection n® 6 on EQ F
is simply given by (n®6);; = 1;; ® 0;;. Thus we can build direct sums, tensor products and duals
of discrete vector bundles.

Let E and F be discrete vector bundles with connections 7 and 6, respectively. If f: E — F is an
isomorphism then, by the commutative edge diagrams, we obtain for each edge ij the following
relation:

0ijo fion;' = fj
If we regard f as a section of the tensor product F ® E*, then the above equation states that f is

parallel. Conversely, if rank E = rank F, every non-vanishing parallel section of F @ E* yields an
isomorphism between E and F.

PROPOSITION 2. Two vector bundles E and F of equal rank are isomorphic if and only if F @ E*
has a non-vanishing parallel section. In particular, E ® E* is trivial.

It is a natural question to ask how many non-isomorphic discrete vector bundles with connection
exist on a given simplicial complex. This question is related to the topology of the simplicial
complex and can be studied by monodromy.

4 MONODROMY - A DISCRETE ANALOGUE OF KOBAYASHI’S THEOREM

Let X be a simplicial complex. Each edge of X has a start and a target vertex. We denote the
map that sends an edge to its start vertex by s and the map that sends the edge to its target
vertex by t:

s(ig) ==1, t(ij) == j.
A (discrete) path + is then simply a sequence of successive edges (eq,...,ep), i.e. s(exr1) = t(ex)
forall k=1,...,¢/ —1, and will be denoted by the word:

'YZGZ"'61~

A path from 7 to j is a path 7 = e;-- - e; such that ¢ = s(e1) and j = t(ey). We also say that v
starts at ¢ and ends at j. If v =€, --- €7 is a path from i to j and ¥ = e/ - - - €,,41 is a path from
j to k, then we can define a new path 4y from ¢ to k as follows:

Tr=eren

The path 4+ is called the concatenation of v and 4. In this sense we can regard an edge e as an
elementary path from its start to its target vertex. With this identification the inverse e~! of an
elementary path e = ij is then given by its opposite edge, i.e. e™! = ji. The inverse of a path
vy = ey ---ey is then defined by

L= 61_1 ce e[l.
Let E — X be a discrete vector bundle with connection 7. Now, given a discrete path v =ep--- €3
from i to j, we define the parallel transport along v as the map P,: E; — E; given by

P,:=mn,0---0n.
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PROPOSITION 3. Let E — X be a discrete vector bundle with connection 1 and let v and 7 be
discrete paths in X such that 7 starts where v ends. Then:

Py, =PsoP, P,.=P "

PROOF. The proposition obviously follows from the definitions. O

PROPOSITION 4. Let f: E — E be an isomorphism of discrete vector bundles. Let P and P
denote the parallel transport on E and E, respectively. Then, for each path ~v from a vertex i to a
vertex j,

P,=fjoP,of "

PROOF. Denote the connections of E and E by 1 and 7, respectively. Since f is an isomorphism,
the f; are invertible and we can express 7] for each edge e as follows

e = ft(e) O Te © s_(i)
Now, let ¥ =1 - - - e¢ be a path from the vertex ¢ to the vertex j. Since s(e1) =1, t(ey) = j and
s(ex+1) = t(ex) for 0 < k < £, we obtain
P’Y:ﬁeeo"'oﬁel :ft(ez)oneeo"'onel Of;(;) :ijP’YOfiil’

as was claimed. O

A loop based at a vertex i is a path that starts and ends at i. The loop space based at i is then the
set £L8(X, 1) of all loops based at i. To extract the essential information out of parallel transport
we will consider certain loops as equivalent.

A spike is a path of the form e~ !e. Clearly, if a loop contains a spike, we can delete the spike and
obtain a new loop based at the same vertex:

-1
€p--€ept1€ eek...elHez...ek__"_lek...el.

Similarly certain spikes can be inserted into loops. These operations, deleting or inserting spikes,
will be referred to as elementary moves. We define an equivalence relation on the loop space
L8(X, 1) as follows:

v ~ 7 <= J can be obtained from v by a sequence of elementary moves.

The concatenation of discrete paths induces a group structure on the quotient space £LG(X, 1) :=
L8(X, i)/~

B =01 b=k
The group £G(X, 1) is called the discrete path group in X with base point i. In the smooth case,

the path group appears e.g. in [35] and more recently in [47].

_1].

Remark 1: The k-skeleton of a simplicial complex X is the simplicial complex formed by all
simplices in X of dimension < k. Clearly, LG(X,1i) is nothing else than the first fundamental
group of the 1-skeleton of X.

If X is connected, i.e. any two vertices ¢ and j of X can be joined by a path, then the groups
L£G(X,4) and LG(X,j) are isomorphic. An isomorphism is established by conjugation with any
path + from ¢ to j. By Proposition 1, it is clear that all discrete vector bundles over a connected
simplicial complexes with vanishing path group must be trivial. If the path group does not vanish,
there are obvious obstructions. These are encoded by the monodromy of the bundle.

PROPOSITION 5. Let E — X be a discrete vector bundle with connection over a connected
simplicial complex. The parallel transport pushes forward to a representation of the loop group
with base point i:

M: LG(X,7) = Aut(E;), [7] — Py.

The representation I will be called the monodromy of discrete vector bundle E.

PRrROOF. Obviously, the parallel transport is invariant under elementary moves. Hence N is
well-defined. That 97 is a group homomorphism is just Proposition 3. (|
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Isomorphy of discrete vector bundles carries over to their monodromy as follows.

PROPOSITION 6. Isomorphic discrete vector bundles with connection have isomorphic mon-
odromies, i.e. the monodromies lie in the same conjugacy class.

PROOF. Let f: E — E be an isomorphism of discrete vector bundles with connection over a
simplicial complex X. Then, by Proposition 4, the monodromies M: LG(X,7) — Aut(E;) and
M: LG(X, 1) — Aut(E;) are related as follows:

M([y]) = fi o M) o £, for each [1] € £I(X, ).

But this means that 9 and 90 are isomorphic representations. O

In fact, as we will see, the monodromy completely determines a discrete vector bundle with
connection up to isomorphism. This provides a complete classification of discrete vector bundles
with connection.

Let X be a connected simplicial complex. Let E — X be a discrete F-vector bundle of rank £ with
connection and let M: LG(X, i) — Aut(E;) denote its monodromy. Any choice of a basis of the
fiber E; determines a group homomorphism p € Hom(LS(f)C, i), GL(R&, ]F)) Any different choice
of basis determines a group homomorphism p which is related to p by conjugation, i.e. there is
S € GL(R,F) such that

) =5 p([V]) - S~ for all [y] € LG(X, ).

Hence the monodromy 9t determines a well-defined conjugacy class of group homomorphisms
from £G(X,7) to GL(R,F), which we will simply denote by [9]. The group GL(&,F) will be
referred to as the structure group of E.

Let QT?(X) denote the set of isomorphism classes F-vector bundles of rank R with connection over
X and let Hom (LS(I)C, i), GL(R, F))/N denote the set of conjugacy classes of group homomorphisms
from the path group LG(X, 1) into the structure group GL(R,F). The following theorem is a discrete
analogue of Kobayashi’s theorem on smooth bundles (compare [35]).

THEOREM 2. F': U (X) — Hom (LSG(X, i), GL(R,F))/~, [E] — [9M] is bijective.

PRrROOF. By Proposition 6, F is well-defined. First we show injectivity. Consider two discrete
vector bundles E and E over X with connections 7 and 7, respectively, and let 9 and 90
denote their monodromies. Suppose that [ = [90]. Hence, if we choose bases {Vi,..., Vq}
of E; and {‘71, . Vﬁ} of E;, then 9 and 9 are represented by group homomorphisms p, j €
Hom(LS(X, i), GL(R, F)) (resp.) both of which are related by conjugation and, without loss of
generality, we can assume that p = p. Now, let T be a spanning tree of X with root i. Then,
for each vertex j of X there is a path ; ; from the root i to the vertex j entirely contained in 7.
Since the T contains no loops the path +; ; is essentially unique, i.e. any two such paths differ
by a sequence of elementary moves. Thus, we can extend the bases parallelly along T to each
vertex of X and obtain sections {X?,..., X%} ¢ T(E) and {X',..., X®} C I'(E) providing bases
at each fiber. With respect to these bases the connections 1 and 7} are represented by elements of
GL(&,F). Clearly, by construction, for each edge e in T the connection is represented by just the
identity matrix. Moreover, to each edge e = jk not contained in T there corresponds a unique
loop [ve] € £G(X, 7). With the notation above, it is given by v, = l_kl e, . In particular, on
the edge e both connections are represented by the same matrix p([ye]) = p([Ve]). Thus if we
define f: E — E such that f(X™) = X™ for m =1,..., 8 we obtain an isomorphism, i.e. E =~ E.
Hence F is injective. Now, let p € Hom(LS(DC, i), GL(R, IF)) To see that F' is surjective we use
T to equip the product bundle E := V x F* with a particular connection 7. Namely, if e lies
in T we set 7. = id else we set 1. := p([7.]). Clearly, by construction, F([E]) = [p]. Thus F is
surjective. O
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5 DISCRETE LINE BUNDLES - THE ABELIAN CASE

Let X be a connected simplicial complex. A discrete line bundle is a discrete vector bundle L — X
of rank & = 1. In this case the structure group is the multiplicative group of the underlying field
F, :=T\ {0}. Since F, is abelian, we obtain

Hom(LS(DC,i),]F*))/N = Hom(LS(DC,i),IF*).
Clearly, Hom(LQ(DC, i), IF*) carries a natural group structure. Moreover, the isomorphism classes
of discrete line bundles over X itself build an abelian group. The group structure is just given by
the tensor product: Let [L], [L] € U#(X), then
L =[Lel, L~ =[L]
The identity element is given by the trivial bundle. In the following we will denote the group of

isomorphism classes of F-line bundles over X by L%..

It is easily checked that the map F: L% — Hom(LS(f)C, i),F*), [L] — [90] is a group homomor-
phism. By Theorem 2, F' is an isomorphism.

Now, since F, is abelian, each homomorphism p € Hom(LS(DC, i), IF*) factors through the abelian-
1zation
Lg(xa Z')ab = LS(:X:7 z)/[LS(f)C, Z)) Lg(x7 Z)]a
i.e. for each p € Hom(£SG(X,),F,) there is a unique pqp € Hom (LG(X,7)ap, Fy) such that
P = Pab © Tab-
Here a1 £LG(X,4) — L£G(X,4)qp denotes the canonical projection. This yields an isomorphism
between Hom (£G(X,4),F.) and Hom (£G(X,%)ap, Fs). In particular,
L% = Hom (LG(X, i)ap, F.).
Actually, as we will see, the abelianization £G(X, %), is naturally isomorphic to the group of

closed 1-chains.

The group of k-chains C(X,Z) is defined as the free abelian group which is generated by the
k-simplices of X. More precisely, let X" denote the set of oriented k-simplices of X. Clearly, for
k > 0, each k-simplex has two orientations. Interchanging these orientations yields a fixed-point-
free involution py: X7" — X{". The group of k-chains is then explicitly given as follows:
Cr(X,Z) :=={c: X3" = Z| copy = —c}.
Since simplices of dimension zero have only one orientation, X§" = Xo. Thus,
Co(X,Z) := {c: X" — Z}.

It is common to identify an oriented k-simplex o with its elementary k-chain, i.e. the chain which
is 1 for o, —1 for the oppositely oriented simplex and zero else. With this identification a k-chain
¢ can be written as a formal sum of oriented k-simplices with integer coefficients:

CZZniai, n; € Z, o; Exzr.
i=1
The boundary operator Oy : Ci(X,Z) — Ci—1(X,Z) is then the homomorphism which is uniquely
determined by

k
O g -+ ip = Z(—l)ji()"'ij"'ik-
j=0
It well-known and easily checked that 0y o Jx+1 = 0. Thus we get a chain complex
0% Co(x,2) & Ci(X,2) &= - P X, z) S
The simplicial Homology groups Hy (X, Z) measure how exact this sequence is:

Hk(x, Z) := ker ak/lm 8k+1.

The elements of ker 0y, are called k-cycles, those of im 0x41 are called k-boundaries.
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It is a well-known fact that the abelianization of the first fundamental group is the first homology
group (see [26]). Now, if we combine this with the fact that £G(X, ) is a nothing but the first
fundamental group of the 1-skeleton of X and the first homology of the 1-skeleton consists exactly
of all closed chains of X, we see that

LG(X,1)ap = ker 0.

The isomorphism is induced by the map £G(X,7) — kerd; given by [y] — 3, e;, where v =
eg---e1. We summarize the above discussion in the following theorem.

THEOREM 3. The group of isomorphism classes of line bundles LIDFC is naturally isomorphic to
the group Hom(ker 01,F,):
L5 = Hom(ker 0, F,).

The isomorphism of Theorem 3 can be made explicit using discrete F,-valued 1-forms associated
to the connection of a discrete line bundle.

6 DISCRETE CONNECTION FORMS

Let X denote a connected simplicial complex. A discrete k-form is nothing else than a k-cochain
with coefficients in an abelian group. The exterior derivative survives as the coboundary operator.

DEFINITION 5. Let & be an abelian group. The group of &-valued discrete k-forms is defined as
follows:
QF(X, ) := {w: Cp(X) = & | w group homomorphism}.
The discrete exterior derivative dy, is then defined to be the adjoint of Ox11, i.e.
d: (X, 8) — QX 8),  dpw 1= w o Ippy.

By construction, we immediately get that diy1 o di, = 0. The corresponding cochain complex is
called the discrete de Rahm complex with coefficients in &:

0— QO &) 2 (&) L5 . L2 gh(x, B) s

Analogous to the construction of the homology groups, the k-th de Rahm Cohomology group
H* (X, &) with coefficients in & is defined as the quotient group

H*(X, ®) := kerdy, /im dj,_;.
The discrete k-forms in ker d;, are called closed, those in im di_, are called ezxact.
Now, let €, denote the space of connections on the discrete F-line bundle L. — X:
¢ = {77 | m connection on L}.
Clearly, any two connections 7,6 € €, differ by a discrete 1-form w € QY(X,F,):
0 = wn.

Hence the group Q*(X,F,) acts simply transitively on the space of connections €r,. In particular,
each choice of a base connection 5 € €1, establishes an identification

CL 31 =wh+— we Q(K,F,).

Remark 2: Note that each discrete vector bundle admits a trivial connection. To see this just
choose for each vertex a basis of the corresponding fiber. The corresponding coordinates establish
an identification with the product bundle. Then there is a unique connection that makes the
diagrams over all edges commute.

DEFINITION 6. Let n € €. A connection form representing the connection n is a 1-form
w € QYX,F,) such that n = wp for some trivial base connection (3.

Clearly, there are many connection forms representing a connection. We want to see how two
such forms are related.

More generally, two connections 17 and 6 in €, lead to isomorphic discrete line bundles if and only
if for each fiber there is a vector space isomorphism f;: L; — L;, such that for each edge ij:

bij o fi = fj omij.



56 3. COMPLEX LINE BUNDLES OVER SIMPLICIAL COMPLEXES AND THEIR APPLICATIONS

Since 1. and 6. are linear, this boils down to discrete F,-valued functions and the relation
characterizing an isomorphism becomes

0i; = (9595 ") nis = (dg)ijnij,

i.e. n and 0 differ by an exact discrete F,-valued 1-form. In particular, the difference of two
connection forms representing the same connection 7 is exact.

Thus we obtain a well-defined map sending a discrete line bundle L with connection to the
corresponding equivalence class of connection forms

[w] € QY(X,F.)/dQ°(X,F,).

THEOREM 4. The map F: L5 — QY(X,F.)/dQ°(X,F.), [L] — [w], where w is a connection
form of L, is an isomorphism of groups.

Proor. Clearly, F' is well-defined. Let L and ; be two discrete complex line bundle with
connections 7 and ¢, respectively. If 8 € €, and 8 € €, are trivial, so is 8@ 8 € €. Hence,
with 7 = w3 and 7 = @3, we get

F(L®L]) = [wa] = w][@] = F([L])F([L).

By the preceding discussion, F' is injective. Surjectivity is also easily checked. |

Next we will prove that Q(X, F,)/dQ°(X,F,) is isomorphic to Hom(ker 1, F.). The isomorphism
is given by the identification

QY(X,F,) /dQ (X, F) S [w] — Wlyerp, € Hom(ker 01, F.).

Clearly, this is a well-defined group homomorphism. We show its bijectivity in two steps. First,
the surjectivity is provided by the following general lemma.

LEMMA 1. Let X be a simplicial complex and & be an abelian group. Then the restriction map
®: OF(X, ) — Hom(ker 9y, &), w — Wler g, 8 Surjective.

PROOF. If we choose an orientation for each simplex in X, then J; is given by an integer
matrix. Now, there is a unimodular matrix U such that d,U = (0|H) has Hermite normal
form. Write U = (A|B), where 0y A = 0 and 9yB = H and let a; denote the columns of A,
ie. A= (ay,...,ar). Clearly, a; € ker dy. Moreover, if ¢ € ker d, then 0 = dyc = (0|H)U c.
Hence U~ 'c = (¢,0)7, ¢ € Z*, and thus ¢ = Aq. Therefore {a; |i = 1,...,£} is a basis of ker J.
Now, let u € Hom(ker i, Z). A homomorphism is completely determined by its values on a basis.
We define w = (pu(ay),...,pu(ae),0...,0)0U7L. Then w € QF(X,Z) and wA = (u(ay),. .., u(ar))-
Hence ®(w) = p and @ is surjective for forms with coefficients in Z. Now, let & be an arbitrary
abelian group. And p € Hom(ker 0y, ®). Now, if ay,..,a, is an arbitrary basis of ker d, then
there are forms wi, . ..,wy € QF(X,Z) such that w;(a;) = &;;. Since Z acts on &, we can multiply
w; with elements g € & to obtain forms with coeflicients in &. Now, set w = Zle w; - p(ag).
Then w € QF(X, &) and w(a;) = p(a;) for i =1,...,¢. Thus ®(w) = p. Hence @ is surjective for
forms with coefficients in arbitrary abelian groups. O

For k = 1 the injectivity is easy to see. If wl,, 5 = 0, then we define an F.-valued function f by
integration along paths: Fix some vertex ¢. Then

FG) = A wi= Y wle),

where v is some path joining i to j. Since wl,,, 5 = 0, the value f(j) does not depend on the
choice of the path . One easily checks that df = w. Together with Lemma 1, this yields the
following theorem.

THEOREM 5. The map F: Q' (X,F,)/dQ°(X,F.) — Hom(ker 1, F.), [w] = W|ie p, is an iso-
morphism of groups.
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Let us make the relation to Theorem 3 more explicit. Let L — X be a line bundle with connection
7, and let w be a connection form representing 7, i.e. 7 = w/ for some trivial base connection
B. Now, let [y] € £LG(X, i), where v = e;---e;. By linearity and since trivial connections have
vanishing monodromy, we obtain

M([Y]) =M, 0 0Mey = Wey ++ Wey * Bey 07+ 0 Py = w(map([7])) - id|Li .
Hence, by the uniqueness of [M],;, we obtain the following theorem that brings everything nicely
together.
THEOREM 6. Let L — X be a line bundle with connection n. Let M denote its monodromy and
let w be some connection form representing n. Then, with the identifications above,

[Map = [w].

7 CURVATURE - A DISCRETE ANALOGUE OF WEIL’S THEOREM

Let X be a connected simplicial complex and let & denote an abelian group. Since d? = 0, the
exterior derivative descends to a well-defined map defined on QF(X, ®)/d2*~1(X, &), which again
will be denoted by d. Explicitly,

d: QF (X, 8)/dF 11X, &) — QFTHX, 8),  [w] — dw.
DEFINITION 7. The F.-curvature of a discrete F-line bundle L. — X is the discrete 2-form
Qe Q*(X,F.) given by

Q = dw],

where [w] € QY (X, F,)/dQ°(X,F.) represents the isomorphism class [L].
Remark 3: Note that Q) just encodes the parallel transport along the boundary of the oriented
2-simplices of X - the “local monodromy”.

From the definition it is obvious that the F,.-curvature is invariant under isomorphisms. Thus,
given a prescribed 2-form 2 € Q%(X,F,), it is a natural question to ask how many non-isomorphic
line bundles with curvature 2 exist.

Actually, this questions is answered easily: Suppose d[w] = Q = d[@], then the difference of w and
w is closed. Factoring out the exact 1-forms we see that the space of non-isomorphic line bundles
with curvature  can be parameterized by the first cohomology group H! (X, F,). Further, the
existence of a line bundle with curvature Q € Q?(X,F,) is clearly equivalent to the exactness of {2.

But when is a k-form  exact? Clearly, it must be closed. Even more, it must vanish on every
closed k-chain: If Q = im d and S is a closed k-chain, then

Q(S) = dw(S) = w(dS) = 0.

For k = 1, as we have seen, this criterion is sufficient to conclude exactness. For k > 1 this is not
true with coefficients in arbitrary groups.

Example: Consider a triangulation X of the real projective plane RP2. The zero-chain is the
only closed 2-chain and hence each Zg-valued 2-form vanishes on every closed 2-chain. But
H2(X,Zy) = Zs and hence there exists a non-exact 2-form.

In the following we will see that this cannot happen for fields of characteristic zero or, more
generally, groups that arise as the image of such fields.
Clearly, there is a natural pairing of Z-modules between Q¥ (X, &) and C(X,Z):

() (X, 8) x CL(X,Z) = &, (w,c¢) — w(c).

This pairing is degenerate if and only if & is periodic with bounded exponent. In particular, if &
is a field F of characteristic zero, (.,.) yields a group homomorphism

Fl.: Cr(X,7Z) — Homp(QF (X, F),F) = (Q*(X,F))*.

A basis of C,(X,Z) is mapped under F}, to a basis of (2%(X,F))* and hence Cy,(X,Z) appears as
nx-dimensional lattice in (QF (X, F))*.
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Figure 6. With the identifications 7.1, the space of k-forms becomes a direct
sum of the image of dr_; and the kernel of its adjoint dj_;, the latter of which
contains the closed k-chains as a lattice.

Let dj, denote the adjoint of the discrete exterior derivative dj, with respect to the natural pairing
between QF(X,F) and (Q%(X,F))*. Clearly,

dz OFk = Fk 08k+1.

Now, since the simplicial complex is finite, we can choose bases of Cy(X,Z) for all k. This in turn
yields bases of (Q2%(X,F))* and hence, by duality, bases of QF(X,F). With respect to these bases
we have

(7.1) Ci(X,Z) = Z™ C F™ = (QF(X,F))* = QF (X, F),

where nj denotes the number of k-simplices. Moreover, the pairing is represented by the standard
product. The operator dj_; = 0 is then just an integer matrix and

O =dj_,.
Clearly, we have imd;_; L kerd; ;. And, by the rank-nullity theorem,
ng = dimimd;_; + dimkerd;_; = dimimd_, + dimkerdj,_;.

Hence, under the identifications above, we have that F"* = imdi_; S kerd;_, (see Figure 6).
Moreover, ker 0), contains a basis of kerd;_;. From this we conclude immediately the following
lemma.

LEMMA 2. Let w € QF(X,F), where F is a field of characteristic zero. Then
w €imdg_1 < (w,c) =0 for all ¢ € ker 0.

Remark 4: Note, that for boundary cycles the condition is nothing but the closedness of the form
w. Thus Lemma 2 states that a closed form w € QF(X,F) is exact if and only if the integral over
all homology classes [c] € Hy(X,Z) vanishes.

Let & be an abelian group. The sequence below will be referred to as the k-th fundamental
sequence of forms with coefficients in &:

QF1(X, ) 20 0F(X, ) 25 Hom(ker 9y, &) — 0,
where @, denotes the restriction to the kernel of Ji, i.e. @k (w) = wli, 5, -

Combining Lemma 1 and Lemma 2, we obtain that the fundamental sequence with coefficients in
a field F of characteristic zero is exact for all £k > 1. This serves as an anchor point. The exactness
propagates under surjective group homomorphisms.

LEMMA 3. Let A ER B — 0 be a an exact sequence. Then, if the k-th fundamental sequence of
forms is exact with coefficients in A, so it is with coefficients in B.

PRrROOF. By Lemma 1 the restriction map ®, is surjective for every abelian group. It is left to
check that ker ®; = imdj_; with coefficients in B. Let Q € QF(X,B) such that ®4(2) = 0.
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Since f: 2 — B is surjective, there is a form = € QF(X,2A) such that Q@ = f o =. Since
0 = &4(Q) = f o Pr(E), we obtain that ®,(Z) takes its values in ker f. Since @y, is surjective
for arbitrary groups, there is © € QF(X, ker f) such that ®4(Z) = ®,(0). Hence ®4(Z — ©) = 0.
Thus there is a form & € QF~1(X,2A) such that dy_1£ = = — O. Now, let w := fo¢ € QF1(X,B).
Then

di—w=dp_1fo=fody1{=fo(E-0)=fo==0Q.

Hence ker @), = im d;_; and the sequence (with coefficients in 9B) is exact. O

Remark 5: The map f: C — C, z — exp(2mi z) provides a surjective group homomorphism from
C onto C,, and similarly from R onto S. Hence the k-th fundamental sequence of forms is exact
for coefficients in C, and in the unit circle S.

Remark 6: The k-th fundamental sequence with coefficients in an abelian group & is exact if
and only if QF(X,®)/dQ*~1(X, &) = Hom(ker Oy, ®). The isomorphism is just induced by the
restriction map Py,.

The following corollary is just an easy consequence of the Remark 5. It nicely displays the fibration
of the complex line bundles by their C,-curvature.

COROLLARY 1. For & =S, C, the following sequence is exact:
1 HY(X, 8) < Q'(X, 8)/d2°(X, &) L Q%(X, ) — Hom(ker 8y, &) — 1.

DEFINITION 8. Let Q* € QF(X,S). A real-valued form Q € Q?(X,R) is called compatible with
QF if QF = exp(zQ). A discrete hermitian line bundle with curvature is a discrete hermitian line
bundle L with connection equipped with a closed 2-form compatible with the S-curvature of L.

For real-valued forms it is common to denote the natural pairing with the k-chains by an integral
sign, i.e. if w € Q¥(X,R) and ¢ € Cy(X,Z), then

Jwi=tw.d w0,

(&

THEOREM 7. Let L be a discrete hermitian line bundle with curvature Q). Then € is integral, i.e.

/ Qe2nZ, forall C € kerds.
c

PRrOOF. By definition the curvature form 2 satisfies exp (ZQ) = dw for some connection form
w € QYX,S). Thus, if C € ker ds,

exp(z/xﬂ) = (exp(if2),X) = (dw, X) = (w, 0X) = 1.

This proves the claim. |

Conversely, Corollary 1 yields a discrete version of a theorem of André Weil (see [71] or [36, 65]),
which plays a prominent role in the process of prequantization.

THEOREM 8. If Q € Q%(X,R) is integral, then there exists a hermitian line bundle with curvature
Q.

PRrROOF. Cousider Q* := exp(i?). Since €2 is integral, (2*,¢) = 1 for all ¢ € ker 9. Thus, by
Corollary 1, there exists r € Q(X,S) such that dr = Q*, which in turn defines a hermitian line
bundle with curvature €. O

Remark 7: Moreover Corollary 1 shows that the connections of two such bundles differ by an
element of HY(X,S). Thus the space of discrete hermitian line bundles with fized curvature § can
be parameterized by H(X,S).
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8 THE INDEX FORMULA FOR HERMITIAN LINE BUNDLES

Before we define the degree of a discrete hermitian line bundle with curvature or the index form
of a section, let us first recall the situation in the smooth setting again. Therefore, let L — M be
a smooth hermitian line bundle with connection. Since the curvature tensor RV of V is a 2-form
taking values in the skew-symmetric endomorphisms of L, it boils down to a closed real-valued
2-form Q € Q*(M, R),
RY = Q.

The following theorem shows there is an interesting relation between the index sum of a section
Y € (L), the curvature 2-form €2, and the rotation form &% of v

é-w — <VQZ}7“/}>
(W, 9)

THEOREM 9. Let L — M be a smooth hermitian line bundle with connection, let ) be its
curvature 2-form, and let ¢ € T'(L) be a section with a discrete zero set Z. If C is a finite smooth
2-chain such that 9CNZ =0, then

2w Z ind;f’:/ 51/’—&-/9.
ac c

peCnNZz

PRrROOF. We can assume that C' is a single smooth triangle. Then we can express 1 on C' in terms
of a complex-valued function z and a pointwise-normalized local section ¢, i.e. b = z¢. Since
Im(%) = darg(z), we obtain

1 d
v = oplde0+2V6,120) = <7Z $,10) + (V,1¢) = darg(z) + (V,10).
Moreover, away from zeros, we have
d(V,10) = (RY ¢,10) + (Vo N Vo) = (RY p,19) = — Q0.
Hence, altogether, we obtain
/305 /80 arg(z) + /80<V¢, 19) 27Tp6;21n exp(¥) /C

This proves the claim. |

Actually, in the case that L is a hermitian line bundle with connection over a closed oriented
surface M, then Theorem 9 tells us that fM Q € 2nZ, which yields a well-known topological

invariant - the degree of L:
1
deg(L) :=— | Q.
eg(L) = o /M

From Theorem 9 we immediately obtain the famous Poincaré-Hopf index theorem.

THEOREM 10. Let L — M be a smooth hermitian line bundle over a closed oriented surface.
Then, if ¢ € T'(L) is a section with isolated zeros,

deg(L) = ) indy.

pEM

Now, let us consider the discrete case. Let L — X be a discrete hermitian line bundle with
curvature €2 and let ¢ € I'(LL) be a discrete nowhere-vanishing section such that

(8.1) i (Vi) # —v;

for each edge ij of X. Here 1 denotes the connection of L as usual. The rotation form £¥ of 1 is
then defined as follows: "
J

Y.
& arg(% (¥:)

Remark 8: Equation (8.1) can be interpreted as the condition that no zero lies in the 1-skeleton
of X (compare Section 11). Actually, by a consistent choice of the argument on each oriented
edge, we can drop this condition. Figuratively speaking, if a section has a zero in the 1-skeleton,
then we decide whether we push it to the left or the right face of the edge.

) € (—m,m).
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This defined, we can use Theorem 9 to define the index form of a discrete section.

DEFINITION 9. Let L — X be a discrete hermitian line bundle with curvature Q. For ¢ € T'(L),
we define the index form of ¥ by

ind” := %(d{w + Q)

THEOREM 11. The index form of a nowhere-vanishing discrete section is Z-valued.

PROOF. Let L be a discrete hermitian line bundle with curvature and let 7 be its connection. Let
¢ € T'(L) be a nowhere-vanishing section. Now, choose a connection form w, i.e. 7 = wf, where
is a trivial connection on L. Then we can write ¥ with respect to a non-vanishing parallel section

¢ of 3, i.e. there is a C-valued function z such that ¢ = z¢. Then ﬁ’j = arg(wéfz_) and thus
vy Zq Zj Zk . 1
exp(2mdg), ) = exp(z arg(WkiZk) +1 arg(WijZi) +1 arg(wjkzj) = oo
Thus (
) exp zQijk)
2 dv,) = — 9% 1,
exp( T2 in ”k) oo
This proves the claim. |

If L is a discrete hermitian line bundle with curvature € over a closed oriented surface X, then
we can define the degree of L just as in the smooth case:

1
deg(L) := %/xQ

Here we have identified X by the corresponding closed 2-chain. From Theorem 7 we immediately
obtain the following corollary.

COROLLARY 2. The degree of a discrete hermitian line bundle with curvature is an integer:

deg (L) e Z.

The discrete Poincaré-Hopf index theorem follows easily from the definitions.

THEOREM 12. Let L — X be a discrete hermitian line bundle with curvature Q0 over an oriented
simplicial surface. If ¢ € T'(L) is a non-vanishing discrete section, then

deg(L) = Z ind;pjk.
ijk€EX

PROOF. Since the integral of an exact form over a closed oriented surface vanishs,
27 deg (L) :/ Q :/ eV + Q=21 Y ind;@k,
X X ijkeX

as was claimed. O

9 PIECEWISE-SMOOTH VECTOR BUNDLES OVER SIMPLICIAL COMPLEXES

It is well-known that each abstract simplicial complex X has a geometric realization which is
unique up to simplicial isomorphisms. In particular, each abstract simplex is then realized as an
affine simplex and hence carries the structure of a manifold with corners. Moreover, each face o’
of a simplex ¢ € X comes with an affine embedding

lolo: O < O
Here we use the notion of manifold with corners as presented in [38].

Remark 9: This actually turns X into a ’stratified space’ in the sense that it is patched together
from smooth spaces. There are various notions of stratified spaces all of which are adapted to
certain needs - but not to ours, as these spaces come usually with a lot of differential geometric
invariants. A quite comprehensive overview is given in e.g. [55].
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In the following, we won’t distinguish between the abstract simplicial complex and its geometric
realization.

DEFINITION 10. A piecewise-smooth vector bundle E over a simplicial complex X is a topological
vector bundle m: E — X such that

a) for each o € X the restriction E, := E|_ is a smooth vector bundle over o,
b) for each face o’ of o € X, the inclusion E,» < E, is a smooth embedding.

Clearly, X has no tangent bundle. Nonetheless, differential forms survive as collections of smooth
differential forms defined on the simplices which are compatible in the sense that they agree on
common faces.

DEFINITION 11. Let E be a piecewise-smooth vector bundle over X. An E-valued differential
k-form is a collection w = {w, € Q¥ (0, Ey)Yoex such that for each face o’ of a simplex o € X the
following relation holds:

Ly

/o.wa- = Wg',

where 1,151 ' < o denotes the inclusion. The space of E-valued differential k-forms is denoted
by Q’;S (X,E).

Remark 10: Note that a 0-form defines a continuous map on the simplicial complex. Hence
the definition actually includes the definition of functions and sections in general: A smooth
section of E is a continuous section ¥: X — E such that for each simplex o € X the restriction
Yo 1= |, 1 0 = E; is smooth, i.e.

Lps(E) := {¢: X = E | ¢y € [(E,) for all o € X}.

Since the pullback commutes with the wedge-product A and the exterior derivative d of real-valued
forms we can define the wedge product and the exterior derivative of piecewise-smooth differential
forms by applying it componentwise.

DEFINITION 12. For w = {ws}oex € QL (X, R), n = {ns}oex € Qb (X, R),

w A n:= {wo A nU}UEXa dw = {dwa}aefx-
One easily verifies that all the properties of A and d carry over directly to the piecewise-smooth
case.
DEFINITION 13. A connection on a piecewise-smooth vector bundle E over X is a linear map

V: Tps(E) = Q) (X, E) such that
V(f) =df v+ fVi, forall f € Q) (X,R), ¢ € I'y(E).

Once we have a connection on a smooth vector bundle we obtain a corresponding exterior derivative
dV on E-valued forms.

THEOREM 13. Let E be a piecewise-smooth vector bundle over X. Then there is a unique linear
map d¥: QF (X,E) — QFFH(X,E) such that d¥¢ = V) for all ¢ € Tp(E), and

d¥(wAn) =dwAn+(=1)wAdYy
Jor allw € QF (X,R) and n € Qﬁs(x, E).

The curvature tensor survives as a piecewise-smooth End(E)-valued 2-form.

DEFINITION 14. Let E — X be a piecewise-smooth vector bundle. The endomorphism-valued
curvature 2-form of a connection V on E is defined as follows:

d¥ od¥ € Q2 (X,End(E)).
10 THE ASSOCIATED PIECEWISE-SMOOTH HERMITIAN LINE BUNDLE

Let L — X be a piecewise-smooth hermitian line bundle with connection V over a simplicial
complex. Just as in the smooth case the endomorphism-valued curvature 2-form takes values in
the skew-adjoint endomorphisms and hence is given by a piecewise-smooth real-valued 2-form €:

dvV odV = —if).
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Since each simplex of X has an affine structure, we can speak of constant forms.

The goal of this section will be to construct for each discrete hermitian line bundle with curvature a
piecewise-smooth hermitian line bundle with constant curvature which in a certain sense naturally
contains the discrete bundle. Therefore we first prove two preparing lemmata.

LEMMA 4. To each closed discrete real-valued k-form w there corresponds a unique constant
piecewise-smooth k-form & such that

w(e) = /(D, for all ¢ € C,(X, Z).

The form @ will be called the piecewise-smooth form associated to w.

PRrROOF. Clearly, it is enough to consider just a single n-simplex o. We denote the space of
constant piecewise-smooth k-forms on ¢ by QF and the space of discrete k-forms on o by Q’j.
Consider the linear map F: QF — Qg that assigns to @ € QF the discrete k-form given by

F(@)y = Al@.

Clearly, F' is injective. Moreover, since each constant piecewise-smooth form is closed, we have
that im F' C ker dg, where dj denotes the discrete exterior derivative. Hence it is enough to show
that the space of closed discrete k-forms on o is of dimension (Z) This we can do by induction.
Clearly, dimkerdy =1 = (g) Now, suppose that dimkerd,_; = (kfl) By Lemma 2, we have
ker di, = imdy_,. Hence,

dimkerdy, = dimimdy,_1 = dim Q% — dimkerd,_1 = ("}") = (,",) = (})-

Hence for each closed discrete k-form we obtain a unique constant piecewise-smooth k-form which
has the desired integrals on the k-simplices. |

It is a classical result that on star-shaped domains U C RY each closed form is exact, i.e. if
Q € QF(U,R) is closed, then there exists a form w € Q¥ 1(U,R) such that Q = dw. Moreover, the
potential can be constructed explicitly by the map K : QF(U,R) — Q*~1(U,R) given by

Z Z a 1(/ tkilglllk(t{b)dt> Zi,, d(Eil /\/\d/x: /\/\dxlk,

1< <t a=1

where Q=% _; Q.. dxy A...Adz;,. One directly checks that
K(dQ) +dK(Q) =Q.

Hence, if dQ = 0, we get 2 = d K(§2). Clearly, the same construction works for piecewise-smooth
forms defined on the star of a simplex, which yields the following piecewise-smooth version of the
Poincaré-Lemma.

LEMMA 5. On the star of a simplex each closed piecewise-smooth form is exact.

This at hand we are ready to prove the main result of this section.

THEOREM 14. Let L — X be a discrete hermitian line bundle with curvature Q over a simplicial
complex and let Q be the piecewise-smooth constant 2-form associated to 2. Then there is a
piecewise-smooth hermitian line bundle L — X with connection NV of curvature ), such that
Li=L; for each vertex i and the parallel transports coincide along each edge path. The bundle L
is unique up to isomorphism.

PROOF. First we construct the piecewise-smooth hermitian line bundle. Let L. — X be a discrete
hermitian line bundle with curvature €2 and let 1 denote its connection. Let V be the vertex set of
X and let S; denote the open vertex star of the vertex i. Further, since € is closed, by Lemma 4,
there is a piecewise-smooth constant form  associated to €. Now, consider the set

L:= U Sz X Lz
icV
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Note, that S;N.S; # 0 if and only if ij is an edge of X or ¢ = j. Thus, if we set 1;; := id|y,,, we

can define an equivalence relation on L as follows:

(i, p,u) ~ (j,q,v) = p=q and v = eXP(fZ/I Q)ni;(u),
AP

ij

where A}, denotes the oriented triangle spanned by the point 4,j and p. Note here that A7,

is completely contained in some simplex of X. Let us check shortly that this really defines an

equivalence relation. Here the only non-trivial property is transitivity. Therefore, let (i, p,u) ~

(4,q,v) and (j,q,v) ~ (k,r,w). Thus we have p = ¢ = r and p lies in a simplex which contains

the oriented triangle ijk. Clearly, the 2-chain A, + AY; + A}, is homologous to ijk and since

constant forms are closed we get

/ Q:—/ m/ o= a+a,.
AV +AR AP, ijk AP

Hence we obtain

w = exp(—z

o

. Q)njk <exp(—z/zp Q)nw(u))

ik ij

= exp(— )k © iz (u)

—

AT +AT,

= exp(—z/ Q- zQijk)njk o n;j(w)
NS

:exp(fz/ Q)mk(u),
A7,

and thus (i, p,u) ~ (k,r,w). Hence ~ defines an equivalence relation and one easily checks that
the quotient L := L /~ is a piecewise-smooth line bundle over X. The local trivializations are then
basically given by the inclusions S; x L; — L sending a point to the corresponding equivalence
class. Moreover, all transition maps are unitary so that the hermitian metric of L extends to L

and turns L into a hermitian line bundle. Clearly, L v L.

Next, we need to construct the connection. Therefore we will use an explicit system of local
sections: Choose for each vertex i € V a unit vector X; € L; and define ¢;(p) := [¢,p, X;]. This
yields for each vertex i a piecewise-smooth section ¢; define on the star S;. For each non-empty
intersection S; NS; # () we then obtain a function g;;: S;NS; — S. By the above construction,
we find that, if T]U(Xl) = Tinj

(10.1) 9ij(p) = rij exp(—z/p Q)
AP

ij

Since €2 is closed, Lemma 5 tells us that Q\ s, is exact. Hence there is a piecewise-smooth 1-form

w; defined on S; such that dw; = Q|g,. In general, the form w; is only unique up to addition

of an exact 1-form, but among those there is a unique form w; which is zero along the radial

directions originating from i. To see this, just choose some potential &; of Q|g, and define a

function f: S; — R as follows:

For p € S;, let f(p) := f,yvp @;, where ~/ denote the linear path from the vertex i to the point p.

Then w; := @; — df is a piecewise-smooth potential of Q] s, and vanishes on radial directions. For
the uniqueness, let @; be another such potential. Then, the difference w; — @; is closed and hence
exact on 5;, i.e. there is f: S; — R such that df = w; — @;. Since df vanishes on radial directions
f is constant on radial lines starting at ¢ and hence constant on .S;. Thus w; = @;.

Suppose that for each edge ¢j the forms w; and w; are compatible, i.e., wherever both are defined,
wj = w; + dlog gi;.

Then we can define a connection V as follows: Let ¢ € I‘(I:) and let X € T,o for some simplex
o of X, then there is some S; 3 p. On S; we can express ¥ with respect to ¢;, i.e. Y = z ¢; for
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some piecewise-smooth function z: S; — C. Then we define

(10.2) Vxtp = (dz(X) — w;(X)z) ;.

In general there are several stars that contain the point p. From compatibility easily follows
that the definition does not depend on the choice of the vertex. Hence we have constructed a

piecewise smooth connection V. One easily checks that V is unitary and since dw; = Q|5 we get
dv odV = —if) as desired.

So it is left to check the compatibility of the forms w;; constructed above. Let ij be some edge
and let pg be a point in its interior. Since w; — w; is closed, we can define ¢: S;NS; — R by
)= f% w; — wj, where vy, is some path in ;N S; from the point py to the point p. Then, for

pesS;N Sj,
/ Q:/ wj:/ w]-:—/ wj:/ w; —wj = @(p),
Ap A, gty =) vE vF

where as above v/ denotes the linear path from i to p and, similarly, A/jp denotes the linear path
from j to the point p. From this we obtain

wi—wj:dgpzd/ Q
A

P

and in particular w; = ww; + dlog g;;. This shows the existence.

Now suppose there are two such piecewise-smooth bundles L and L with connection V and @,
respectively. We want to construct an isomorphism between L and L. Therefore we again use
local systems. EXphCltly, we choose a discrete direction field X € L. This yields for each vertex
i a vector X; € L; = L; which extends by parallel transport along rays starting at ¢ to a local
sections ¢; of L and, similarly, to a local section gbl of L defined on S;.

Now we define F': L — L to be unique map which is linear on the fibers and satisfies F(éz) = qASZ
on S;. To see that F' is well-defined, we need to check that it is compatible with the transition
maps. But by construction both systems have equal transition maps, namely the the functions
g;j from Equation (10.1) with r;; given by 1;;(X;) = ;; X;. Now, if 2; b; = Zj ¢~>j, then z; = z; gs5
and hence ~ R . R R

F(zi9i) = zi i = 2i 9ij 05 = zj 05 = F(25 ¢;).
Using Equation (10.2) one similarly shows that F oV = VoF. Thus L 2 L. |

11 FINITE ELEMENTS FOR HERMITIAN LINE BUNDLES WITH CURVATURE

In this section we want to present a specific finite element space on the associated piecewise-
smooth hermitian line bundle of a discrete hermitian line with curvature. They are cooked up
from the local systems that played such a prominent role in the proof of Theorem 14 and the
usual piecewise-linear hat function.

Let L be the associated piecewise-smooth bundle of a discrete hermitian line bundle L — X and let
z;: X — R denote the barycentric coordinate of the vertex i € V| i.e. the unique piecewise-linear
function such that z;(j) = d;;, where J is the Kronecker delta. Clearly,

L) =PL.
i€V
To each X € L; we now construct a piecewise-smooth section 1/; as follows: First, we extend X to

the vertex star .S; of the vertex i using the parallel transport along rays starting at i. To get a
global section 1) € I'ps(L) we use z; to scale ¢ down to zero on 9S; and extend it by zero to X, i.e.

J}p — {xi(P)QNSp forp €S,

0 else.

One easily checks that the above construction yields a linear map ¢: T'(L) — Ts(L). Clearly, ¢ is
injective - a left-inverse is just given by the restriction map

Tps(L) 2 ¢ = 4|, € T(L).
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DEFINITION 15. The space of piecewise-linear sections is given by Fpl(ﬂ) = im¢.

Thus we identified each section of a discrete hermitian line bundle with curvature with a piecewise-
linear section of the associated piecewise-smooth bundle. This allows to define a discrete hermitian
inner product and a discrete Dirichlet energy on I'(L), which will finally lead to a generalization of
the well-known cotangent Laplace operator for discrete functions on triangulated surfaces. Before
we come to the Dirichlet energy, we define Euclidean simplicial complexes.

Similarly to piecewise-smooth form we can define piecewise-smooth (kontravariant) k-tensors as
collections of compatible k-tensors: A piecewise-smooth k-tensor is a collection T' = {Tp }yex of
smooth kontravariant k-tensors T, on o such that

*
LO'/O'TU = Ta—/,

whenever ¢’ is a face of 0. A Riemannian simplicial complexr is then a simplicial complex X
equipped with a piecewise-smooth Riemannian metric, i.e. a piecewise-smooth positive-definite
symmetric 2-tensor g on X.

The following lemma tells us that the space of constant piecewise-smooth symmetric tensors is
isomorphic to functions on 1-simplices.

LEMMA 6. Let X be a simplicial complex and let € denote the set of its 1-simplices. For each
function f: &€ — R there exists a unique constant piecewise-smooth symmetric 2-tensor S such
that for each 1-simplex e = {i,j}

Se(d =i, —1) = f(e).

PROOF. It is enough to consider a single affine n-simplex o = {ig, ..., i, } with vector space V.
Consider the map F' that sends a symmetric 2-tensor S on V' to the function given by

F(S)(e) := S(ix — i, —15), e={ij,ix} Co.
Clearly, F' is linear. Moreover, if () denotes the quadratic form corresponding to S, i.e. Q(X) :=
S(X, X), then
S(X,Y) = HQ(X) + QY) - Q(X — V).
Hence, from F(S) = 0 follows S = 0. Thus F is injective. Clearly, the space of symmetric

bilinear forms is of dimension n(n + 1)/2, which equals the number of 1-simplices. Thus F' is an
isomorphism. This proves the claim. ]

It is also easy to write down the corresponding symmetric tensor in coordinates: Let o =
{io,...,in} be a simplex. The vectors e; := i; — iy, j = 1,...,n, then yield a basis of the
corresponding vector space. Let f be a function defined on the unoriented edges of o and let x;,
denote the barycentric coordinates of its vertices 7;, then the corresponding symmetric bilinear
form S is given by

(11.1) Sg; = Z fioij dxij ® da:ij + Z %(fzozj + figip — fijik> da:lj ® dx;, .

1<j<n 1<4,k<n, j#k
Thus starting with a positive function f, by Sylvester’s criterion, it has to satisfy on each n-simplex
n — 1 inequalities to determine a positive-definite form. If the corresponding piecewise-smooth
form is positive-definite, we call f a discrete metric.

DEFINITION 16. A FEuclidean simplicial complex is a simplicial complex X equipped with a
discrete metric, i.e. a map £ that assigns to each 1-simplex e a length . > 0 such that for each
simplex o the symmetric tensor S% is positive-definite.

Now, let X be a Euclidean simplicial manifold of dimension n and denote by X,, the set of its
top-dimensional simplices. Since each simplex of X is equipped with a scalar product it comes
with a corresponding density and hence we know how to integrate functions over the simplices of
X. Now, we define the integral over X as follows:

[ =% 5 resr.

o€Xn 7
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Moreover, given a piecewise-smooth hermitian line bundle Il% X with curvature, then there is a
canonical hermitian product ((.,.)) on I'ps(L): If ¢, ¢ € I'ps(L), then

(.3 = [ 9.9).

X

In particular, if L is the associated piecewise-smooth bundle of a discrete hermitian line bundle L
with curvature 2, then we can use ¢ to pull ((.,.)) back to I'(L)). Since ¢ is injective this yields a
hermitian product on I'(L).

Now, we want to compute this metric explicitly in terms of given discrete data.

DEFINITION 17. A piecewise-linear section ¥ € Fpl(I:) is called concentrated at a vertex i, if it
is of the form ¢ = 1(¢;) for some vector ; € L.

It is basically enough to compute the product of two such concentrated sections. Therefore, let
Y; € Ly and ¢; € L; and let 1" and 17 denote the corresponding piecewise-linear concentrated
sections.

Now consider their product (@Z’, 1/~Jj ). Clearly, this product has support S; NS;. For simplicity, we
extend the discrete connection 7 to arbitrary pairs ij in such way that n;; = id and n;;: L; — L;
is zero whenever {i,j} ¢ X. With this convention, Equation (10.1) yields

(11-2) <7/;]ﬂ/~ﬂ> = Wj,mj(iﬁi»xixj eXP(*Z /Ap Q)v

where Q denotes the constant piecewise-smooth curvature form associated to Q.

Now, let us express the integral over AP ; on a given n-simplex. Therefore consider an n-simplex
o ={io,...,in}. The hat functions z;,,...,z;, yield affine coordinates on ¢ and we can express
any 2-form with respect to the basis forms dx;; A dx;,. One easily shows that

= ! = iy
/ dIZ /\dmik — 2 fOTO' 15k,
o 0 else.

Thus we obtain
Q= Z 2 Qioijik d.’Eij A\ d.’EZk .
1<j<k<n

Now we want to compute the integral over the triangle Af{)il C 0. By Stokes theorem,

i1 P )
/ dx;; Ndw;, = / x;; dxy), +/ xi; dzy), +/ v, dwg,
AP io i1 p

i0i1
where the integrals are computed along straight lines. A small computation shows
1
dzi; A diy, = 5 (81 24y, (p) — O i, (D)),
AP
ity
Thus, for j < k, we get pr dxi; A\dr;, = %51]- x;,, (p) and hence
igi1
Q = Z 2 Qioijik / d(ﬂl? A d.’ﬂik = Z Qioilijxij (p),
Adoir 1<j<k<n Aot ]
where we have used the convention that ) vanishes on all triples not representing an oriented
2-simplex of X. With this convention Equation (11.2) becomes

(11.3) (W7, 47) = (1,3 (i) wizs exp(—2 > Qijrai).
K

In particular, using Equation (11.3), we can compute the norm of a piecewise-linear section 1[) on
a given triangle ¢jk. Therefore we distinguish one of its vertices, say i, and write 1) with respect
to a section which is radially parallel with respect to i. Now, one easily checks that

|,(/~}| — |Ci +xj(cjeiﬂijk$k _ Ci) _,'_xk(cke—iﬂijkxj _ Ci)|a
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Figure 7. The norm of a piecewise-linear section of a bundle over a torus consisting
of two triangles. Its two smooth parts fit continuously together along the diagonal.
In this example the curvature of the bundle over each triangles is equal to 4.
The section has 4 zeros - just as predicted by the Poicaré-Hopf index formula.

where ¢;, ¢j, ¢, € C are constants depending on the explicit form of Y. An example of the norm
of a piecewise-linear section is shown in Figure 7.

As the next proposition shows, the identification of discrete and piecewise-linear sections perfectly
fits together with the definitions in Section 8.

PROPOSITION 7. Let ¢ € T'(L) be a discrete section and let 1) € Ty (L) be the corresponding
piecewise-linear section, i.e. 1Z = 1(v)). Then, Zfi; has no zeros on edges, the discrete rotation
form &Y and the piecewise-smooth rotation form fi’ are related as follows: For each oriented edge

i
:/ v,
ij

PRrROOF. The claim follows easily by expressing ¥ with respect to some non-vanishing parallel
section along the edge ij. g

In particular, by Theorem 9, the index form of a non-vanishing section of a discrete hermitian line
bundle with curvature counts the number of (signed) zeros of the corresponding piecewise-linear
section of the associated piecewise-smooth bundle.

Let us continue with the computation of the metric on I'(L). To write down the formula we give
the following definition.

DEFINITION 18. Let X be an n-dimensional simplicial manifold and let Q € Q%(X,R). To an
n-simplex o and vertices i, j, k,l of X we assign the value

1
@&Ak 1) = m/xkxl exp(— Zﬂz]mxm

where have chosen for integration an arbitrary discrete metric on X.

Remark 11: Note that the functions @mj are indeed well-defined. On a simplex, any two such
measures induced by a discrete metric differ just by a constant.

With Definition 18 and Equation (11.3) we obtain the following form of the metric:

THEOREM 15 (Product of Discrete Sections). Let L be a discrete hermitian line bundle with
curvature 0 over an n-dimensional Fuclidean simplicial manifold X, then the product on T'(L)
induced by the associated piecewise-smooth hermitian line bundle is given as follows: Given two

discrete sections = ;i 0 = > ; ¢4,
Z 1229} w] ) 771] )>7 where /“Lélj = Z @2,i7j (i’ j) vol (U)

{i,j}DoeX,,
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Note that ©%, .(k,1), and hence ug, can be computed explicitly using Fubini’s theorem and the

0,1,]
following small lemma one easily proves by induction.

LEMMA 7. Let c € C,, n € N and [a,b] C R be an interval. Then

/ab 2" exp(cx)dx = % (i(_l)k(cxz";;) exp(cx)

=

b

a

Next, we would like to compute the Dirichlet energy of a section 1/; € Fpl(i), ie.

= [ 1wl

Note, that the Dirichlet energy comes with a corresponding positive-semidefinite hermitian form
(., -Yp - called the Dirichlet product. Clearly, like the metric, the Dirichlet product is completely
determined by the values it takes on concentrated sections.

In general, if w # 0 is piecewise-linear section concentrated at i, it is given on the vertex star
S; as a product w =ux; ¢7 where x; denotes the barycentric coordinate of the vertex i and (;5 isa
local section radially parallel with respect to i. Clearly,

Vo) = dz; ¢ +17;w; 6,

where w; denotes the rotation form of gZN), ie. V({S = wWw; ¢~> Note here that w; does not depend
on the actual value of ¢ at i, but is the same for all non-vanishing piecewise-linear sections
concentrated at i.

To compute the rotation form w; at a given point py € S;, we use a local section ¢ which is radially
parallel with respect to py such that ¢,, = ¢p0 Then we can express ng in terms of ¢, i.e.

¢ =2z¢,

for some piecewise-smooth C,-valued function z defined locally at py. Clearly, |z| is constant, and
hence

Wil Gpo = Vo oo = Py S0+ 2(p0) VCp, = dlogzl, Opo = 1darg 2|, Gp,-

The clue is that we can now use the relation of parallel transport and curvature to obtain an
explicit formula for z. If p is sufficiently close to pg, then the three points p, i and py determine
an oriented triangle AP which is contained in a simplex of X. Its boundary curve v, consists of
three line segments 71, vz, y3 connecting p to i, ¢ to py and pg back to p. Hence on each of these
segments either q~5 of ( is parallel and

Cp= Pﬂ,p(q;p) = exp(z /Ap Q)d;p.

Thus we obtain that z(p) = exp(— [, ) and hence

Po - 7d(/AP Q>

Now, if AP is contained in a simplex ¢ = {ig, ..., i, }, one easily verifies that

Wi

Po

1
/A dﬁij Ndz;, = i(xlj (po):rik (p) — T4, (po)l”ij (p))
Thus,

d Q) = Z 2Qigizin d(/ dwi; A dx;,)
AP Po 1<j<k<n AP Po
- igijin (Iijdzik - xikdxij> )
1<j<k<n Po

- ( Qioi.f’ikxik>d$ij

Po
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and, using the convention on 2 from above, we find the following simple formula:
(11.4) w; = Z(ZQ”k xk) dwj’sﬂ
7 k
where we sum over the whole vertex set of X.
Now, given this local form expressions, we can finally return to the computation of the prod-

ucts which we are actually interested in. Therefore we consider two piecewise-linear sections
concentrated at the vertices ¢ and j:

’(Z}i = L(¢i)7 1/';] = L(wj)v
for some 1; € L; and ¢; € L;. On their common support S; NS; both section can be expressed,

just as above, as products of a real-valued piecewise-linear hat functions z; and z; and radially
parallel local sections ¢! and ¢/:

Clearly,

<<¢ja J»D - /s ns; <d$j9£j + 1w jw; ¢, it + 1w §z51>

z J

:/ (dxj +1wjw;, dv; +aw;) (@7, 67).
5iNS;

k3 J

With Equation (11.3) we see that
<éj7 (£1> = <wja Mij (¢z)> eXp(_Z Z Qijmxm) .
Moreover, by Equation (11.4),

(dxj +1wjwj, dr; + 1www;) = [(dxj, dx;) + Z Qv Qg iy xp (day, dzknﬂ
k/}k”’l/’lll
+1 [Z(Qik’l/xixl/ (dxj, deg) — Qppxjzy (deg, dx»)] )
kU

The constants (dxy/, dx;) are basically provided by the following lemma.

LEMMA 8. Let 0 = {vg,...,v,} be a Euclidean simplex of dimension n > 0 and let x; denote its
barycentric coordinate functions. Then
1
grad z; = —h—iNi

where h; denotes the distance between v; and o; = o \ {v;} and N; denotes the outward-pointing
unit normal of o;.

PrOOF. This immediately follows from two basic facts: First, dz;(v; — vo) = d;; for i,5 > 0.
Second, hl = <’UQ - Ui7Ni>- O

Moreover, Lemma 8 yields almost immediately a higher dimensional analogue of the well-known
cotangent formula for surfaces.

THEOREM 16 (Cotangent Formula). Let o be a simplex of a Euclidean simplicial complez X and
let dimo > 1. Ifi # 7,

Ci.j :/<d$“d$_,>: _WCOtaajVOl(U\{%]}>7 Zf{’L,]}CO’,
o 0 else.
Here o denotes the angle between the faces o \ {i} and o\ {j}. Moreover,
cf,i = / |d1'i|2 = ﬁ vl (U ) {Z}), yiee
o 0 else,

where h; denotes the distance between the vertex i and the face o \ {i}.
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PRrOOF. Clearly, if {i,j} ¢ o, then f(T(dxi,dzj) = 0. Now, let {i,j} C o, i # j. With the

notation of Lemma 8, we have

{Ni, Nj)
hih;

Clearly, cos ¥y = —(N;, N;) and nlvolo = (n — 2)! hjh;sina vol (o \ {i,j}), which yields the
first part of the theorem. Similarly, nvolo = h;vol (¢ \ {i}). Setting i = j then immediately
yields the second part. O

vol o.

/(d;vl-,dxj) = (grad z;, grad z;) volo =

DEFINITION 19. Let X be an n-dimensional simplicial manifold and let Q € Q*(X,R). Let o be
an n-simplex and i, j, k,l be vertices of X. Then, let

1
Aa,i,j T VOl(/exp Qljmxm

Egi)j(k‘,l) = % / TiT ;TR exp(—zZQijmxm),

vol (o —

where we choose for the integration an arbitrary discrete metric on X.

Remark 12: Just like the functions ©%
well-defined (compare Remark 11).

Q

the values A, . and the functions £y, and are

0,1,57 0,1,

Now, with these definitions, we can summarize the above discussion by the following theorem.

THEOREM 17 (Discrete Dirichlet Energy). Let L be a discrete hermitian line bundle with curva-
ture Q over an n-dimensional Euclidean simplicial manifold X, then the Dirichlet product on I'(L)
induced by the associated piecewise-smooth hermitian line bundle is given as follows: If ¢ =>"; ¢;
and Y = >, 1; are two discrete sections,

Q&d}D*Zw ¢j>772] %)) wg: Z W¢?1ja

{i,j}DoeX,
where
(11.5) Wy =A% Y Qe Qe =201
k/ kl/ ll l//
* Z[Z (Qik'l' cgkl Oo.i J(l ) = Qpw Cffk/ eg,i,j (4 l/))} ’

kU

12 DISCRETE ENERGIES ON SURFACES - AN EXAMPLE

While the computation of the Dirichlet product (.,.)p and the metric ((.,.)) of discrete sections
is quite complicated and tedious for higher dimensional simplicial manifolds, it is manageable for
the 2-dimensional case. We are going to compute it explicitly.

Throughout this section let L denote a discrete hermitian line bundle with curvature €2 over a
Euclidean simplicial surface X and let o = {3, j, k} be one of its triangles.

The metric ((.,.)) is easily obtained. We basically just need to compute the values ©F, ;(i,4) and
@%’j(i,j), which can be done over the standard triangle. We get

1 exp(—1Qk) — 1+ 1Q5, + 202, — 193,
(12.1) 0%,,(i,i) = - 0%, (i.j) =2 (=) - ik + 3% i
ijk

Now, we compute the Dirichlet product ((.,.))p on X. For n = 2, the expressions W ; and WS, .
simplify drastically. First, we look at the diagonal terms. We have

E : k' k" ’oagr
CU Qik’l/Qik”l” ‘—‘a' i 1(1 l )
k710

— (4722 (k) = 2422, G k) + EFED G ) ) Qs

o T,1,0 0,1,1 —o,t,0
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and with ) )
Aoii=1, Eg4:(fJ) = %2 =Eoii(k k), Zoii(d k)= 120
we get the following formula:
Q _ n ng Cjk + Ckk
WO’ iy Co + TQ’L]]{Z
Now we would like to obtain a similar formula for the off-diagonal terms. Since dz; +dx; = —dxzy,
we have cIF + ¢k = —cF*. Hence,
Z K Qo Qo E?,i,j(l’, 1"

]{)/7k”,l',l”
=Q kk (=9
:_<CZUJ O'l](k k)+C ( 0’7,j(z .])+“013(.]?k))>912jk:'
This time the expressions become more complicated. We get

k) = o (20 — 1200 — 303, + 10, + (=20 — 808255 + 93,) exp(—2i) )
Qi

U’LJ( z]k

o‘z 3(7’ .]) += ‘—‘J i ](j: k) = Q'?]k ( 6+ 4ZQZ]k + Qka + ]QQ?‘]’C ZQ;)jk + (6 + 2ZQ’L_7k) CXp(_ZQijk)) .
Thus,
S A Qe 22,01 =

K k7117
QZ ([60{3’“ — 200?] + [120? - 4C§k]1ﬂijk + [30 ]Q”k zQ”k ﬁijk
ijk
+ %zﬁ?jk + ([200? — 60?“} —|—[8cf,j }zQUk —c JQ”k) exp(—zQijk).)

Now, let us look at the second sum in Equation (11.5). We have
ZZ( 1k’l’C] egz]( )7Q]k’l/c @{gflz‘](‘ /)>
kU

— ( u@ﬂ ( k‘) +cjg@ﬂ

g,t,] 0,%,J

(k) + 5RO, 5 (,) ) -
The formula for ©F; 4(,7) is already given in Equation (12.1). Further, we have

05,(i: k) =

2
< — 2005, — Q”k + ( 3+ ’LQijk) eXp(—ZQijk)) = @21 ](k i).
ijk

O
Thus we get

0 (g eF 08, (1) — Qe 02, (5.1)) =

kU

7([3(02Z + Cij) - clék]ZQiﬂf + [2(0? + C{;j) ]ngk +3 [ - C? CJ ]ZQZ]k

k4 ([ = 3(cl + ) et [l + ] 02) exp(—2) ).
Hence, with
A?z] = Q4 N (Qz]k ZQ - Qz]k exp( ZQijk))v
ij

Equation (11 becomes

5)

Wi = ([GJkk — 206” [120? +3(ci + ) — 5C’;k:|ZQijk + [4cf,j +2(c + B — cﬁk)] ijk

z]k
[ u . 37]) 8 ZJ]ZQ”k + 1 ka”k + *Ckkﬂuk

—1—([200? —6ck ]—i— [80? — S(d,Z + ) — ek ]ZQ”k + [cg — 209 4 I H ”k) exp(—zﬂijk)>.

Since n = 2, the weights c¢¥ are just given as follows:

ij g
i cotay ek i
c) =— =

2 e 2hy,’
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where ¢;; denotes the edge length. We would like to express them explicitly in terms of the
Euclidean metric g of 0. In fact, we can distinguish the vertex k as origin and use the hat
functions z; and z; as coordinates on o. With respect to these coordinates, the metric is given

by a matrix:
g= <911 912) )
921 g22

In terms of g the cotangent weights are given as follows:

i — _ gi12 ik — 911 — 912 ki 922 — g12
7 2y/dety’ 7 2y/det g’ 7 2y/det g’
ok — 9= 2g12 + g22 i _ 922 i — 91
7 2y/detg ' 7 2/detyg’ 7 2/dety’
and we have rederived the formulas in [33]:
Wg” :vol(;m?jk([?)gn + 4g12 + 3g22] — [g911 + 912 + g22] ! Quji. + %Zg?jk

T 911*23i2+922 Q;}jk + 911*25(1)2+922 ijk _ ([3911 4 4912 + 3922]

+[2911 + 3912 + 2922|1821 — %[911 + 2912 + g22] Q?jk) eXP(—ZQijk))-
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