TECHNISCHE UNIVERSITAT BERLIN
FAKULTAT II
INSTITUT FUR MATHEMATIK

CONVERGENCE OF DISCRETE HOLOMORPHIC INTEGRALS ON
ORTHODIAGONAL DISCRETE RIEMANN SURFACES

MASTER THESIS
(UPDATED VERSION)
BY

MAXIMILIAN PSCHIGODE

First Supervisor: Dr. Felix Giinther
Second Supervisor: Prof. Dr. Alexander I. Bobenko

June 25, 2024



Contents

Introduction

1 Discrete Riemann surfaces
1.1 Polyhedral surfaces and conical singularities . . . . . . .. ..
1.2 Definition of discrete Riemann surfaces . . . . . ... ... ..
1.3 Functions on discrete Riemann surfaces . . . . ... ... ..
1.3.1 Discrete Green’s identity . . . . . . . .. .. ... ...
1.4 Periods and multi-valued functions . . . . . . ... ... ...
1.5 Convergence of discrete Dirichlet energies and period matrices
1.5.1 Discretizing functions on Riemann surfaces . . . . ..
1.5.2 The convergence theorems . . . . . . .. .. ... ...

2 Convergence of discrete harmonic functions
2.1 Equicontinuity on orthodiagonal discrete cones . . . . . . ..
2.2 Harmonicity of a uniform limit . . . . . ... ... ... ...
2.3 Proof of the convergence theorem . . . . . .. ... ... ...

3 Convergence of discrete holomorphic integrals
3.1 Proof of the convergence theorem as corollary of Theorem 2.1

Bibliography

ST

12
14
16
16
17

18
18
25
33

36
36

38



Introduction

This work is an updated version of my Master Thesis handed over on March 28, 202. Note that there
are still little unfilled gaps in this thesis. For erxample are the explanations in the introduction not
completed. The tmportance of the Delaunay triangulation is not fully explained as well as the reasons
why the attempt of Bobenko and Skopenkov is not directly transferred to orthodiagonal quadrilateral
lattices. Furthermore, the conclusive chapter was entirely removed.

There is a long and varied history of linear theories of discrete complex analysis. Take a look at
the work of Smirnov | |, for example. The questions how to discretize the complex plane and
how to define concepts of discrete holomorphic and harmonic functions on these discrete planes were
often discussed with different answers. The simplest discrete complex planes are with certainty square
lattices. The theory of discrete harmonic functions on these grids were studied in the 1920s by authors
like Courant, Friedrichs and Lewy | |. Here, and in | |, a use of the early finite-element litera-
ture can be found. Isaac | | developed two different notations for discrete holomorphy on square
lattices, and Duffin | ; | extended the theory to rhombic lattices which is still a special
case of quadrilateral lattices with orthogonally intersecting diagonals. Also triangular lattices were in-
vestigated, for example by Dynnikov and Novikov | |, and Stephenson | |.

A Riemann surface is a two-real dimensional connected manifold with a complex structure on it. Mer-
cat generalized the theory of discrete complex planes to Riemann surfaces via general quadrilaterals
[ | and talked about discrete period matrices | |. Later, Bobenko and Giinther enhanced
the theories for the planar case | | and for Riemann surfaces | | using general bipartite quadri-
lateral cellular decompositions. Using the medial graph their work build up discrete theorems to well
known smooths theorems like the theorems of Liouville, Stokes and Riemann-Roch, and the Riemann-
bilinear identity. In this thesis we consider bipartite quad-graphs as well.

Let F': ¥ — R be a function on a connected two-dimensional space X with fixed values at the boundary
0%.. We consider the Dirichlet energy functional

Ex(F) ::/ |V F|dzxdy
%

for such functions. The minimizer of this functional is called harmonic. Inspired by | | we formu-
late a discrete variant in Chapter 1.3. The boundary condition of the Dirichlet boundary problem for
Riemann surfaces will be given by periods defined in Chapter 1.4.

Skopenkov | | investigated the Dirichlet boundary problem on finite simply connected quadrila-
teral lattices embedded in C. He had shown that the solution is unique and that a sequence of discrete
Dirichlet energies of discrete harmonic functions converges to the Dirichlet energy of the harmonic func-
tion on a domain € if the corresponding sequence of discrete surfaces converges to 2. Furthermore,
he had proven the convergence of these discrete harmonic functions to the smooth harmonic function
if considering lattices of quadrilaterals with orthogonally intersecting diagonals, called orthodiagonal
quadrilateral lattices.
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Figure 0.1: Examples of quadrilateral lattices (from the left to the right): square, rhombic, orthodia-
gonal, arbitrary (taken from | ]

Bobenko and Skopenkov continued to work on this topic in | |. They considered discrete Riemann
surfaces via triangular lattices and proved, with another concept of discrete harmonic and holomor-
phic functions, the convergence of the discrete Dirichlet energies and deduced the convergence of the
discrete period matrices. They have also shown the convergence of discrete harmonic functions by
using Delaunay triangulations as discrete surfaces. The special of this kind of triangulations is that we
can build an orthodiagonal quadrilateral lattice, called Delaunay—Voronoi quadrangulation, where the
triangle edges become diagonals. Together with the convergence of the period matrices they concluded
the convergence of discrete holomorphic integrals.

Giinther followed the theory of discrete Riemann surfaces via bipartite quad-graphs and proved the
convergence of discrete Dirichlet energies and discrete period matrices in his work | |. To get the
first convergence he took advice from nonconforming finite element methods | |. The main results
are formulated and motivated in Chapter 1.5.

In this thesis we continue Giinther’s work and prove in Chapter 2 the convergence of discrete harmonic
functions and in Chapter 3 the convergence of discrete holomorphic integrals. Similar as Bobenko and
Skopenkov in | | with the Delauney triangulations and Skopenkov in | |, we need to consider
orthodiagonal discrete Riemann surfaces, especially a nondegenerate uniform sequence. In Chapter 1
we clear the basic definitions and statements we need where we orientate us at | | and | |
focusing on compact polyhedral surfaces. The proofs of the convergence theorems Theorem 2.1 and
Theorem 3.1 are inspired by | | and | |.

The orthodiagonality leads to some useful properties for discrete harmonic functions. Each function f
on a bipartite quad-graph can be split into a function fZ on the black vertices and f" on the white
vertices. By Proposition 1.5 we get also a split

Af=AfP+ AV

for the discrete Laplacian. Therefore, in Section 1.3.1 we get an orthodiagonal version of the dis-
crete Green’s identity. Another important property for discrete harmonic functions on orthodiagonal
lattices is the Maximum principle (Lemma 2.2) which says that a discrete harmonic function on an
orthodiagonal quad-surface with boundary becomes maximal (and also minimal) at the boundary.
These statements play an important role in our proof of Theorem 2.1. Similar as in | |, the proof
of Theorem 3.1 will be a short consequence from the convergence of discrete harmonic functions in
combination with the convergence of the discrete period matrices for orthodiagonal discrete Riemann
surfaces proven in | | (see Corollary 1.14).



Chapter 1

Discrete Riemann surfaces

In this chapter we characterize Riemann surfaces as polyhedral surfaces and discretize them by using
bipartite quad-graphs as in | | and | |. In Section 1.3 we will define discrete holomorphic and
harmonic functions and differentials, the discrete Dirichlet energy operator and the discrete Laplacian
operator on discrete Riemann surfaces. Later, in Section 1.4, we classify periods of discrete one-forms,
and of discrete multi-valued functions on the universal covering of the Riemann surface. At the end of
this chapter, in Section 1.5, we formulate the convergences of discrete Dirichlet energies and discrete
period matrices to their smooth counterparts, as proven in | ].

1.1 Polyhedral surfaces and conical singularities

Talking about Riemann surfaces, as in | | or | |, in this thesis we consider polyhedral surfaces
Y without boundary those are not homeomorphic to the sphere, or simply connected subsets of a poly-
hedral surface (e.g. a simply connected union of quadrilaterals embedded in C, called a quad-surfaced
polygon). This means that ¥ is equipped with a piecewise flat metric having isolated conical singula-
rities, i.e., vertices where the interior angles of incident polygons do not sum up to 2.

We denote the intrinsic distance of two point z,w € ¥ by |zw|, or by |z—w| if the direct line connecting
z and w lies fully in 3, the genus of ¥ by g € N. More about the genus of a compact Riemann surface
can be read in | |.

Definition. Let S denote the (finite) set of conical singularities of ¥. For O € S the singularity index
is the positive real number v such that 27 /~vo equals the sum of angles at O of all polygons incident
to this vertex. For O € ¥\ S we define vp := 1.

For O € ¥ we denote by Dp an intrinsic open disk of sufficiently small radius Rp around O such that its
closure does not contain any further singularity than O. We call Do C X an intrinsic cone with apex O.

Remark. Any compact Riemann surface can be realized as a polyhedral surface (see Troyanov | |-

1.2 Definition of discrete Riemann surfaces

After we have clarified the concept of Riemann surfaces, we will define discrete Riemann surfaces via
bipartite quad-graphs. We are following the notation from | |.

Definition. A discrete Riemann surface (3, A) - or for short A - is a strongly regular finite decomposi-
tion - called quad-graph - of 3 into flat embedded quadrilaterals F'(A) - called faces of A - where V(A)
and F(A) are the sets of vertices and edges of A such that S C V/(A) and (V(A), E(A)) is bipartite.
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The dual graph of A is denoted by ¢. The diagonals of F'(A) give rise to two connected graphs I", I™*
that are dual to each other. We call I" the black graph and its dual I'* the white graph of A. If
the diagonals of each quadrilateral intersect orthogonally, we call (X, A) an orthodiagonal discrete Rie-
mann surface. A quad-surfaced polygon is considered as a discrete Riemann surface with boundary OA.

Definition. Let Q € F(A). We denote by b_,w_,b;y,w, its vertices in counterclockwise order,

starting with a black vertex, and identify them with their complex values given by an isometry zg of

Q@ into C. Define
._E_iuq_—zu_
PQ = b+.—-b_ :

The intersection angle of the diagonals is given by

pQ 1= arccos (Re <1'0Q>> .
Pal

We call zq discrete chart (of Q). The set of all pg, Q € F(A), defines the discrete complex structure
of (X,A).

Figure 1.1: First (left) and second (right) part of Proposition 1.1.

Proposition 1.1. It is Re(pg) € RT for all @ € F(A). If the diagonals of @ intersect orthogonally, it
holds pg € RT.

Proof. Let b_,w_,by,wy be the vertices of Q as above. W.l.o.g. let b_ = i, by = —5i, a >0, i.e,
Wy —wW—
a

and Re(w; —w_) > 0, thus we get Re(pg) = Re(**—==) > 0. If the diagonals intersect orthogonally,
we get further Im(w_) = Im(w ) and consequently Im(pqg) = Im(**—=) = 0. O

Re(w-) < Re(w4) (the quadrilateral does not need to be convex). Therefore, we have pg =

Remark. It was proven in | |, Theorem 2.2, that not all discrete Riemann surfaces correspond
to polyhedral surfaces. It is sufficient that each pg, @@ € F(A), is real, meaning each orthodiagonal
discrete Riemann surface corresponds to a polyhedral surface.

Definition. Let v € V(A). The star of v is the finite collection of all @ € F'(A) such that v is a vertex
of Q. We denote the star of v by star(v). Furthermore, we denote for each @5 € star(v) the vertices in
counterclockwise order by v, v),_;, vs,v,. We denote by z, a discrete chart of star(v).
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Figure 1.2: The star of a non-boundary vertex v € V(A).

Definition. The medial graph X of A is defined to be the following graph.
o Its vertex set V' (X) consists of the midpoints of any e € F(A).

o Its edge set F(X) consists of all lines [@,v] connecting midpoints of edges of A that share a
vertex v € V(A) and belong to the same quadrilateral @ € F(A). We call an edge [@,v] black if
it is parallel to the black diagonal of (), otherwise we call this edge white.

o A face F' € F(X) is bounded by all edges [@,v] where we either consider all @ € star(v),
v ¢ V(OA), or all v € V(Q). We denote these faces either by F, or Fg.

Figure 1.3: The medial graph of star(v).

The following definition is used in | |. For reasons of notation, we will also provide an equivalent
definition.

Definition. Let ® €]0, §]. We call a discrete Riemann surface (3, A) ®-regular if the interior angles
of each quadrilateral ) € F(A) are bounded from below by ® and if the intersection angle between
the diagonals is always in the interval [®, 7 — ®].
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Remark. The property of ®-regularity for a given ® €0, F] implies the existence of a constant
Constg € R depending on ® such that

1 |by — b_|
Conste  |wy —w_|

< Constg (1.1)

holds for any quadrilateral @ € F(A) with black vertices by, b_ and white vertices w4, w_.

Definition. A sequence of discrete Riemann surfaces (X, Ay, )nen is called nondegenerate uniform if
the following two conditions are satisfied.

e For a given ® €]0, 7] the discrete Riemann surface (X, A,) is ®-regular for any n € N.

e Let p € 3. Then, there is a constant C' € N independent of n such that the number of vertices of
A, in an arbitrary intrinsic disk around p of radius equal to the maximal edge length of (3, A,,)
is smaller than C.

We say that this sequence converges to the smooth Riemann surface ¥ as n — oo if the maximal edge
length of A, tends to zero.

1.3 Functions on discrete Riemann surfaces

In this section we define holomorphic functions, discrete one- and two-forms, the discrete Hodge star
and the discrete Laplacian operator. Furthermore, we will define the discrete Dirichlet energy func-
tional and state the discrete Stokes’ theorem.

We close this section with a general and an orthodiagonal version of the discrete Green’s identity.

Let (X, A) be a discrete Riemann surface.
Definition. A function f: V(A) — C is called discrete holomorphic if

flwy) = f(w-) = ipq(f(by) — f(b-)) (1.2)

is satisfied for all quadrilaterals @ € F(A) with vertices b—,w—,by, wi in counterclockwise order,
starting with a black vertex. We call f discrete antiholomorphic if f is discrete holomorphic.

Definition. Let f: V(A) — R and @ € F(A) with vertices b_,w_, by, w4 in counterclockwise order
identified with their complex values through a chart zg. The discrete gradient of f at @ is defined as
the unique vector Vg f € R? such that

—)
Vof -boby = f(by) - f(bo),
Vof wiiy = f(wy) = f(w-),
where Ej for 2,y in C or R? describes the vector from x to y in R?, and - describes the standard

Euclidean scalar product of R2.
The discrete Dirichlet energy of f is given by

Ex(f) = /F Vol Vaf = X [Vaffaeal) (1.3)

QEF(A)
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The definition in (1.3) follows the definition of the classical Dirichlet energy
Es(F) := / |V F|*dxdy
b
for continuous piecewise-smooth functions ' : 3 — R on 3.

Remark. In the context of quadrilaterals () with vertices b_, w_, by, w4 it holds

1 .
arca(Q) = 3 lbs —b-[lwy —w-| -sin(pq) (1.4)
where g is the angle of the diagonals of @

Definition. A discrete one-form w is a complex function on the oriented edges of the medial graph
X such that w(—e) = —w(e) holds for any oriented edge e of X. Here, —e denotes the edge e with
opposite direction. We denote
/ w = w(e).
e

For a finite collection P = {e, ..., e, } of oriented edges of X we define the discrete integral of w over
P as

n

Joo=l e

k=1

We write ¢, w if P is a closed path in X.

We say that w is of type ¢ if for each @ € F(A) and its incident same coloured vertices v_, vy the
equality w([Q,v-]) = —w([@, v4]) holds. The orientation of these two edges is given by the orientation
of OF, Q-

Let z be a chart of a quadrilateral @) € F(A). On the oriented edges e of Fy € F(X), the discrete

one-forms dz and dz are defined by [, dz = z(e) and [ dz = z(e), where z(e) is the difference of end
and starting point of e.

Remark. A discrete one-form of type ¢ can be locally represented as pdzg + qdzg on Fg for p,q € C
depending only on Q.

Definition. A discrete two-form ) is a complex function on F(X). For all F € F(X) we denote

[ o=,

For a finite set Z = {F1, ..., F},} C F(X) we define the discrete integral of Q2 over Z as

fLo=2 ]l e

We say that Q is of type A if Q vanishes on all faces corresponding to faces of A, and that Q is of type
¢ if  vanishes on all faces corresponding to vertices of A.

Let z be a chart of either a quadrilateral @ € F(A) or a non-boundary vertex v € V(A). The discrete
two-form dz A dz is defined by [[.dz A dz = —4iarea(z(F)), where F' = F or F = F,, respectively.
We split dz A dz =: QF + QF, where Q3 becomes zero if z is a map of a face Q € F(A), and otherwise
QF becomes zero.
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Remark. For Q € F(A) it holds 2area(zg(Fg)) = area(Q).

Definition. Let f : V(A) — C, h : F(A) — C, let w be any discrete one-form and let 21,y be
discrete two-forms of type A and ), respectively. For any oriented edge e = [@,v] and any faces

F,,Fg € F(X) corresponding to v € V(A) and Q € F(A), we define the products fw, hw, f; and

hQ by
/efw = f(v)/ew; /Fv Fy = f(v)//v o /FQ f =0
/ehw - h(Q)/ew; //vhgg =0, //FQhQQ ::h(Q)/FQQQ.

Definition. Let @ € F(A) and v € V(A) be a non-boundary vertex. Furthermore, let f be a complex
function on the vertices of @ and let h be a complex function on the quadrilaterals of star(v). We
consider the faces Fp and F, with counterclockwise orientation of their boundaries. The discrete
derivatives Opf, O f in the chart zg and dgh, doh in the chart z, are defined by

-1 _ 5 1
oAf(Q) = iarea(Q) o fdzq, Onf (@) = 2iarea(Q) Jar,
~1

. 5 1
8<>h(v) = m fiaFv hdZv, 3<>h(v) = m f(‘;Fv hdZU.

We call h discrete holomorphic in the chart z, if dyh(v) = 0.

fdzg;

Remark. It is f discrete holomorphic in zg if and only if Orf(Q) equals zero. This is a consequence
of Theorem 1.2 and equality (1.2).

Definition. Let f: V(A) — C and h: F(A) — C. The discrete exterior derivatives df and dh on the
edges of X in a chart z are defined by

df = Orfdz + Opfdz, dh = dyhdz + Ophdz.

Let w be a discrete one-form defined on all edges of F,, € F(X) corresponding to v € V(A) or of
Fg € F(X) corresponding to @ € F(A). Further, let z be a discrete chart of v or Q, respectively. We
write w = pdz + gdz with functions p, ¢ defined on the faces incident to v or vertices incident to @,
respectively. The discrete exterior derivative dw is given by

dw|r, == (8oq — Oop)Q% ,
dw|r, = (0aq — Oap)%-

Definition. A discrete one-form w is called closed if dw = 0.

The discrete Stokes’ theorem concludes the independence from the chosen chart and from the choice
of p and ¢ and motivates the definition above. A proof can be found in | |, Theorem 2.3.1.

Theorem 1.2 (Discrete Stokes’). Let f: V(A) — C and let w be a discrete one-form. Then, for any
directed edge e of X starting in the midpoint of the edge vv’ and ending in the midpoint of the edge
vv', of a quadrilateral @ € F(A), and for any finite collection of faces Z of X with counterclockwise



CHAPTER 1. DISCRETE RIEMANN SURFACES

oriented boundary 07 we have

/df_f(vL)f(v’_) f) +F4)  flo) + (D)
2 2 2 ’

/ dw:% w.
Z YA

Remark. For f: V(A) — C, df is - as consequence of Theorem 1.2 - a closed one-form of type ¢.

Remark. By use of the discrete Stokes’ theorem we get an alternative definition for the discrete
gradient of a function f: V(A) — R. We can define Vg f € R? as the unique vector satisfying

Vof - zole) = / df

for all edges e of Fy. Note that an edge e of a quadrilateral Fy is half as long as the corresponding
parallel diagonal of Q.

Definition. Let w,w’ be two discrete one-forms of type ¢, i.e., in a chart zg of @ € F(A) there are
unique p,q,p’, ¢ € C depending on @ such that

wlor, = pdzq + qdzq, W'|or, = p'dzq + q'dzq.
The discrete wedge product of w and w’ is the discrete two-form of type ¢ defined through
wA Ry = (pd — g ).

Definition. Let f : V(A) — C, h : F(A) — C, let w be a discrete one-form of type ¢ and let
Q be a discrete two-form either of type A or . For each Q € F(A) there are p,q € C such that
w\@FQ = pdzg + qdZg. The discrete Hodge star of w is defined by

*wlor, = —ipdzq +iqdZq.

Let Qs be the discrete two-form such that Qx(F) = 1 holds for all F' € F(X). The discrete Hodge star
of f, h and € is defined through the discrete two-forms *xf := fQys of type A, the discrete two-form
xh := h{ly, of type ¢ and the discrete function Q2 := % defined on V(A) or F(A), respectively.

It follows that x f(F3,) = f(v) and xh(Fg) = h(Q) holds for any non-boundary v € V(A) and @ € F(A),

and vice versa.

Remark. By definition, for complex functions on V(A) or F(A) and for two-forms either of type A or
O we have x> = Id. For a discrete one-form of type ¢ we have > = —Id.

Definition. The discrete scalar product of two discrete one-forms w,w’ of type ¢ is defined by

(w,w') = // WA .
F(X)

Note that we just integrate over the faces Fg corresponding to faces Q € F(A) by definition of the
discrete wedge product.
In a similar way, we define the discrete scalar product of f,g: V(A) — C by

(,9) :=//F(X)f*g,

10
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where f % g is defined to be zero at faces of X corresponding to faces of of A, and of two discrete

two-forms ,Q on F(X) by
(Q, Q) = // Q% 0V,
F(X)

The formal adjoint of the exterior derivation operator d regarding these scalar products is given by
d := — x dx, as seen in | |, Proposition 4.10.

Definition. The discrete Laplacian operator for functions f : V(A) — C, discrete one-forms w of type
¢ or discrete two-forms of type A is defined as the linear operator

A= —0d—dd =*xd*d+ d*dx,

where df) for a discrete two-form €2 is defined to be zero.
We call f discrete harmonic at v € V(A) if Af(v) = 0 holds, and we call w discrete harmonic if Aw =0
holds, i.e., if and only if dw = 0 and d * w = 0 hold.

We denote the classical Laplacian Operator on ¥ by Ay or, alternatively, by Ac if X is a subset of C
like a quad-surfaced polygon, for example.

Remark. We have also seen in | ] that Af(v) is proportional to 40405 f(v) = 4050af(v) in a
chart z, around v € V(A). In particular, discrete holomorphy of f : V(A) — C implies discrete har-
monicity. Furthermore, Re(f) and Im(f) inherit discrete harmonicity because of Re(Af) = ARe(f)
and Im(Af) = Alm(f).

In the following we get an equivalent definition for the discrete Dirichlet energy. In comparison to the
proof in | |, Lemma 2.7, we show more calculations.

Proposition 1.3. Let f: V(A) — R. It holds Ex(f) = (df,df).
Proof. It is only to show that

// df Axdf = |V f|*area(Q)
Fq

holds for any @ € F(A). B ) ) B
So let @ € F(A). By using df := Opfdz + Opfdz and f = f we get xdf = —i0p fdz + i0p fdZ, and
therefore

df Axdf = (iOpfONf + On fiONf)Q

in a chart z = zg of Q). Hence, we calculate

// df Axdf = 4|0, f|*area(Q).
Fq

At next let us integrate Vg f on @ to a linear function F' on ). Denote by g the restriction of F' to
the vertices of ). Therefore, we get df = dg. We have seen in | | that Jpg agrees with the smooth
derivative of F'. In particular,

40pfI? = 4|0ag* = 4OF|* = |VF|* = [Vo fI*.
This ends the proof. O

The following proposition will be helpful for eventual calculations. A proof can be found in | ],
Proposition 2.3.10.

11
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Proposition 1.4. Let w be a discrete one-form of type ¢, let @ € F(A), and let e, e* be oriented
edges of X parallel to the black and white diagonal of @), respectively, such that Im(%) > 0. Then

/*w:cot(goQ)/w—*’,e’/ w,
e e |€ |Sln(90Q) e*
o= gy o0 |
w=——"—— [ w—cot(p w.
e* ’6’ SIH(QPQ) e @ e*

Remark. In the case that the diagonals of @ € F(A) intersect orthogonally, we get cot(yg) = 0, thus
the Hodge star operator makes an integral over a black edge of X to an integral over a white edge of
X and vice versa.

To prove the Maximum Principle in Chapter 2.1, we need the following property of the discrete Lapla-
cian operator. A proof can be found in | |, Corollary 2.4.1.

Proposition 1.5. Let f: V(A) - C and v € V(A). Then

1 1 , ,
MO ety 2 Tty (PO = S0+ S6) = S0

where pg := pg, for v € V(T') or p, := Pclg otherwise.

s

The following statement can be found in | |, Lemma 4.11. It shows us that discrete harmonic
functions are critical points of the discrete Dirichlet energy functional. A proof of the planar case can
be found in | |, Lemma 2.4.9.

Proposition 1.6. The discrete Dirichlet energy functional Ey(f) for functions f : V(A) — R is a
convex nonnegative quadratic functional in the vector space of real functions on V(A). Furthermore,

~srstn =210 [[ 0

holds for any non-boundary v € V(A). We call this functional’s critical points discrete harmonic.
If we fix the input functions at V(9A), the so called Dirichlet boundary value problem is uniquely
solvable.

1.3.1 Discrete Green’s identity

In the following we will state a general and an orthodiagonal version of the discrete Green’s identity.
The orthodiagonal version will be important for the proof of the convergence of discrete harmonic
functions to their smooth counterpart under the convergence of a nondegenerate uniform sequence of
discrete Riemann surfaces in Chapter 2.

First, we will set up a discrete product rule for exterior derivatives, proven in | |, Theorem 2.3.8.

Proposition 1.7. Let f : V(A) — C and let w be a discrete one-form of type ¢. Then, we get
d(fw)=df Nw+ fdw.

Now, let (X, A) be a quad-surfaced polygon, i.e., 0X # (. The following proposition can be found in
[ |, Theorem 2.4.4.

Proposition 1.8 (Green’s identity). Let f,g: V(A) — C. It holds

(i) (f,Ag)+ (df,dg) = §,x [+ dg,

12



CHAPTER 1. DISCRETE RIEMANN SURFACES

(i) (f,Ag) = (Af,9) = $ox (f *+dg — g = df).
Proof. (i) By using Proposition 1.7 and x? = Id for discrete two-forms, we get
d(fxdg) = df ANxdg + f* (xdxdg) = df Axdg+ f* (Ag).
Using the discrete Stokes’ Theorem on the left term yields the desired result.

(ii) This is a straight consequence of (i) by using the symmetry of the discrete scalar product.

0
Corollary 1.9 (Orthodiagonal Green’s identity). Let (3, A) be orthodiagonal and let
fyg:V(A) = C. Then, we get
> (FAa-gANE) = § (17 xdg” -5 df). (1.5)

zeV(I)
Before we start with the proof, we should make a few remarks. If we consider h,k : V(A) — C, we get
Z//h*k_Zh //*k_Zh )k (v
veEV(A) veV(A)

By restricting the scalar product to faces of X corresponding to vertices of I', we get the left-hand side
of (1.5) from the left-hand side of Proposition 1.8 (ii).

The idea of the proof is to split f = f2 + fW and g = ¢® + ¢", where fB,¢% : V(A) — C vanish on
the white vertices and f",¢g" : V(A) — C vanish on the black vertices of A. By Proposition 1.5 and
the orthodiagonality of A we get Af = AfB + AfW and Ag = Ag® + AgW

Proof. If we split f and ¢ into its black and white components, the left-hand side of Proposition 1.8
(ii) becomes

(P, 00%) = (AFP, ")+ (Y, Ag™) = (AFY, g™y = Y (FAG—gAN )+ D (fFAG—gAf)(2).

2eV(D) 2€V(I)
Now, we examine the right-hand side. We get
frdg=fPxdg® + fP«dg" + fV «dg” + 7 xdg"

The mixed terms vanish in the integral since

fPrdgh = N fPrdg™ + N FB % dg"
0xX [Qu]eax, ’ (@] [Qu]eax, @]
veV (') veV (I*)
= > fPw / «dg" + > fB(v) / *dg"
[Q.v]€0X, (@] [Q.v]€0X, Q0]
veV(D) veV ()
Z B( / *dg" .
[Qu]edX, Q]
veV(I)

By Proposition 1.4 the integral f[Q J *dg" is a linear combination of cot(¢g) f[Q J dg" and f[Q o dg",
where [@, v]* is a corresponding edge of X parallel to the black diagonal of ). By the orthodiagonality

13
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we get cot(pg) = 0. Because of the discrete Stokes’ Theorem and the fact that "V vanishes on black
vertices, f[Q o] dg" vanishes. All in all, we get

BxdgV =0=¢ fV xdgP.
o0X 0X

Hence, the right-hand side of Proposition 1.8 (ii) becomes

7{ (fB*ng—gB*deHf (fYV xdg" — g «df""),
0X 0X

where the first integral is zero on edges [@, v] of X regarding vertices v € V(I'*) and the second integral

is zero regarding vertices v € V(T).
This concludes the proof. O

1.4 Periods and multi-valued functions

Let ¥ be a polyhedral surfaces of genus g € N\ {0} and (X, A) a discrete Riemann surface. In this
section we define periods of discrete one-forms and extend them to so called multi-valued functions.

Let p: §]~—>NZ denote the universal covering of X. This leads us to a non-compact discrete Riemann
surface (3, A) with medial graph X.

Let vg € V(A) be fixed and let a1, ..., ag, f1, ..., By be continuous loops on ¥ with base point vy := p(vp)
such that these loops cut out a fundamental 4g-gon F,. The order of the loops at 0F} is

-1 p—1 -1 p—-1
a171617a1 761 )"')ag7/Bg7ag )/Bg .

Their homology classes a, ..., aq4, b1, ...,by form a canonical homology basis of the first homology group
H{(3,Z) of X, as seen in | ]. Denote by af,...,ay, 81, ..., B, closed paths on X with fixed base
point zp € V(X) and having homologies a1, ..., ag, b1, ..., by.

Definition. Let P be an oriented cycle on X. We define closed paths B(P) and W(P) on I' and I'*,
respectively, induced by P in the following way.

For an oriented edge [@,v] of P, we add the black (or white) vertex v to B(P) (or W(P)) and the
corresponding white (or black) diagonal of Q € F(A) to W(P) (or B(P)). These closed paths inherit
their orientation from P and are homotopic to P. We denote the one-chains on X consisting of all
black or white edges corresponding to B(P) and W (P) by BP and W P, respectively.

Definition. Let w be a closed one-form of type . For 1 < k < g, we define its ap-period Ay, its
br-period By, its black ai-period AE, its black by-period BE, its white ai-period AkW and its white

by.-period B}C/V by
Ak:—f w, AE :—2/ w, AkW:—Q/ w,
@ Baj, Way,

Bk.::y{w, 35:22/ w, B,ZV::2/ w.
B Bg;, WB,

Clearly, it hold 24 = AkB —|—Ak,W and 2By = BE + B,ZV. The periods of w depend only on the homology
classes, as discussed in | |, Lemma 5.1.

’
k

/
k

14
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.

Figure 1.4: Cycles P on X, B(P) on I', and W (P) on I'*.

We want to integrate discrete one-forms of type ¢ with given periods to functions on V(A). This leads
us to the following definition.

Definition. Denote the deck transformation of v € {ou, ..., o, b1, ..., Bg} by d. We call f : V(/~\) — C
multi-valued with black and white periods A%, ...,Af, BE, .., Bf, AV ...,A‘g/V, BY, .., B;/V eCif

f(dab) = f(0) + AY, fldayw) = f(w) + A, f(dgb) = f(b) + B, f(dgw) = f(w)+B}”

hold for any k = 1, ..., g and any vertices b € V(I') and w € V(I'*).

The following statement can be found in | |, Lemma 5.2.

Lemma 1.10. Let f : V(K) — C be multi-valued with given black and white periods. Then, df
defines a closed discrete one-form of type ¢ on the oriented edges of X with the same black and white

periods as f. Conversely, any closed discrete one-form w can be integrated to a multi-valued function
f:V(A) — C, thus it holds df = w.
If w is discrete harmonic or discrete holomorphic, then f is as well.

Part (i) of the following proposition gives us the unique solubility of the discrete Dirichlet boundary,
and part (ii) guarantees the uniqueness of the basis of holomorphic differentials in the definition below.
Proofs can be found in | |, Theorem 6.3 and Theorem 6.8.

Proposition 1.11. (i) For any AP, BE,AkW, B,L/V € C, 1 <k < g, there exists exactly one discrete
harmonic differential w with these black and white periods.

(ii) For any AkB ,Akw € C, 1 <k < g, there exists exactly one discrete holomorphic differential w
with these black and white a-periods.

(iii) For any Re(AP),Re(BP),Re(A})),Re(B}Y) € R, 1 < k < g, there exists exactly one discrete
holomorphic differential w such that its black and white periods have these real parts.

Definition. Let w,]f, 1 < k < g, be the unique discrete holomorphic differentials with black a-periods
Af = §,; and vanishing white a-periods. Let w,ZV,k: = 1,...,g, be the unique discrete holomorphic
differentials with white a-periods A}/V = 0, and vanishing black a-periods. We call the basis of these
2g differentials the canonical basis of discrete holomorphic differentials.

15
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B,B {W,B T{B,W 1iW,W
188 IW.B 1BV 11

We define the (g x g)-matrices with entries

B,B  _ B W.B  _ B BwW  _ w Ww . _ w
Bb; Wb, Bb; Wb,
The complete discrete period matriz is the (2g X 2g)-matrix
~ HB’W HB’B
II:= (HW,W HW,B) .
The discrete period matriz is the (g X g)-matrix

= - (W + %8 + 1" 4 "5 . (1.6)

DN | =

The period matrix (1.6) is the matrix we mostly compare with the continuous period matrix Ily; of 3
using the same basis of homology.

Definition. Let wy, 1 <k < g, be the unique holomorphic differentials with a-periods A; = ¢;;. The
(g x g)-matrix IIy; - called continuous period matriz - is defined by

(Hz)j,kZ/ wg, 1< j,k <y
b.

J

1.5 Convergence of discrete Dirichlet energies and period matrices

1.5.1 Discretizing functions on Riemann surfaces

Consider a multi-valued function f : Y — C with a- and b-periods Ai,..., Ay, B1,...,B; € C. The
simplest way to construct a discrete multi-valued function g : V(A) — C over a discrete Riemann
surface (2, A) is to define g := f|V(/~\)' By definition, g and f have the same periods. In particular,

black and white periods of g are the same.

In general, holomorphy does not remain true after such a restriction. For example, consider the
holomorphic function f : C — C, f(z) = 22, and let the (orthodiagonal) quadrilateral @ with vertices
b =—-1,w_ =—i,by =1,wy = 2i be part of a discrete Riemann surface. Since

fog) = f(0-) =0, flwy) = flw-) = =3,

equation (1.2) is not true, and g is not discrete holomorphic (in @). Later, in the proof of Lemma 2.8,
we will see that harmonicity remains also not true.

Proposition 1.11 tells us that we cannot always assume black and white periods being the same. By
part (i), we can construct discrete harmonic functions fulfilling the property of equal black and white
periods as formulated in Theorem 1.12. But by considering discrete harmonic functions as real and
imaginary part of discrete holomorphic functions, we lose this possibility because of part (ii) and part
(iii) of Proposition 1.11.

But we can - and so we will, motivated by the discussion above - fix the a-periods along a converging
sequence of discrete Riemann surfaces. In addition, if we consider orthodiagonality, we get equality of
black and white b-periods in the limit (see Corollary 1.14).
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1.5.2 The convergence theorems

To prove the convergence of discrete harmonic functions (Theorem 2.1) and the convergence of discrete
holomorphic integrals (Theorem 3.1) to their smooth counterparts in the following chapters, we refer
to the main results of | .

In Theorem 3.19 the convergence of the discrete Dirichlet energies to their smooth counterpart is
stated by bounding the differences explicitly by a term tending to zero for the maximal edge length h
of the discrete Riemann surfaces tending to zero. Corollary 3.20 bounds the discrete Dirichlet energies
explicitly. For our use, we formulate Theorem 3.19 of | | simplified.

Theorem 1.12. Let P € R?9 be a given vector of periods and let (X, A, )nen be a ®-regular sequence
of discrete Riemann surfaces such that their maximal edge lengths converge to zero as n — oo.
Consider €2, the unique smooth holomorphic differential with real parts of its a- and b-periods given
by P, and wy, for each n € N, the unique discrete holomorphic differentials with real parts of its black
and white a- and b-periods given by P such that corresponding black and white periods coincide. Let
U := [Re(Q) and uy, := [Re(wy) be the corresponding multi-valued (discrete) harmonic functions.
Then, we get
lim Ep, (u,) = Ex(U).

n—oo

Due to the convergence, the sequence (Ep, (up))nen is bounded.

Remark. The statement remains true if we say that the sequence of periods (P,)nen € R?9 of Re(wy,)
converges to the periods P € R?9 of Re(1).

The convergence of the discrete period matrices is formulated in the general case in Theorem 4.3 and
in the orthodiagonal case in Corollary 4.4 in | |.

Theorem 1.13. Let (X, Ay)nen be a ®-regular sequence of discrete Riemann surfaces such that their
maximal edge lengths converge to zero for n — oo and let HE’W, HE’B, HnW’W, HZV’B be for each n € N
the blocks of the complete discrete period matrices for a given basis of homology. Then, we have

lim (I3 + 1157 = Iy, lim W —1mB) =,

n—oo
: wW,B WWy _ : B,B _ rfW.W\ _
Jim (IL,7 +IL,°7) =TIy, lim (IL7 —IL,7) = 0.
As seen in | |, Lemma 2.6, in the orthodiagonal case the matrices 2" and IYP are purely

imaginary and the matrices 128 and 1" are real. This leads to the following Corollary.

Corollary 1.14. Let (X, Ay)nen be a ®-regular sequence of orthodiagonal discrete Riemann surfaces
such that their maximal edge lengths converge to zero for n — oo, and let Hf ’W, HE ’B, HZV ’W, HTVLV’B,

n € N, be as in Theorem 1.13. Then, we get

lim I2W = ilm([lg) = lim 5,

n—oo n—roo
lim T3P = Re(lly) = lim /W,
n—oo n—oo
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Chapter 2

Convergence of discrete harmonic
functions

The objective of this chapter is the proof of the convergence of a sequence of discrete harmonic functions
over a nondegenerate uniform sequence of orthodiagonal discrete Riemann surfaces - with maximal
edge length converging to zero - to the harmonic function on the smooth Riemann surface with a given
converging sequence of periods. The orthodiagonality will be important because of the orthodiagonal
Green’s identity proven in Corollary 1.9 and the Maximum principle for discrete harmonic functions
on bounded orthodiagonal surfaces (see Lemma 2.2).

Theorem 2.1. Let (3, A,)nen be a nondegenerate uniform sequence of orthodiagonal discrete Rie-
mann surfaces such that the maximal edge length converges to zero as n — co. Let (P,)nen € R?9 be
a sequence of vectors converging to a vector P € R?9. Let (p,,p),) € E(A,), n € N, be a sequence of
edges such that p, — p € ¥ as n — oo.
Let u : ¥ — R be the unique multi-valued harmonic function with periods given by P that satisfies
u(p) = 0 and, for any n € N, let v, : V(A,,) — R be the unique real multi-valued discrete harmonic
function with equal black and white periods given by P, that satisfies vy, (pn) = vn(p),) = 0. Then, the
harmonic sequence (v, )nen converges to u uniformly on each compact subset Q C 3, i.e.,

lim max |v,(2) —u(z)| =0.

=00 eV (A )N
To prove this, we will orientate ourselves on | |, Chapter 5, and | |. Moreover we will need
the convergence of the corresponding Dirichlet energies stated in Theorem 1.12 and proven in | |.

Remark. The statement remains true if we consider more generally different black and white b-periods
for the discrete harmonic function converging separately to the b-periods of the smooth harmonic
function. We will see this in the proof in Section 2.3.

2.1 Equicontinuity on orthodiagonal discrete cones

Initially we consider simply-connected subsets of discrete Riemann surfaces containing at most one
conical singularity. Our goal is to bound the difference of the images of two same-coloured points un-
der a discrete harmonic function by a term including the discrete Dirichlet energy. This is formulated
in the Equicontinuity Lemma (see Lemma 2.5).

To achieve this, we need the maximum principle for discrete harmonic functions, which only works for
orthodiagonal discrete surfaces.

Let (X, A) be a ®-regular discrete Riemann surface without boundary with maximal edge length h.

18
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Definition. A discrete cone (around O € V(A)) is a discrete Riemann surface (o, Ap) with boun-
dary such that 3o C ¥ is the simply connected union of all quadrilaterals Q € F(Ap) C F(A) inside an
given intrinsic cone Do with apex O containing star(O) (by definition of Do it is at most O € V(Ap)
a conical singularity of ¥). We call 0Ap := V(Ap) N 9o boundary of the discrete cone.

The discrete Dirichlet energy of u: V(Ap) — R is given by
Epo(u) = |Vqul*area(Q).
QEF(Mo)

The eccentricity £ of the discrete cone is given by the infimum of the numbers Const such that the
following conditions hold.

e For each quadrilateral @ € F(Ap) with black vertices b, b_ and white vertices w4, w_ we have

1 by —b_
_ b=t

< si <1. 2.1
Const  |wy —w_]| sin(po) < (2.1)

1
< Const, Const

e The number of vertices in an arbitrary disk of radius A is less than Const.

Remark. The eccentricity £ is also well-defined over a nondegenerate uniform sequence of discrete
Riemann surfaces because of (1.1).

Lemma 2.2 (Maximum principle). Let (£0, Ap) be an orthodiagonal discrete cone with apex O € V/(A)
and let u: V(Ap) — R be a discrete harmonic function. Then, we have

max u(z) = max u(w), max wu(z)= max u(w),
2eV(To) wedl'p 2eV(Ty) weal'y,

where 0I'p := V(I'0) N 030 and T, := V(I'y)) N 0X0. In particular, it holds

max u(z) = max u(w).
ZGV(Ao) wedAo

Proof. Using the harmonicity of w and the orthodiagonality of (X0, Ao), we get

‘ 2

0= ch(u(vs) —u(v)), cs:= s
QsEstar(v) Re(ps)

for any v € V(Ap) \ Ao because of Proposition 1.1 and Proposition 1.5, and therefore

csu(vs
U(U) _ ZQsestar(v) ( )

(2.2)
EQS €star(v) Cs

Assume that such an inner vertex v is a maximizer of u. Because equation (2.2) deals with the vertices
of star(v) of the same colour as v, these vertices are also maximizer of u. Therefore, u is constant

on that colour. The same argumentation fits for the other colour. Hence, the statement fits also for
V(Ao). O

Remark. By using minima in the lemma above and talking about minimizer in the proof, instead, we
get the so-called Minimum principle.

The maximum principle does not hold for arbitrary non-orthodiagonal lattices. The following example
is inspired by | |, Example 3.6.
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Figure 2.1: The non-orthodiagonal lattice Aps, M > 1, with m := v/2M (¢ + i), n := vV/2M (—c +14).

Example. For M > 1 let Aj; be the lattice formed by the non-orthodiagonal quadrilateral with black
vertices 0, v/2M (¢ +14) and white vertices ¢, and the three quadrilaterals obtained by reflecting at the
coordinate axes and the origin (see Figure 2.1), where ¢ = cot(g) is the positive zero of the polynomial

a=(2-V2)t* - (24+V2). (2.3)
Define
M, ifz=0,
f:V(Ay) =R, f(2):=1¢1, if 2= +i,
0, else.

To prove that f is harmonic we verify Af(0) = 0 with the help of Proposition 1.5. Therefore, we in-
vestigate ps := pg,,s = 1,...,4, as defined in Figure 2.1. Calculations lead to

2c
Re = Re = Re = Re = T ar 2 1 1\
(pl) (p2) <p3) (p4) \/iM(CQ + 1)
62 -1 1— 62
Im =Im =———, Im =Im T o2 Ly
(p1) (p3) VIM(E 4 1) (p2) (p1) V2M (2 +1)
1
2 _ 2 _ 2 _ 2_ -
1" = lp2l” = lpsl” = lpal” = 57 5

In particular, the lattice is actually non-orthodiagonal. By Proposition 1.5, Af(0) is proportional to

2 2 2¢%2 — 2

Y. (U P(f(0s) = £(0) +Tm(ps) (f(w) = f(Wer))) = =57 + 77 1)

QsEstar(0)

which is proportional to

2c2 — 2 (2 —=v2)c2 - (2+2)

+

V2(c® +1) V2(c? +1)
Hence, Af(0) = 0 because c is zero of the polynomial ¢ given in (2.3). Therefore, f is discrete harmonic,
because 0 € V(Ajy) is the only non-boundary vertex. Further, f does not fulfill the Maximum Principle.

Lemma 2.3 (Path Energy Lemma). Let (Xp, Ap) be an orthodiagonal discrete cone, u: V(Ap) — R
be a discrete harmonic function and wowi...w, C T'o (or I'y) be a path, i.e., wow, wiwa, ..., Wm—1Wn
are all black (or white) diagonals of Ap. The path energy of u along wow;...w,, is given by

Euwg..cwm (w) := Z |VQu|2 -area(Q).

QEF(Ap): Fie{l,...,m}:
w;—jw; is diagonal of @
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Then, the path energy fulfills

(u(wm) — u(wy))?

mé& ’
Proof. W.l.o.g. let the path be black. By using the definitions of the discrete gradient and of the
eccentricity £ we get

u(by) —u(b_))? 1
Ewo...wm(u) = Z ( ( +) (2 )) . f|b+b,|]w+w,|
‘ bib | 2
QEF(Ao): Fie{l,...,m}:
w;_—1w; is diagonal of @
B > (u(bs) = u(bv))? fwsw-|
2 byb]

Ew()"-w"L (u) Z ConSt

QEeF(Ap): Fie{l,...,m}:
w;_1w; is diagonal of @

(2.1) u(by) —u(b_))?
] y b)uef

QEF(Ap): Fie{l,....m}:
w;_—1w; is diagonal of @

_ Const - 3 (40) —g(wk_n)?
k=1

M| =

(u(wn) — u(wo))*

mé

To get the last inequality, note the fact that 2a3 < a? + 82 holds for any «, 3 € R. We conclude the
proof with

> Const -

m 2 m m
(z@ S 4 Y 288 <m- SO
k=1 k=1 k=1

k>l
where S, == u(wy) — u(wi—1), k=1,...,m. O

Remark. In the non-orthodiagonal case we get by using area(Q) = 4|b4 —b_||wy —w_|-sin(pg) and
sin(pg) > + for each Q € F(Ap) in Lemma 2.3 the estimate

(u(wm) — u(wo))®

Eo..w,, (u) > Const s ,

as seen in | |, Lemma 4.1.

Lemma 2.4 (Rectangle Capacity Lemma). A rectangle y x 2h with y > 2h contains at most Const - %
vertices of I' (or I'*, respectively).

Proof. We can cover the rectangle by Const - [y/2h] discs of radius h. Then, by definition of the

eccentricity € there are at most Const - % vertices in the rectangle. O

Lemma 2.5 (Equicontinuity Lemma). For O € V(A) let (X0, Ap) be an orthodiagonal discrete cone
with singularity index o bounded by a piecewise-geodesic broken line. Let u : V(Ap) — R be a dis-
crete harmonic function and let z,w € T'p (or z,w € I'}y) be at the distance |zw| > 2h. Define

r = dist(0, 0%0) — max{|Oz|, |Ow|} — 2k, v, := max{y3,1/93}.

Assume that 7 > 3v(,)|zw|. Then there is a constant Constg 5., such that

12
,
|u(2) = u(w)| < Conste , - Ery(u)'/?-In (W> '

For |zw| < 2h < r/37( the same inequality holds with |zw| replaced by 2h.
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The first part of the proof follows the proof of | |, Lemma 2.4, without considering separately the
case of square lattices. The second part follows the proof of | |, Lemma 5.1, which also regards to
[ |. In our context, part (I) of the proof considers flat discrete cones without a conical singularity
as apex. Part (II) of the proof generalizes to arbitrary orthodiagonal discrete cones we will rearrange
into flat cones.

Let y € ¥ is the point in the middle of the direct intrinsic line between z and w. It holds
r < dist(y, 0X0) < dist(y, 0Ao). (2.4)
Assume the first inequality does not hold. Then we get

dist(0, 0%0) < |Oy| + dist(y, 0%0) < |Oy| + r = dist(0, 0Xp) — max{|Oz|, |Ow|} 4+ |Oy| — 2h
< dist(0,0%0p) — 2h < dist(0, 0%p),

which is a contradiction. The relation dist(y, 0Xp) < dist(y, 0Ap) is clear since Ao C 93p.

R

Figure 2.2: Discrete cone around O with r = 18h—5h—2h = 11h > 6h = 37, |zw| because of |zw| = 2h

and v, = 1. It is LT_Ql,f,wlj = |Hh2h| =9

Proof of Lemma 2.5. W.lo.g. let z,w € T'p and u(z) > u(w). Define h' := 2h.! We consider two
cases.

(I) Let vo = 7y =1 (i.e., O is not a conical singularity). Therefore, we assume Yo C C. Define

closed rectangles
r— |zw|
Rm, m G {O, 17...’ \‘Q}I/J },

of size 2mh’ x (2mh’ +|zw|) centered in 5% such that the side 2mhA’ is orthogonal to the segment
zw (Rp is just the straight line connecting z and w). It is R,, C ¥o for each valid m, because
each rectangle lies inside a circle of radius r around the midpoint between z and w. This is true,
because half of the diameter of the biggest R,, is bounded by

2 2
— — 1 1
\/(!zw\ LT ]zw\> N <7“ \zw|> :5\/r2+(r—\zw|)2§5*/7‘2+7‘2<T.

2 2 2

n | | h is defined to be twice the maximal edge length of the quad-graph and in | |, Chapter 5, b’ is used
in a similar way. We use this definition for the comparability.
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Figure 2.3: Tllustration of A € F(T'p) via a star.

The diameter of each bounded face A € F(I'p) is at most 2h. To see this, let a € V(I'f)) be the
unique white vertex within A. Further, let b be a vertex of A with maximal distance to a (see
Figure 2.3). By assumption, we get

2h > 2|ba| > diam(A). (2.5)

Therefore, there is a simply closed path w,, C I'p within R,, around R,,_1 for each valid m > 1
because of dist(OR,, 0Rm—1) = 2h (see Figure 2.2, for example).

The area between the boundaries of the rectangles Ry, of size 4mh x (4mh + |zw|) and R,,—; of
size 4(m — 1)h x (4(m — 1)h 4 |zw|) is covered by two rectangles of size (4mh + |zw|) x 2h and
two rectangles of size (4(m — 1)h) x 2h. By Lemma 2.4, this area contains less than

_ 2]
M,, :=2-Const - & <4m + 5
> 2 - Const - £ (4m;h+ [zw]) + 2 - Const - 5(4(7;;1%) >0

vertices of I'g. Therefore, the number of edges in the path w,, C I'p is less than this number, too.

Form=1,..., LT_QE;UU let T';, C T'o be the sub-graph of all vertices bounded and included by
W, Define § := |u(z) — u(w)| > 0. For each m =1,..., Lrgf,wu we get, by using Lemma 2.2,

the maximizer z,, and minimizer w,, of v on I'y, at O'y,. Clearly, we get
[u(zm) — w(wm)| > Ju(z) — u(w)| = § > 0.

Let us estimate the Energy Fj,(u). The number of vertices of the shortest path 1, C wy, from
Zm t0 Wy, in I, is obviously bounded by M,,. By Lemma 2.3 we get

(u(zm) — u(wm))®

Ey,.(u) > Const

EM,,
2 1 52 1
> Const— - — = Const— -
& My € Const - & (4m + %)
52 X
= Const

2 Amh/ + |zw|’
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Therefore, we get

Lv'f\zw\J 5 L""*|zw‘

o 52 B
Epp(u) 2 Z By, (u) > COHS’Eﬁ Z Imh + 2w
m=1 m=1
r—|zw|
52 2 dt
> Const— —_—
= O /h 4t + |zw|
521 2r — |zw|
=Const— -~ In{ ——— ).
w10 (3
By using |zw| < r/3 we get
2r — |zw| By r

AR + |zw| — 4h + |zw| - Zn+ 2zw|’

and so

E (u)>Cons‘55—2 Y (A >Constﬁ In ’
AoH = &2 2+ 32wl ) ~ E? 3max{|zw|, W} )

Hence, we conclude

-1
[u(2) —w(z)l =0 < \/CfflstEAo (u)In <3max{|rzw], h’}) '

(I1) Now consider 7o # 1. Let the map ¢ : o — R? be given in polar coordinates by

q:(p,¢) < pr,’yoqb) :

We identify each face of Ap (respectively, its image under ¢) with a quadrilateral in C by an
orientation-preserving isometry (respectively, its image under ¢), as usual. This makes ¢(Ap) an
orthodiagonal quad-surfaced polygon (we do not consider the geometry directly on ¢(¥p)) and
uoq ':q(Ap) — R a discrete harmonic function.

The map ¢ increases distances by a factor at most . This is because of the radial increase of

V75 and angle increase of /7y, or angle decrease of \/17, respectively. Therefore ¢(Ap) has (in
O

R?) a maximal edge length of at most Yoh and an eccentricity of at most Const., ¢.

Let R be the square of side length r with center z := M and the sides parallel and
orthogonal to the segment ¢(z)g(w). By using (2.4) we get

r < dist(¢ (), 0Ap) < dist(x, ¢(OA0)). (2.6)

The second inequality holds because of the radial increase through ¢ and the construction of
a discrete cone being maximal inside an intrinsic circle. Therefore, potential angle decrease is
compensated by the radial increase.

Therefore, we have R C ¢(X0). As in (I) we can construct rectangles of side length at most r
being in ¢(X0). Since 7 > 3v;,)|zw| > 3|q(z) — g(w)|, the statement follows by part (I).

O
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2.2 Harmonicity of a uniform limit

In this section we consider quad-surfaced polygons in C, i.e., flat simply connected quad-graphs. We
will treat them as sub-graphs of a discrete Riemann surface with maximal edge length h and eccentricity
E. Let R C C be a square inside such a given polygon with edge length r > 0.

Our goal is to prove in Lemma 2.10 that the continuous function on the polygon, we get as the uniformly
limit of the restriction of a sequence of discrete harmonic functions to the black (or white) vertices,
is harmonic, too. Because of the orthodiagonal discrete Green’s identity (Corollary 1.9) we need to
require orthodiagonality there.

As preparation we need Lemma 2.8 which defines and proves an approximation of the discrete Laplacian
to the classical one. This statement will be shown for general quadrilaterals. The following two lemmata
are a preparations for the Laplacian Approximation Lemma.

Lemma 2.6. There are at most Const - % faces with vertices b_,w_,b;,wy such that b_ € V(I')N R
and by ¢ R.

Proof. We have already seen in (2.5) that the diameter of each face of I" is at most 2h. Therefore, all
vertices of the considered faces are in the 2h-neighborhood of 9R. By Lemma 2.4 the number of these

vertices is at most Const - E—hT So, the number of faces is at most Const - %, too. O
The following version of the Gradient Approximation Lemma can be found in | |, Lemma 4.5. We
use this version, because we consider at this moment only quad-surfaced polygons. A more general
version which respects also conical singularities can be found in | |, Lemma 3.4.

Lemma 2.7 (Gradient Approximation). Let G : C — R be a smooth function, (X, A) a quad-surfaced
polygon with maximal edge length h and g := G|y (5). Then, for each z € ¥, we have

VG(z) — Vog| < Const - Eh D?G(z)],
IVG(2) Q9| < Cons ze&3§(2>’ (2)]

where Q € F(A) is covering z, Conv(X) describes the convex hull of ¥, and

|ID*G(2)| :== max
0<j<k

kG
DIz Ok—y (2)]-

At next, we formulate and prove the Laplacian Approximation Lemma. We will be guided by | ],
Lemma 2.5. Note that we need twice the discrete Laplacian because of variation of our theory.

Lemma 2.8 (Laplacian Approximation). Let G : C — R be a smooth function, (3, A) a quad-surfaced
polygon with maximal edge length h, g := Gl (y) and R C ¥\ 9% a square of side length r > 2h.
Then there exists a positive constant Constg, where £ is the eccentricity of (X, A), such that

Z 2A¢(z) —/ Ay Gdzdy| < Constg <2hr max | D2G/(z)| + 73 max|D3G(z)\> . (2.7)
2€RNV(I) R ef ek

The same inequality holds for I'* instead of T'.
Proof. W.l.o.g. let the center of R be the origin. By the Taylor formula we get

G(2) = ag + a1Re(2) + aslm(2) + as|z)? + asRe(2?) + asIm(2?) + G(2),
where ag, ...,as € R and G : C — R is a function such that D*G(0) = 0 for k = 0,1, 2.

To prove the whole statement we prove it for the seven summands in the Taylor formula above.
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Figure 2.4: Notation of the proof.

. Let G(z) = 1. Obviously then are AxG =0 and Ag = 0.

. Let G(z) = Re(z). As discussed in Chapter 1.3, ¢ is discrete harmonic. Furthermore, G is har-
monic. This means that the left-hand side of inequality (2.7) is zero and the statement holds.

. Let G(z) = Im(z). This case is treated in the same way as the second case.

. Let G(z) = |2|%. Let v € V(A) N R. We calculate the discrete Laplacian of g at v. Firstly, we
get Ag = Ag, for g, : V(A) = C, g,(2) := |z — v|? because of

2|2 = |z — v|* + 2Re(v2) — |v|?

and the first cases. The definition of the discrete Hodge star and Theorem 1.2 yields
Ag(v) = Agy(v) = *xd x dg,(v) = dx dg(F,) = 7{ *dg, = Z / *dgy.
Py (Q,v]
Qr~v

Let @ € F(A) be incident to v. As pictured in Figure 2.4 denote its vertices in counterclockwise
order by v, z1,w,z2. Note that Py is reversed oriented relating to P,. Further, let 2’ be the
intersection point of the bisectors of the diagonals of @ (see Figure 2.5). Denote a function

E:V(A) =R, k(z) :=Re((z/ —v)z).

Again, we split

A"

Figure 2.5: Construction of 2’.
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G(2) =z =2 +2 =P = |z = )P+ |2 —v* + 2Re((2' — v)z) — 2Re((2/ — v)2)

and get dg, = 2dk in @ because of |w — 2| = |v — 2’| and |zy — 2’| = |1 — 2’| and vanishing
constant terms. We calculate

/ wdgy :2/ wdk = 2 (—i@Ak(Q)/ dz+i8Ak(Q)/ dz)
Q0] Q0] Q0] Q)

B 1

= k(2)([Q, )@ 2] + [Q, v][Q, 2])
area(Q) %

At this point note again the differ of orientation of P, and Pg. In particular, [Q, z] for = v is
defined as —[@, v]. This, and using 2[Q,v] = z2 — z1 and 2[Q, x2] = —2[Q, z1] = v — w leads to

2
/[Q,v] * dgy = area(Q) ((k(W) — k()|[Q,v]]* + (k(x2) — k(z1))Re([Q, v] [Q,ZEQ]))

1 — S
= Sareald) (Re<(z —v)(w —v))|zz — z1|* + Re((2' — v) (w2 — 21))Re((w2 — 21) (v — w)))

1 & —0) T — —
= Sarea(Q) (Re((z —v)(zg2 — x1)(x2 — x1)(w — v)) — Re((2' —v)(x2 — z1))Re((x2 — z1)(w — v))) )

Let a, 8 € C. Tt holds Re(af) = Re(a)Re(8) — Im(a)Im(f), and also Im(a3) = —Im(ap). This
observation leads to

1 S -
/[Q,v] *dg, = m (Im((z —v)(zg — 1)) Im((w — v)(xg — xl))) ’

where Im((w — v)(z2 — 1)) equals 2area(Q). Summarized, we get

2Ag(v) = Z 4area(vry2'wy),
Q~v

where the vertices x1, 2/, 2o depend on . The area of a closed broken line is understood in
oriented sense. This fits with the classical Laplacian where we get

/ AxGdzdy = / Asx(2? + y?)dxdy = 4area(R).
R R

Now, we estimate the left-hand side of inequality (2.7). For simplicity we assume that each
quadrilateral of A is convex (otherwise replace the diagonals xjz9 in the argument below with
two edges of the non convex quadrilaterals).

At first, let Ry be the union of oriented diagonals ml_x)g such that the faces vrywzy € F(A) fulfill
ve€ RNV(T) and w ¢ R (see Figure 2.6). Because R, is contained in the h-neighborhood of the
curve R, we get

larea(Ry) — area(R)| < 2rh + h? < 4hr (2.8)
since 2h < r.
At second, the sine theorem for the triangle with the vertices 2/, 21 := 1}+ij 29 1= % yields
’ |21—Z2! 1 Vv — 1 w — Ty
Z —z = . < Const - Eh
| 2l < sin £z sin L (vw, x1x2) 2 * 2 -

27



CHAPTER 2. CONVERGENCE OF DISCRETE HARMONIC FUNCTIONS

S
>
< N
S
'

. U
T NS

Figure 2.6: Construction of Ry .

because of the ®-regularity of A. Hence, we get
|area(2'z122)| < h - |2 — 23| < Const - Eh2. (2.9)

Lemma 2.6 tells us that there are at most Const - % faces with with black vertices v, w such that
v € R and w ¢ R. Therefore, the calculated Laplacian of g and G and the estimates (2.8) and
(2.9) conclude

Z 2A¢g(z) — / Ay Gdxdy| = Z darea(z'z11y) + 4area( Ry ) — 4area(R)
zeRNV(T) R vriwr2€F(A):
v,weV () veR,wER

<4- <(Const . i:) - (Const - Eh?) + 4hr>
= Const - £2hr.
This is the statement to show since max,c g |D*G(z)| = 2.

. Let G(2) = Re(z?). Let the notation again be given through Figure 2.4. For a quadrilateral
Q € star(v) donate by z” the point such that

Re <(v—w) (z”— ”;“’)) —0=Re ((;1:2 ) <z"— “‘5“))

holds. With a similar argument as before we get

Ag(v) =" 2/[ ]*dk,

Q~v

where k : V(A) — R, k(z) = Re(z(2"” —v)) depends on @Q € star(v) since z” depends on Q.
Similar to the previous case we calculate

Agl) =3 2/[ k= S tm((2" — v) (2 — 71)).

Q~v Q~v
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Hence, we get by canceling repeating terms

Z 2A¢(v) = Z 2Im(2" (22 — x1))
veRNV(T) vriwre€F(A):
v,weV () weERwER

— > Im((22" = (z2 + 1)) (22 — 1)),

vriwre€F(A):
v,weV () veR,w¢R

where the last equality holds because of

Z (z3 —23) = 0.

veiwr2€F(A):
v,weV (T),veR,wgR

Furthermore, we have Ay G = 0. As before, we get |2” — %Qxﬂ < Const - £h. Again, Lemma 2.6
concludes

Z 2A¢(z) — / AxGdxdy| < Z 122" — (9 + 1)| - |22 — 21
z€RNV(T') R vrywre€F(A):
v,weV (T)veR,wER

< Const - E2hr.

6. Let G(z) = Im(2?). It holds Im(af3) = Im(a)Re(B) + Re(a)Im(3) for each «, 3 € C. Therefore,

we find in this case a 2’” such that

holds for each vertex v € V(A) N R. The estimate (2.7) follows analogously to the previous case.

7. Let D*G(0) = 0 for k = 0,1, 2. For the classical Laplacian operator we estimate

/ Anga:dy‘ < 7% - max |AxG(z)| < Const - 73 max | D3G(z)|. (2.10)
R zER zER

For the discrete Laplacian operator we get

\"

Figure 2.7: Use of Proposition 1.4
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> Agv)| = Z(F) %U*dg = > /[Qw]*dg

veRNV(T) vERNV Q=vz1wr2€F(A):
v,weV () veR,w¢R

/ *dg
(@]

where we again used Lemma 2.6. Let v € V(I') N R. By using Proposition 1.4 with e* = [Q, v]

Er
< Const - — - max
veRNV(T)

)

i
and e € F(X) given in Figure 2.7 and the definition of the eccentricity € in (2.1) we get

1 ‘:L’2—:L‘1| /
dg| = dg — d
/[Q,v}* g SinSDQ ‘U}—’U| e §ocove e* g
<gflr2zml /dg n / dg
’w_v‘ e e*
_¢ |xg — x1] VQg-v_{u VQg'.T;)L'Q
|w — v 2 2
o[ 20 Vgl -l |Vogl-2h
- lw — | 2 2

= Constg - h|Vqgl.
For each z € R we have

|VG(z)| < Const - 12 max |D3G(2)|, |D*G(z)| < Const - rmax |D3G(2)|.
zE z€

Thus, and by use of Lemma 2.7 (Gradient Approximation Lemma), we get
Vgl < IVG(2) = Vgl + [VG(2)|
< Const - <5h max | D?G(z)| + 7% max |D3G(z)|>
zER zER

< Const - (Ehr +1?) max |D?G(z)| < Constg - r? max |D3G(2)],
ze 1S

where ) € F'(A) is a face covering z € R. Summarized we conclude

Z Ag(v)| < Constg - 73 max | D3G(z)|. (2.11)
vERNV(T) e

Because of (2.10) and (2.11) the statement holds.
O

Definition. Let 2 C C be a connected domain. A sequence of quad-surfaced polygons (X, Ay )nen
in C approzimates 2 if the following properties hold as n — oo.

e The maximal distance from a point of JA,, to the set 0f) tends to zero.
e The maximal distance from a point of 9€) to the set JA,, tends to zero.

e The maximal edge length of the quad-surface A, tends to zero.
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Remark. Let (X, A;)nen be a nondegenerate uniform sequence of discrete Riemann surfaces such
that the maximal edge length converges to zero as n — oo, and let 2 C C be a bounded domain such
that, by isometry, €2 is a subset of ¥. Therefore, we find for any n € N (possibly empty) collections
Qn C F(A,,) of faces within . W.Lo.g let ©(™ := | JQ,, be either empty or a polygon quad-surfaced
by Q.. Hence, by the definition of nondegenerate uniform sequences of discrete Riemann surfaces, we

get a sequence of quad-surfaced polygons (X(™), A%n))neN in C approximating §2.

This observation will be helpful in the proof of Theorem 2.1 in Section 2.3, as well as the following
lemma. To prove this, let us briefly recall the Weyl lemma.

Proposition 2.9 (Weyl | ). Let © C R™ be open, let Agrn be the usual Laplacian operator on
R™ and let u € L{ () locally integrable. If

loc
Q

holds for any smooth function f € C2°(Q2) with compact support, then u is harmonic.

Lemma 2.10. Let (X,, Ay)nen be a nondegenerate uniform sequence of orthodiagonal quad-surfaced
polygons approximating a domain Q@ C C. Let v, : V(A,) = R, n € N, be a sequence of discrete
harmonic functions such that the sequence of restrictions to V(I'y),n € N, is uniformly converging to
a continuous function u : @ — R. Then, « is harmonic.

The same statement holds for I'* instead of T'.

Before we prove the statement, let us make a short observation. Let (x,)nen and (yn)nen be both
sequences in [0, oo with lim,_,~ y, = 0 and

lim sup(x, — y,) = lim sup (zx —yr) =1y < 0. (2.12)
n—00 =0 k>p
Then, we get
0<uxz, <sup(xp —yr) +yn — y <0, (2.13)
kz’ll n—oo

and therefore the convergence of (z,,)nen to zero as well. We denote property (2.12) by x,, < y,.

As previous, we are guided by | |, Lemma 4.13.

Proof. Let K C € be an arbitrary compact set with smooth boundary and let f : € — R be
any arbitrary smooth function vanishing outside of K. By Proposition 2.9 we have to prove that
JoquAc fdzdy = 0 holds. To get this we show two things.

e The term
/ uAcfdrdy — Y 2(0nAnf)(2) (2.14)
Q ZEV(FH)
converges to zero as n — oo, where A,, describes the discrete Laplacian Operator on A,,.

e The discrete counterpart » - oy () 2(vnp f)(2) in the difference (2.14) is zero for each n € N
large enough such that K is inside OA,,.2

2This statement is called the discrete Weyl lemma.
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Let us start with the proof of the first statement. For each n € N consider an auxiliary infinite square
grid with edge length r := v/2h, where h := h,, is the maximal edge length of A,. W.l.o.g. let h, < 1
for each n € N. This ensures the assumption r > 2h of the Laplacian Approximation Lemma.
Further, we define for all n € N functions 9,, on the faces R of the n-th square grid, i.e., on the vertices
of its dual grid, non-vanishing for RN K # () through

Un(R) := max u(z).

Because of the continuity of u we get the uniformly convergence of (0, )nen to u on the compact set
K. By using both uniformly convergences we get

/Q ubefdedy — 3 20D f)(2)| = S [0u(R)| /R Acfdedy =3 20,f(z).  (2.15)

zeV(Tyn) R:RNK#0 z€RNV (')

More precisely, this is a consequence of

/Q ulcfdrdy — D 200 f)(2)

=| 5| [t = tpacsdady = 32 + (0= 50D AN

R:RNQAD zeV(Tn)NR

< Y | o) /R Acfdrdy - 20, f(2) +‘ /R (U—@n)Acfdﬂfdy‘+ 2> ((vn = 9n))Anf)(2)

R:RNQAD 2€RNV (T'y) 2€RNV ()

The first summand is the right-hand side of (2.15). The other two terms converge to zero. On the one
hand, the uniformly convergences on K deduce

Jim maxfu(z) —,(R)| =0,  lim e [un(2) — 0n(R)| =0,

where R depends on n and covers z. On the other hand, we have seen in (2.10) and (2.11) in the proof
of Lemma 2.8 that | [, Acfdrdy| and |3, gy (r,)(Anf)(2)] are bounded.

Now we use Lemma 2.8. For each n € N we get

‘/ Ac fdxdy — Z 2A,f(2)| < Conste - (2hV2h max |D2f(2)] + 2h\/ﬁma}§ ID3f(2)|)
R 2€RNV () =€ =€

< Constg - 4h\/ﬁm€a§{\D2f(z)\, |D3f(2)|}.

Moreover, we get

K
Z [on(R)] < Z ‘maxu(z) < Const - area(K) max u(z)|,
zeK zeK
R:RNK#0 R:RNK #£0
because 2h is the area of R. Therefore, in (2.15) we get
/ ulcfdrdy — Y 2(vaAnf)(2)| = Const area(K) | ocu(2)| - 4R max{| D2 ()], 1D (o)}
Q c nen B € 2h zeK zeK ’

zeV(Ty)
< Constg g o, f - 4h — 0.

n—o0
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Hence, we get the first statement by using (2.13).

Now we show the second statement. Let ng € N be large enough such that K is inside each dA,, for
n > ng. Therefore, we have f(z) = 0 for each z € 9A,,. By also using the harmonicity of v,, we get
(fApv,)(2) =0 for each z € V(A,,). Hence, Green’s Identity (1.5) concludes

Z (UnAnf)(Z> - Z (fAnvn)(z> =0,

ZGV(Fn) ZGV(Fn)

because the right-hand side of Corollary 1.9 vanishes since f is compactly supported.
Therefore, we get [, uAc fdzdy = 0. O

2.3 Proof of the convergence theorem

Now, we are ready to prove the convergence of the sequence of discrete harmonic function given in
Theorem 2.1. Let (3, A,,)nen be a nondegenerate uniform sequence of orthodiagonal discrete Riemann
surfaces such that the maximal edge length converges to zero as n — oc.

We need a variant of the Arzela-Ascoli theorem.

Definition. Let (fi)ren be a sequence of real multi-valued functions on discrete cones (X, Ag)ken of
(32, A) with periods (Pg)ren. We call the sequence (fx)ren uniformly bounded if there is a constant C
depending only on ¥, A and (Py)ken such that

[fe(z)| <C

holds for any k € N and z € V(Ag).
We call this sequence equicontinuous if there is a positive function d(e) not depending on k such that
for any z,w € V(Ay) with |zw| < (¢) we have

|fe(2) = fe(w)] <e.

Theorem 2.11 (Arzela-Ascoli | ]). Let K C ¥ be a compact subset and let fj, : V() N K — R,
k € N, be an equicontinuous and uniformly bounded sequence. Then, there exist a continuous function
[+ K — R and a subsequence (k;);eny € N such that (fy,)ien converges uniformly to f in K.

Proof of Theorem 2.1. Let (A, )ken be an arbitrary subsequence of (A,)nen. For each k € N we
denote for simplicity /~\k = Knk Take a sequence of compact sets K1 € Ko C ... C > such that
3 = U;’il K. Further assume that K contains the converging subsequence (pg,p))ren of edges to
p € . By assumption all face angles of each quadrangulation are bounded from below by a constant
® > 0. Let 107" be either the minimal distance of the conical singularities of Y or the diameter of
Y if there are no singularities. Let v € ¥ be a conical singularity or at distance of at least 5’ to a
singularity. Define
YWio={xeX||w <3’} Ccx.

Since the maximal edge length converges to zero, take ki such that for each k > k1 the maximal edge

length of Ay is less than Tllzi;‘f). Note that Sli;i < % holds since 7, > 1.

Fix k > k1. Let X, C X be the union of faces in F’ (/N\k) within distance at most 47“’~ from the vertex v.
Therefore, we get a discrete cone (X,,A,) around v where A, is the restriction of Ay to 3,.
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r‘"

Figure 2.8: Disc X/, of radius 3’ and discrete cone (X, A,) with dist(v, d%,) < 47/ around v € .

Now, we estimate the right-hand side of the inequality in Lemma 2.5 (Equicontinuity Lemma) for the

discrete harmonic function v := vg|y(a,) and same coloured z,w € ¥j N V(A,) with [zw]| < 17"/

27,
W.lo.g. we consider v = vi[y(r,) and always black vertices, because the same arguments fit for I'*.

Since

in ¢ 1
r = dist(v, 9%,) — max{|vz|, |vw|} — 2h > dist(v, d%,) — 31’ — Sén/ r > 57",
Vo
it follows
r r r 2r
A ek
3")/1)’210‘ 371/) 1277 s r

thus 7 > 37/ |zw|. In other word, the Equicontinuity Lemma works with those chosen vertices z, w.
By Theorem 1.12 the sequence (Fp, (vk))ken is bounded. Thus, by Lemma 2.5, for each k > kq, the
function U’f’EmV(fk) has uniformly bounded differences, i.e., there is a constant C' := Consty; (,.),.,(P,)n
such that

vk (2) — vk(w)] < C
holds for any z,w € X, NV (I'y). By the same lemma the sequence (Uk|2;mv(fk))k>k1 is equicontinuous.
Now cover the compact set K; by finitely many sets X!, where v € Y is either a conical singularity
or at distance of at least 57" to a singularity, such that sufficiently many pairs of these sets have an
intersection containing an intrinsic disk of radius more than TZ,, i.e., these disks contain black vertices.
Therefore, the uniformly bounded differences (depending also on the number of sets covering K;) and
the equicontinuity remains true.
Moreover, by using (pr)r>k, C K1 and vg(pr) = 0, the sequence is uniformly bounded, too. Hence,
the Arzela-Ascoli theorem gives us a continuous function u; : K3 — R and a subsequence (I;)xeny € N
such that Iy = k1 and (v, |y(r))xen converges to uy uniformly in K.
Analogously, we get a continuous function us : Ko — R and a subsequence (my)xen € (Ix)ren such
that m1 =11 = k1, mg =l and ('Umﬁh/(l‘)),{eN converges to ug uniformly in Ks. It is u; = us on Kj.
We continue this process to get a continuous function uyg : Y > Randa subsequence (¢ )xen € N such
that (vg,|v(r))xen converges to ug uniformly on each compact subset of .

Clearly, the periods of ug are given by the periods P of u. To see this, we consider any deck transfor-

mation d, of ¥, an arbitrary sequence (z;)ren € V(Ag,) converging to a zg € ¥ and the convergence
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of the equation
Py (vg,) = vg, (dyzr) — vg, (21)
to
Py () = up(dy20) — uo(20)

for k — oo, where Py(vq,), Py(u) € R are the to v € Hi(X,Z) corresponding periods given by
P,,., P € R%. By the same argument we get ug(p) = 0.

Now, we want to use Lemma 2.10 to get the harmonicity of ug. For each edge e € E(Kl) let Q, C %
be the union of e without endpoints and the interior of the two faces of F(A;) at e. We can assume
Q. C C by using an isometry. For each k € N let A,(:) be the sub-quad-graph of A, including exactly
the faces within €2,. Therefore, we get a sequence of quad-surfaced polygons approximating €., and

by Lemma 2.10 the harmonicity of ug on

This union excludes all points in V/(A;) (in particular all conical singularities of ¥). It is g a continuous
function on i, therefore, by the singularity removal theorem, we get the harmonicity on Y. Thus Uy = u
normalized at p.

Because we can start the proof with any arbitrary subsequence of (Kn)neN to get the same unique limit
function wuy, it follows that the whole sequence (v, |y (1))nen converges to u uniformly on each compact
subset. In the same way the sequence (Un|v(r*))neN converges to u uniformly on each compact subset,
and therefore, also the sequence (v,)pen converges to u uniformly on each compact subset since

max |vn(2) — u(z)| < max|vp(2) — w(2)| + max |vn(2) — u(z)|
2€V (An)NQ 2€V(Tn)NQ 2eV(D5)NQ

holds for all n € N. ]
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Chapter 3

Convergence of discrete holomorphic
integrals

In this chapter we go a step forward and prove the convergence of holomorphic integrals over a non-
degenerate uniform sequence of orthodiagonal discrete Riemann surfaces.

Definition. Let w be a (discrete) holomorphic one-form. We call the primitive [w (discrete) holo-
morphic integral or (discrete) Abelian integral of the first kind®.

Theorem 3.1. Let (3, A;,)nen be a nondegenerate uniform sequence of orthodiagonal discrete Rie-
mann surfaces such that the maximal edge length converges to zero as n — oo. Let A € CY be a
given vector of a-periods and let (pn,p))nen € E(A,) be a sequence of edges such that p, — p € &
as n — oo. Denote by w the unique holomorphic one-form with a-periods given by .4 and denote by
wn, N € N, the unique discrete holomorphic one-form on the medial graph of A,, with equal black and
white a-periods given by .A. We normalize the holomorphic integral [w to attain the value zero at p,
and [ w, shall be normalized in such a way that [ w,(p,) = [ wn(p),) = 0.

Then, the discrete holomorphic integral [ w,, converge to [w uniformly on each compact subset of 3.

Asin | |, the statement is a direct consequence of Theorem 2.1 if we have the convergence of the
black and white b-periods of the discrete harmonic functions to the b-periods of the smooth harmonic
function. For orthodiagonal discrete Riemann surfaces, Corollary 1.14 delivers this convergence.

3.1 Proof of the convergence theorem as corollary of Theorem 2.1

Let the notation be given by Theorem 3.1. For each n € N let the black and white b-periods of w,, be
denoted by B2 B € C9. Denote the b-periods of w by B € CY9. To use Theorem 2.1, we need the

n
following convergence of the b-periods.

Lemma 3.2. It holds lim,,_,oc B2 = B = lim,, ;s B}{V.

n

Proof. The statement is a direct consequence of Corollary 1.14, since, in the orthodiagonal case, Re(Bf )
and Re(BY) converge to Re(B), and Im(B2) and Im(BY) converge to Im(B). O

We denote the (discrete) holomorphic multi-valued functions by

/w =: f = Re(f) + iIm(f), /wn =: fn = Re(fn) +ilm(f,), n €N,

8More about discrete Abelian integrals of the first, second and third kind can be read in [ |, Chapter 7.
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where the real and imaginary parts are (discrete) harmonic multi-valued functions with real a-periods
given by Re(A) and Im(A), respectively.
By Lemma 1.10 there exist (discrete) harmonic one-forms «, 3, oy, B, n € N, such that

Re(f) = [ @ Re(f) = [an, 1m(s) = [ B Tf) = [ 5.

normalized at p or p,, pl,, respectively, with a-periods given by Re(A) and Im(A).

Therefore, we only need to prove the statement for given real vectors A,B,B2 BY ¢ RI,n € N, a
(unique) harmonic one-form w with a-periods given by A and b-periods given by B, and (unique)
discrete harmonic one-forms wy, n € N, with equal black and white a-periods given by A and black
and white b-periods given by B2, BYV.

Proof of Theorem 3.1. Let u : & — R, v, : V(A,) = R, n € N, be the (discrete) harmonic multi-
valued functions u = [w and v, = [ w, normalized at p or py, p),, respectively, with periods given by
A,B,BE BV ¢ RY. By Lemma 3.2 we get

lim BZ =B = lim BY.

n—o0 n—oo

Thus, by Theorem 2.1 (vy,)nen converges to u uniformly on each compact subset of 3. Ul
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